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•HU<\o\ T O X H E 

TUTORS in the UNIVERSITIES, 
MASTERS of ACADEMIES, 

AND OTHER 

TEACHERS of GEOMETRY, 
In GREAT-BRITAIN. 

1 a> GENTLEMEN, 

^t TT is probable that many of you, as well as myfelf, 

r • ^ X h ave ^nd it frequently difficult to initiate young 

' ' Gentlemen into a neceffary Acquaintance with Geo- 

I rA metr y ^y t ' ie Elements of Euclid, and therefore 

I | have wilhed for 'a more eafy Introduction to that 

I q valuable Science, which, at the fame time as it fa- 

-* cilitated the Attainment of Geometry, might not 

depart (as many do) too mudh from the geometrical 

Spirit of the Ancients, which is fo neceffary for ac- 

\ quiring a Habit of reafoning with Propriety and 

Judgement. 

Such a Treatife, with its Application to Trigono- 
metry, I have now attempted, and beg Leave to 
offer to the Public, under your Proteftion ; and, if 
it fliould be fo far approve'd of, by you, as to be put 
into the Hands of your Pupils, I flatter myfelf you 
will find the Science will be acquired by them in 
much lefs Time than is ufual, and with greater Eafe 
* to yourfelves. If this meets with your Encourage- 

ment, it will induce me to purfue my original Defign, 
of prefehting the Public .with other Effays, for ren- 
r deriag the feveral Branches of mathematical Litera- 

ture, both ancient and modern, more pleafant in the 
Study, and more eafily to be attained, than by any 
other Courfe, hitherto publifhed, in our Language. 

lam, Gentlemen, 

Kingfton, near Taunton, y U^imhJs S*™~»* 

juiy 5, 177$. lour bumble oervwt, 

B. DONN. 


X.n>*. , %.)£X.X.-%.*.U I 
S* g S K * & * !« 3K 8 j*3» 


The PREFACE. 

IN the general Preface to the Effays on Arithmetic* 
publilhed in the Year 1758, the Public were , 
acquainted with our Defign of preferring them with 
a new Courfe of mathematical Learning, a Thing 
generally allowed to be much wanted : * For the 
great and numerous Improvements, which have been 
wade fince any Courfe has been published in the 
Englijh Language, make a new Courfe abfolutely 
necefiary. For, as thofe Sciences, with their Im- 
provements, are difperfed in a Multitude of Authors, 
the young Student knows not how to proceed ; and, 
evert to a Mafler, it is no eafy Talk to direct: 
Whereas, if thefe Sciences are brought into a regu- 
lar Courfe, as they depend on each other, the Stu- 
dent will learn with more Eafe, Pleafure, and 
pifpatch. 

As 

* " Mathematical Learning, daring the laft and prefent 
ff Centuries, haj made a moll fa r prizing Progrefs ; and Truth, 
■ff aflilied hy the uncontroverted Principles of this Science, has 
f banifhed hypothetical Chicanery from the Regions of Philo- 
" fophy. Jt is, therefore, no Wonder that a great Variety of 
" Authors, defirons of extending fo valuable a Branch of Sci- 
f ence, ihould have written on every Part of mathematical 
" Learning. But iiill a Courfe of Mathematics and Natural. 
" Philofophy, tracing the Science from its firfl Principles, and 
*' exhibiting the Dcmonltrations on which each Role or Problem 
f is founded, is Hill wanting ; there being none, in our own 
" Language, that can, with any Show of Juftice, be called a 
f* Courfe of Mathematics and Natural-Philofophy, according 
*' to the modern Improvements, and properly adapted toLearn- 
(• ers. This Defefl Mr. Doait has undertaken 10 fuppiy.'* 
Monthly Review for July, 175(1. 


*i PREFACE. 

As this, if well executed, is evidently a Work of 
public Utility,' h is hoped all mathematical Matters 
and Lovers of thofe Sciences will promote k in fueft 
fc Degree as k s Ufefvtoefc deleaves, In Projecuiioa 
of which Pefign* this Volume is offered for pvWic 
Acceptance, containing Effays on Logarithms, Plane 
Geometry and Trigonometry. 

It tnay,iperjitps, be otiefted, by fome* that, fhce 
the firft Edition of this Volume was printed, feveral 
Volumes of 3 Courfe have been pubjifhed, by ao in- 
genious Gestleipan, and that therefore a new Couxfe 
pf the Mathematics is not now neceflarv. But I 
beg Leave to obferve, that the Matters of Academies, 
aad other Teachers, mud be feflfible that that Courrfe 
is not drawji *»p in a Manner proper to introduce 
liearners co thofe difficult Sciences, as, in feveral *£ 
the Volumes &e difficult Parts of the Subjefts art 
treated of before the more eafy, &t. ^ Of this the 
learned Author was fo fenfible, that, on my ac- 
quainting him (when I had the Pleasure or feed- 
ing fcini , in London) that I obtained my firft 
Knowledge of Fluxions from his excellent Tre*- 
tiie, without the Affiftance of a Matter, when J 
■was about 18 Years of Age; he anfweted, with* 
Kind of Surprize, " From my Fluxionsl My Trca- 
" tife was intended for Mafiers^ not for Learners** 
1 have not made this Remark either out of any high 
Opinion I emtortainof my own Abilities or to depre- 
ciate his Works, but only to give hi* own Idea at' his 
Publications. I efteem him as an excellent Mathe- 
matician, and fliall therefore only obferve farttoef, 
-that, though k would perhaps be thought Prefump- 
tion in me to premtie to treat of the fame Subje&s in 
a more mafterly Manner, yet, I may venture to fay, 
I hope to give them on a much more enlarged Plan, 
with refprd to practical Mathematics, and more ealy 
to be -understood by young Mathematicians. 

Notwkhftanding 
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PREFACE , *& 

Notwkbftanding k U. in tended to trwt of (be fct** 
ml Science* in fucceflivs O^dcr, as they wghfc to to 
fta4kd*> co farm * regular Courfe* for (Hf Sake of 
feci* ^eftikre as a*e defirous of tc%*Hr^g> ge*e*4 
Knowledge therein ; yet, at the fame Time, on Ao* 
count of Others, who may only be inclined to ftudy 
faeh F*rt*ss<may be more particularly ufeful to them, 
we fhafl endeavour fo make each Subjedfc diftindt and 
entire by itfelf, fo that every Perfon may have it at 
his own Choice to read what Subje&s he pleafes. 

As this Work is written as a Courfe, the Reader 
of any Effay is fuppofed to know no more of the 
Mathematics than is contained in the preceding Ef- 
fay s, and 'therefore muft not expeft any Theorems* 
fcff . which cannot be, deijtonftrated by.the foregoing ; 
fo that if he hangeo? to find aey valuable Things 
omitted, in any EHay of ow^, which he has feen in 
any other Woifc;,,. wewouM tm ha?$ him think we 
have forgot to infcrtfit,; but that We refer it to a more 
proper Place, in ;* Jutiwe Effay. For Inftance, in 
Logarithms, we ha*e omitted the Inveftigation of 
Series, becaufe it depends on the higher Parts of the 
Mathematics, and muft therefore be omitted until 
thofe Parts are explained. 

Eflays on Circulating-Decimals and Book-Keeping 
were prefixed to the firft Edition of our Geometrician^ 
and publiihed under the Title of The Accountant and 
Geometrician \ buj, a* {fyey Inve , qo Connexion wirh 
Geometry, it wa& thought beft *9 omit them in this 
Edition : And ? ^ as the Eflfrys on B©ok-Keej)it>£ have 
betfi enlarged in 'Nuinbef, by the Addition of The 
Shopkeeper' st Stewte£d 9 s>ani Failqr's, Companion, ijwas 
thought beft tq puhlifh them in a Volume by theqa- 
(etvc^ entitled, 'the Accountant \ 'andv mftead of 
them, in this Vekwwe, to give th$ Elements J of Plane 
.'-',_ - . Trigonometry, 

J To oblige the turchafers of the firft Edition of our Geometry* 
fee bate printed * larger Npnrber of the Trigor*mttry y that they 
may not be put to die £xp«nxe df pur chafing the whole Volume 
a fecond Time ; bat it will only be fold feparate to thofe who 
have already &e Sfft &4'iuq*. 




tf3 PREFACE, 

fHgoHomtry t with their Application to Altimetry and 
Longimetry. For a more circumftantial Account of 
the Contents of this Volume, we beg Leave to refer 
the Reader to the Titles and Prefaces to the 1 fe vera! 
E%s* ■ * ■ - 

B* DONNi 
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Si numeris in ratione geometrica progredientibns 
fubfcribarttur totidem alii aquidifferentes $ di- 
cuntur hi illorum Logarithm;. 

Wolfius, Elem. Arith. 


I * >. * » . 


-^ c 


«. J> *. 


\ 

f 
*■ 


> 


i. Ll 


gn-f.jr.ir, Hi', *» ,Um in^fii. mu» V. ■ j'"" . i ."i.f V »■ r. T i . " .i.'fr 


PRE F A C E. 

* 

TH E Invention of Logarithms is uriiver- 
falty allowed to be ope of the moft ufc-* 
ful Difcoveries in the Att of Numbers : For, a$ 
Dr. <K>/7 juftly obferves, " It is by their Means 
" that Numbers almoft infinite, and ftreh as 
if are otherwife impracticable, are rpanaged 
u with eafe and expedition. By their Afijftance 
" the Mariner fleers his Veflel, the Geometri- 
" cian inveftigates the Nature of the. higher 
" Curves, the Aftronomer determines the Pla- 
** ces of the Stars, and the Philofopher accounts 
" for other Phenomena of Nature ; and laftly,* 
u the Ufurer computes the Intefeft of his Mo- 
" ney." 

The Honour of the Invention of Logarithms 
is fufficiently feeured to Lord Jabn Neper, Ba- 
ton of Merebifton in Scotland, by the Teftimo- 
nies of all who have treated on the Subject, as 
well Foreigners, as Inhabitants of Britain. 

In 1 6 14, Lord Neper published at Edinburgh 
a Canon of Logarithms* in which o is taken 
for the Logarithm of Radius (.or 1 0000000000,} 
and the Logarithms of the Sines are affirma- 


tive. 

This Book being in Latin, was tranflated in* 
to Englijh by Mr. Edward Wright, and after 
his Deceafe publiflied by his Son Samuel, iif 
the Year 171 6. 

The great Ufefulnefs of Logarithms was im*- 
ftiediately perceived by the learned Mathema- 
ticians of the Age ; and amongft them Mr* 

A 2 Brigg* 


PREFACE. 

Briggs (then Pcofcfibr of Geometry &t Grejbam 

College, London, J was fo charmed with the 
noble Invention, *hat he went to Scotland on 
Pufpofe toconfult with the Inventor, and aflift 
him in perfecting his Pefign: The Refult of 
their Confultation was, that the* Inventor and 
Mr. Briggs agreed to change the Form of the 
Logarithms into a more compendious one ; in 
which the Logarithm of i was to be o ; and 
ioooooo, &c. the Logarithm of Radius, 

In.t-ht Vear 1619, ^ c n °kle Inventor befog 
dead, bis Son Lord Robert publiflicd the Con- 
ftru&ion of the admirable Canon ; in the Preface 
to which he takes Occafion to mention the great 
Friendship his Father had for Mr. Briggs; on 
whom now the whole Labour of calculating 
Tables entirely devolved. This did not dif- 
courage Mr. Briggs y for applying himfelf to 
the Work with a. Degree of Induftry that fur- 
prized the whole World, he publifhed at Lon- 
don, in 1624, his Arithmetica Logaritkmica, 
agreeable to the new Form, for the firft 20 
Chiliads of Logarithms, (or from 1 to 20000,) 
and for 1 1 Chiliads more, viz. from 90000 to 
I o 1 000, calculated to 1 4 Places of Fi- 
gures. He alfo gave Dire&ions for fupplying 
the intermediate Chiliads. 

In the Y&ar 1627, Adrian Viae (or F.ack) 
publifhed a Canon to 10 Places of Figures, in 
' which the intermediate Chiliads were filled up, 
according to Mr. Briggs % Directions. 

In 1633, ^ ac published Brigg's Logarithms 
of Sines and Tangents to every 10 Seconds, and 
of Numbers from 1 to 20000. 

In 


P R.&F;A CK 

fn the .Year 1658, Dr. Jihn Newfvn pub* 
lifted at London TrigonPmefria Britonnica* in 
which are Tables of , Logarithms of Numbers 
from 1 to 1 00000, and alio the Logarithms of 
Sines and Tangents to T *s Parts df every De- 
gree. , ..■!/ . 

The Editions of the Tables of Logarithms 
now moft efteemed,are Sberwins* containing 
the Logarithms taken front Dr. Jdbri Newtm* 
and Gardener's* containing the Logarithms of 
Numbers taken aifo from Dr. John Newttxi 
and the Logarithms of Sines and Tangents. to 
every 10 Seconds, taken from Viae' J Catron 
Magnus. 

We muft not however forget Mr. Dod/bns 
Aniilogarithmic Canon* publifhed in the Year 
1742 -, being a Table of Numbers, confiftmg 
of ii Places of Figures, correfpondmg to all 
Logarithms under 100000; which indeed is a 
laborious and ingenious Work. 

Other Authors who have laboured in com- 
pleating Tables, &c. are, in the Year 1619, 
Speidell and Urfinus; in 1620, Gwiter \ in 
1624, Wingate \ in 1625, Urjinus again, and 
Kepler \ in 1626, Henrion; in 1627, Speidell* 
and Kepler again in his Rudolpbine Tables ; alio 
fometime before this, Gellibrand* as in Vlcc'% 
Trigonometria Artificialis* publiftied this Year, 
the explanatory Part is. an Abridgement of Gel- 
librands Trigonometry. In the Year 163 i r 
Norwood ; in 1632, Cavalerius ; ' irv 1 6 3 3 , 
Rowe 1 in 1634, Frobenius ; in 1670, Car a- 
muel: Since which Time, Dr. Gregory* Mer- 
dator, Sir Ifaac Newton, Dr. Halley, William 
Jones* Efq. and a Number of other learned 

Men, 


PREFACE. 

Mefl, hatte publiflicfd in6fiitd eontefgfog Sc- 
ries, for eotiiputing Logarithms moreexpedi- 
tioufly ; fome of which we may hive ©cfeafibti 
to explain hereafter. 

It would be endlefs to give a Lift of all the 
Authors who have touched on Logarithms } 
becaufe, aknoft all who have treated on Trigo- 
aometry, on Navigation, &c. have given cpm- 
pendious Tables of Logarithms, &c. 

By this compendious Essay, it is hoped th6 
Learner may attain as clear Ideas of the Nature' 
and Application of Logarithms, as he could 
by much larger Treatifes. 

Proper Tables of Logarithms will be given 
in the Eflay on ^trigonometry^ Or Navigation, 
as they will there be of more immediate Ufe y 
&£. as the Tables of Sines, Tangents, &c< 
could not with any Propriety be given in thitf 
Place. 


Btdefordy February 7> 

1759. B, DONN, 
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Logarithmical Arithmetidfc. 

CHAP. 1 

Of Difiwitions,, and ibt Nature and Itmtjtigdtioit 
ef Logarithm's.. 

Number! fo contrived and adapted to 
other Numbers, that by their Addition, 
' of Subtraction, the troduft, or Quo- 
tient, ot the Numbers to which they are adapted, 
may be found. 

.This. Definition express the principal Defign and 
t/le of thofe artificial Numbers, which Matherhati- 
eiaos diftinguifh by the Name of Lagarithms. But 
here, (as it frequently happens in other Sciences',) a" 
dear, accurate, etymological Seiife, cannot be under- 
stood, till we have made a particular" Enquiry intif 
the Principles of ihe Science itfelf. 

2. To proceed then, let us confider the NatuW of 
a" geometrical Progreulon, with (he Indices fee OVct 
Ac refpe&ivc Terms. 

V Fof" 
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NATURE d* LOGARITHMS. 

For Example : 

Indices, o. f. 2. 3* 4. 5. 6. £s?^.- 

Termsi 1. 2. 4^ 8. 16. 32. 64. &c. 

Here it is evident, that if we add aiw two Indices 
together, their Sum will be the Index <flf that Num- 
ber, which is equal to the ProcJud of the Number) 
whofe Indices are added together : Thus, $.g. -The 
Indices 2 and 3 added together are zz 5 ; the Num- 
bers anfwering to the Indices 2 and 3, are 4 and 8 ; 
and 4*x 8 zz 32 zz the Number anfwering to the In- 
dex 5. f . 

It alfo fol|ow9 from the Nature of filch Progref- 
fions, that if we fubtraft one Index from another, 
their Difference will be the Index of that Number 
or Term* whi^Jv ;js *quaK to -the Quotient of the 
twtf Numbers 6f T^rms, teneTfihulitig. to tfibJEhdU 
ces whofe Differences we found : e. g. The Indices 

<J — -%^Z*\ the Numbers- rnrrpfpnnHing to ..thefr 

Indices are 64 and 16, and 64-7- 16 zz 4 zz the 
Number correfponding to ihe Indfcx 2. 

2. Hence it follows* that (by Art. 1.) the Indices 
of a Series fit Numbers in geometrical Progteflion, 
are Logarithms df the Terms ih that Progreflion. 
. .4.. Hence, by the Nature of geometrical Progres- 
sions,, it follcMft, that, If th* Logarithm d^any 
Number be rfifcltiplfed by the Index of the Ifawer, 
tfre. Product will 1 be ejqtial to th«VLogaH;hm *f the 
fioot when involved to the Hrigtit denoted. -by the 
Index. Thus, for Inftance : The Index or Log**, 
rithm of 4 in the above Series 2, being multiplied 
by. £.= 6 = the Index or Logarithm of 64 ; and 
£4, = 4 cubed — 4X"4X 4- " : . ' 
' .5. From hence alfo it follows, that the Trade*' or 
Logarithm of any Number being divided 1 by t.% thi 
Quotient will be the Index or Logarithm of the 
Iquare Root ; buT fr divided by 3, ihc Index er Lck 
irithm . of . the . c\ibe Robt ; if divided; by 44 thfc 
uotient willed' thfe : Index' or llogaHthm of the 
\& FbWcf, far 2 ' ' <-••<•: 4 ^ ■• - / k 
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NATURE of LOGARITHMS.- 

t • • • 

Example. The Logarithm of 64 in the above Se- 
ries. is 6., which being divided by 3, the Quotient is 
2, the Index or Logarithm of 4, which is thp cube 
Root of 64 ; for 4 X 4 X 4 — 64. 

6. It follows, from the Nature of geometrical 
Progreffions, that the Ratio of the firft, and any 
other Term, is compofed o fo many equal Ratios, 
as are expressed by the Index * of that otter Term .: 
e.g. In the* above Series, the Ratio of the Jirft '*ncl 
7th Term is made Op of 6 fqu^R^Qs^ ^oyhjr^f- 
tio of the 1 ft to the sd Tennis as 1 to % y antjL of 
the 2d to the 3d as 1 to 2, and of the 3d to the 4th 
as 1 to 2, of the 4th to the 5th as i to 2, jifithe 
5th to the £th ajs 1 to 2, and of the 6thjpfhc 7th 
as 1 to z ; v the Ratio of the ift to' the 7th is cotri- 
pofeid of iXiXi-XiXiX'i to 2x2x2x2x^X21 u-e. 
as 1 to 64. Hence plainly appears the Propriety qf 
the Term Logarithms ', it fignifyihg, according ta its 
Etymology, a Number of Ratios. 

7. Logarithms may be of various Kind i\ for Tri- 
ftead of the Series 1, 2, 4, &c: above, we may 
fubftitutc any other ; thus e. gy if we write the geo- 
metrical Series 1, 10, 100, Qc> inftead of 1, 2, 4, 
&?V. it will ftand thus ; 

Indices or Lqgarithmsb. i„ 2,. $ r 4-_ &c. 
Terms or natural N°\ 1. io* 100. 1600. ioobo, ©V. 

This is- the Form of Brigs?* Logarithms > which 
»rc thofe we ikaH now make It .our Bufinefs to dif- 
courfeon. t - " 

The greatcft Difficulty fiqw remaining i? to explain 
the Method made Uft of by Mr. §rigs, for finding 
the Logarithms of the intermediate JermSj. becaujfe 
the natural Numbers, 1, 2, 3, 4, 5, 6, 7, 8," 9, 
10, if, &?*. ?a«e not ifl. a geometrical ProgreffipQ. 

8. Before 17 te • proceed ' ainy farther, it tmy be pro- 
per to obferve, that, if we fuppofe <a geometrical Se- 
ries beginning from Unity, whofe common Multi- 
plier is l + w, the Series will be 1, 1 + m 9 

1 + *»i\ i + m\\ 1 + m\\ itfe. Now if m be fup- 

B 2 pofed 


INVESTIGATION of LOGARITHMS, 

pofed indefinitely little, it is evident that forne of tlj« 
Terms prill approach indefinitely near to the natural 
Numbers 2, 3, 4, 5, &c, and, confequently, it fc 
poffible to .find the natural Number anfwerlng to any 
logarithm, very nearly, though not exaftly true. 

9. The Method pf doing which may be thus ex- 
plained. — — By the Definition of Logarithms, if x 
ynd 3 represent any rwp dumber?, the logarithm of 


~*X J 2 the Logarithm of* 4- the Logarithm of y ; 
?nd therefore, ( by Art. 5. ) the Logarithm of 

V xxy = ■ 1 ffi. .- , ??' , •? : Hpncc, the *arith- 

. 2 

Wtifal Mean of ^ny two Logarithms is equal to the 
logarithm of the geometrical Mean of the two natu- 
ral ^umbers ; confequently, the Logarithm of any 
intermediate Nutpber may be foijnd, by finding the 
geometrical Mean between the two giVen Numbers, 
(whofe Logarithms are given,) and the Logarithm 
anfwering thereto* (viz. the arithmetical Mean of 
fiie. two given I^ogarithrns :) Then, the geometrical 
$dt*n between the geometrical Mean juft found and 
the neareft Extreme, and the Logarithm anifweriftg 
(hereto. After this Manner we proceed, till we find 
?t geometrical Mean fo very nearly equal to the Nunv 
ber whofe Logarithm we want, as toe (hall think 
fufficiently near the Truth ; then the Logarithm of 
that geometrical Mean is fufficiently near the Loga T 
pthm required. , 

io. To illuftrate this, let it be required to find the 
Logarithm of 9. Here we have the Logarithms of 
1 afid 10 given. ' . 

# Half the Sum of any two Numbers is called an prithm^i^i 
Idem ; and the fqoaro Root of the Prpduft of two Numbers i$ 
palled the gt^utricqlUt^, 


(*,) 


INVESTIGATION of LOGARITHMS. 5 

(i.) Th6 Log. of i = o t 

Log. of 10 = i And ^ixiq 

c _ rzt'io = 3,1622 

• 777. *•• Ac Log. 

Arithmetical Mean 0.5 J^?* 1 *" 777 h =. 

(2.) Hence we have the Logarithms of 3. 1622777 
and 10 given. 
Log. of 10 - j =s i. j^ the j^ of 

Log.of3.i6*2777 = o.5 • * : 

r- ^ 10 x 3.1622777, 

1.5 viz. of 5.6234132 is 

4 — °7» 

0.75 

(3-) We have now the Logarithms of 10 and 

5.62341 3 2 S ivcn - . T 

■kt c c 10. - - - - its Log. = 1. 
Numbers { 5.6234132 - its Log. = 0.75 


»■ ■ ■ »^i 


'•75 


^ 10x562341 32 = 7-49 8 9+ 21 its Log. =0.875 
(4.) Here we have the Log. of 10 and 7.4989421 

r 10. 1 Their fi. 

Number? j 7.49894?? J Logarithms 10*875 

»«75 
» 

* / i6X7'.498$4 : ai\ == 8.659643 1 its Log. = 0.9375 

(5.) Hence we have the Logarithms of 10 and 

8.659643 1 & vta - _ . 

-V . cio. I Their fi. 

piumocrs 1 8.6596431 5 Logarithms C 0.9375 


WOTMM ' 


»-9375 


•'iofer.6596431 = 9-3°57 s "H to Log. =0.96875 


INVESTIGATION o* ;LOOA«HfHWS, 

(6.) We have now the.-Lpg. of 8.6596431 *nd 
9.3057204^/1- ♦ --..•'.;. 

£.3057204? Iheir c 0.96875 
8.659643 1 5 logarithms 1 0.9375 

' ... t.90625 


' i/ 9-3°57 2 °4X 8.659643 1' .its Log, 0.953**5 

And proceeding after this Manner,- after 25. Ex* 
traftions the Logarithm of £.9999998 will be found 
to be 0.954242 £, which we take tor the Logarithm 
of 9, bccaufe 8.999999^ differs but ^^^ttb- or 
TTFcjrrnrp 1 - fronv^. » ■■ By tbe fame Method the Lo*- 
garithms of the .prime Numbers were found. 

11. The Logarithms <jf the prime Numbers being 
found, the Logarithms of the JMunabetF compofed 
of them are found by adding the Logarithms of the 
component Pafts ; the.Reafon of which Is evident 
from the. Definition, in Art. 1 . Take an Example, 
Given the Logarithm of 2 zz 0.30103, and the 
Logarithm of 3 zz 0.4771312, to find the Loga* 
rithm of ^ x 3 or 6. 

I^he Log. of 2 zz 0.30103 
Log. of. 3 — 0.47712 12 

Log. of 6 — 0.778 1512 


>■■!! - 


12. Thfc'Logarithm of any Number being given, 
"the Logarithm of any Number equal to the Square^ 

orCube f &c. of that Number, may be found, by 
'multiplying the Logarithm of the Root by 2,. 3, fcfr. 
refpeftively, k •according 'as the Power, whofe Loga- 
rithm is to; be found, is a Square, or Cube, .&c. 
This is manifeft by Art. 4. x . , ♦ 

13. Laftly, the Logarithm of any Power being 
given, 6he Logarithm of it&*Root is jouhd by divi- 
ding that Logarithm by the Index of the given Pow- 
*r : By Art. 5. 

14. -Aftier the Method juft now defcribed the Ta- 
bles nrfrJUgafithms yygrc^at fitft macfe* ^jidif we 

confider 


O*: LOGARITHMS, <*f fractions 

confidcr the great Labour and Patience neceffary : to 
the AccompliAiment of fo great a Work*, how much 
are we beholden to Lord N*perjin& Mk* Brigs ? Cer- 
tainly their Names will, and ought to be perpetuated 
from one Age to another, .even to. the End of the 
World! ' .... 

There have lately been invented much eafier Me* 
thods of conftru&wg Logarithms than ^he above* 
hut as they depend od Fluxions,, Cook Se<2ions t 
teV. they cannot be underftood in this Place. And 
k is fufficient to have fhewn the Method by which 
the Tables were made; aa.we fave nowr no Occafion 
to conftru& new ones. 

1 5. Having explained the Nature of making a T& 
ble of Logarithms of Numbers greater than Unity, 
the next Thing to be done is to (hew how the Loga r 
rithms of fractional Numbers may be found. I9 
Order to which let it be obferved, that, as we have 
hitherto fuppofed a geometrical Series to increafe 
from an Unit on the right Hand, we may now fup- 
pofe it to decreafe from an Unit towards the left 
Hand, as here annexed. 


Log. — 3/— 2.'—*. 0. 

C. ** " A. 

+ 1. 

+2. +3, &e. 
B. 

Numbers T -mMW«' tV»' *• 

IO. 

100. iooo.&fr. 

.1 


Here the. Series from the; Point A> oi* Unity* mere*- 
fcs towards B, and .decreases toward s C. 

It/ is.. evident by a f bare Infpeftion, that, if the 
Numbers are both Fra&ions, the Sum of their Loga- 
rithms is eqjual .to the. Logarithm of Jheir.rrodudt. 
But if ome^N umber is/envthe RJght-l\aad of the Poirit 
A, and the other on the Left ofi it.j :fhac>is, if one 
Number is . greater, iban \ an Um% and the other a 
Fraftion, : then the Different ; oi: their Logarithms 
-will be equal to ttaiLogarkfrm o£theuvProdu& i and 
the Logarithm vof^theiProdud wilk J& on the.fatDe 
Side of thfePomi A^as xs.the feces** «f the t^ro 
Logarithms. , . - »../ -. . - 4 r i-, . 

' » • . 1 J ' I » t " M> f 1 .• t I«?i 


Of LOGARITHMS o* FRACTIONS; 

1 6. Irt Order co make a proper Diftin&ion, we may 
denote the Logarithm of any Number greater than 
an Unit by the Sign +, for they may be reckoned 
Affirmative * and then the fractional Quantities muft 
be confldercd *i negative. 

i 7. It is alfr evident from InfpedHon of tKe above 
Series that if a Number, having; an affirmative Lo- 
garithm, is divided by another Number whofe Loga-< 
rithm is a greater affirmative Number, the Difference 
of their Logarithms taken negatively will be the 
Logarithm of their Quotient. Thus, e. g. the Lo* 
garithm of ioo r: 2, and the Logarithm of iooo z=j 
3 % their Difference taken negatively is — f = the 
Logarithm of T f 4, the Quotient of ioo -f iooo. 
■ ■ ■ ■ This might have been deduced from the Na-r 
turc of Fra&ions, For the Numerator of any Frac- 
tion may be efteemed as a Dividend, and the Deno- 
minator as a Divifor : Therefore, by the Nature of 
Logarithms, (Arc. i.) the Logarithm of the Nume- 
rator minus the Logarithm of the Denominator il 
equal to the Logarithm of the Fraftion : But fince 
the Denominator of a proper Fra&ion is alwayir 
greater than the Numerator, its Logarithm will be 
greater than that of the Numerator, and confequently 
k will be iinpoffible to take the Logarithm of the' 
Denominator from that of the Numerator ; there* 
fore, we are obliged to take the Logarithm of thfe 
Numerator from that of the Denominator, and ex- 
prefs the Difference negatively, for the Logarithm of 
the Fr aft ion. 

1 8. The Logarithm of i, io t - ioo, iooo, &V. 
being o, i, a, 3, &*. refpe&ively, it is manifeltr 
that the Logarithms of the intermediate Terms may 
be confidcred as a mixed Number, made up of an 
Integer and decimal Fra&ion ; and that the integral 
Part, called by fome Writers the Index, (Lai.) by 
Others the Etcpmnt, (from«rpMtf, Lat.) and by 
Others the CbaraSerijtick, (from Cbaraffer* hat.) i* 
one lefs than the Number which cxprefles how many 
:s the natural Number confifts of \ t. g. if the 

natural' 


6* ' ioSAftrrHMs ^fraction! 

fiatural Nutriber has 4 Place*; the Charadteriftick of 
<he Logarithm will be $i if/of^f 5PJace$, 2 .^ if of 
2 Places, 1, ''&*<* ■ ' v •'• 

~ 19. Divifion being perfbrmtfl >toy SobrraQiorr of 
the Logarithms, ahd the Logarithm of io being iy 
it follows, that the Logarithm of ^ of any N^irtberj 
fa uft' be one Ms than the Logarithm of that Num- 
ber. Thus, t. g. the Logarithm of 7851 being 


bo. 
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IO 

7*5-} 
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1.1050^5 
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— 2-105075 
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The above affirmative Logarithnfrs were found by 
lucceffively fubtrafting the Logarithm of io, viz/ 
+ 1 from the preceding Logarithm * then, to find 
the firft negative Logarithm, + 1 (the Log. of 1 o J 
was to be taken from the Logarithm H* <* 8 949*5 y 
Sut as the Log. to be fubtra&ed is greater than char 
from which it was to be taken,, we are obliged tor 
lub£ra£b the leffirr 0.894925 from the greater.?, and 
exprefs their Difference negatively, for the required 
Logarithm, (as direded in Art; ifj which gives' 
~ o. 1.05^75. Then to fend the other negative Lo^ 
garithmsy the Logarithm + 1 being to be fubtra&ed' 
from a negative Logarithm, we have only to add 1 
luccefliygly, and. exprefs the Sam negatively % for by* 
Art. #• Mjfay on dritfattyk^ : ta aibtraft an Affir- 
mative is the fame as to *dd a Negative. 

C abb* 


20. The Logarithm . of! Fraftioqgjffl^- ^.je^ 
preflfed irLfuchaM^rw, ..tfyat m frtftional Part rn^jt 
be affirmative, and the Charaftetfgick negative^ 
logarithms tfiusvt*jjrcflied *re caljcd Hwni^Itfga- 
pitbms (from hittmiw* Lah) and jup 4 4)P$V ^ffPWl 
for Praftice than the negative* onps, 

2 1 . To find the binomial Loggfkhfn of a proper 
ffrafiaoo, 

* From the Logarithm of the NumeFjttor fubrr^t 
that of ,the Denominatpr ; .remembering, that wjieh 
w<r tf&ne to the %Siaifa<^erifficksi . the €haraften flick 
of the 'Numerator is to bf taken from that of *the 
Denominator ; (aftef having added the one- that was 
borrowejd, if any, to fhe (fhara&eriftick of the pe- 

nomihator.) ' ' ' ' •- 

» •♦' . . j 

• That the binomial Logfcrithfes found by this Rple, arc, ia 
EJfc£t, thie fame as (he negative Logarithms afore described > may 

• 

betjius (hewn. Let — be any proper Fra&ion ; then, putting c 

forjhf: integral, and r for the fractional Part, of the Logarithm 
ef n ;- wt have r + r s= L<jgaritlm of » ; and putting r /ot the 
Charactes'inioic, and a =5the decimal. Past of tie Logarithm of </, 
then / -rj 4 = the Logarithm pf j/. Hence, by Art. * 1 7, 

' ■ .' /* i. \ - • 

j*4* a* ~ r +• rjsax Hit a .^t. r -r r taken, Wgiti vcIvm ( 4^\ ia , 
*k«fci*£ the #gn ?| ) ^«k . — / -7- * + c + r ^ the. *<?g*r%ni 

Botfo* theJ>ia^mifdLfigajritbni we have tw©€afq>\ jft 1 Wjg* 



famtat'the above Expre^n for the negative Logarithm, ^iiily,; 

of n£ liow fubtradnn£ * from 1 dr r, there remaW i -f- r — a + 
aV<Haknnjg r — 1 from'/,' Vacc6r«n^tothis ! Rule,)*.or| whrch is 
tfce fame Thing, r frgm /^4 i, ^ertr<ienriirtt.Z-hi -r<v which 



Example. 


$p'8fN0foiAL LOGARITHMS. « 

-.. ExAmpIe. The byjojnial J^ggrithm ;pf ,™~ js 


»» »s r , • ► 


Tor dic'Lpgafithm of 7.851 '^o$iJ4$i$bf Att.'ij. 
The Logarithm of 10 zz 1/600600 

Log. ofZl-2-ljy thisRuie 21-^^.-^9419^5: .» ^ 
-. But this Logarithm js pwr^^fyp^odiouflyj^fote 

thus. 

mewini 

Part affirmative? . . 

'" 78C1 " ? - '•' c ••» U, ' ;; v 

ffcffee the I#£j. of ~«-- i <5£7#5i r 'U =: j 389-432^. 



fcfr. -i«to; io ^1.'.^ 


1 . 



th'e .Charafterifticlf is «W i'tftntf fiihife^rii! FTgoft 
be inthelecbrtd Pike, tfie ihfcgHl ParVdfthe Esbgb. 


' ': 2 2. In'lra&otftdf a'TaWth^Logarhh-m' of 
'Sty t ; nt^ger'rtbtf«ce<^inB )! i'<i«odi' we hav* HWftraS. 
tiorfarpai^bflftfpea^n ; ttWhfefr'rie prcfi* tbt a 
€MkeriftiA? #-' if the' Nuhflfer conttfts ef^FP. 
^es'V 2; If Sf 3 Figures, -fc?tv that isV ftie-Cha- 
TatfeflftTck 'rndft'De orie -Ufr drift the Nurhtier of Pto- 


ces : But if the l^utfber, wRftK-' £6ga« thtf* 4s i*i 
<3uJre<S, ftMi#?fa'fiS(l ! tfii Logarithm 
'6f the 1 r^o^fitaHflP NumW'to fftak* catf be ftfend 


«;03 


.Of BINOMIAL kpGAIMTil*M§. 

in jth« T.able, t and fay, As their Difference : the 
l)i%-pice i: bf • tfrefiG Logarithms : : - the' Qtflfe&nce 
between the neareft Number and that v^hofe Loga r 
rjtfim r i$ required v ; f the Difference^ p( their %6g*- 
rithms nearly ; '. W|>igh"l3eing . either addedjo, or fob- 
framed from, jhc iieareft LogarithmiV aciftrdifig as it 


pearly the Logarithm required. Take an Example. 
^Eettft be ■ s W$fflfcd? 1 4o find -'t. he Logarithm' of 



The £367100 is 5.564784 Neareft: N°. 367200 
■Logjjaf li^ooi: ;*-. 5.564903. «i The :N°, 367.1 H 

i' . * 

JU ' U .1 ! ' • . ' \ « ■ . ' s . ; ■ 

T^irM- 'i?^^^9«i$._ " . Diff - * 8 

XJJ ■ 1 ' O I ■■ m 

'i* A$-+oo .: .90119 :< : r$ ; _;O002i nearly •, •»• 
5^4^tr$^ .6©6aY~rr S.g^ftjVnearly =: the Lo- 
garithm ^367182. ,-3 

*fc" ^L^qth.ffl^M Ijfimber^t^n; 3 67 1 so 

%B[l,3fazQ*w^ e fflA e fiFKW «9H»'.'|i Warding jo 
^Pittance W.jo^op or^^jtopjfi^bpt .ftriajy 

#Hfl#» tyto Wtyi%7#rrLd* gr^W.ajtf Ambers 
^^Tatfe-Rcfl?^ qJllV 1 '. Piffi:«-? : ncf lH thjP. near**, wty 
j&ofe ( P|^rpnce$ ;be- prpportioflaH} . #nd therefore, 

fihfl^gh.^hia^M 1 VPfife fjjf exa $ Logarithm, yet 

for moft £wwfa&^ s tf tyfaekpT Beafure. t< 
t.> I/^tatfurobejjdfla. confift of . batVIntegcrs and 
JF/t^?n&,; find jhe^^aftiopal fvtpt {he, Logarithm 
.as. jf alt ift Figurefw^e Tntegers^afidiQ that- frag. 
aqn$\ fmprcfix^^ndex. oe lori^»ng > to.| ; .he integral 
4Vs»-,.!yra»j WH 6 tljeCharafterittfck flnejefs tf|£p 
ih%N^raher q( iotfgral Ejgure*, J$$ ypu- will bayj; 
^eJ.ftgarHh^lpught. . , . ,r ,, -.; .. 
r.-.'&i&tyu if the Number whpfe Xjigarithra is rc- 


tmtf, t ta ertfifdy;' fra^a^ l%&fafo&fa$ 
^art of the Logarithm, %s i£ ir. was a whole Number, 




7*o add Logarithms. * *$ 

and-to it prefix the Chara&eriftick — i, if the firft 
Figure to the left Hand be Tenths ; but, if the firft 
Figure be in the fecond Place- or Place v of Hundreds* 
jhe Cfrapaftepftick muft be -—2, {&c<- r 

23. When Jwo o,r more jLogarithfns *re to be ad- 
ded tog? ^er, they na.*jf be added by : tt|^ Rules *fbf 
adding affinitive and. negative Quantities in Alga- 
bf&>. j: That i$, 1. If . they are -all *^«#/tw, -add 
die*n as m pommon Addition, and the Sym will be 

^/afiirqn^vc^^rij^wquOT^ ',,:. -1 
24., Qtfe.z A If the.Ch.frfjderifticks of |thc Logar 

;itfrms to be added are all negative* $4$ ^e decimal 

P^rts together by commpn i^dditioa Sr fwd if therp 

is any Thing tQ be carried from the decimal Part to 

the integral Parts, jit is pffir?nativ?, (by the Nature of 

binomial Logarithms,) which referve : Theji find the 

Sum of t-he negative Chara£terifti{:ks 5 which, being 

negative* ch e ,Piff er ? n ^ betwixt thi^ Sum r and the 

Carriage .(aboye referved e ) .with the-Sign of the 

greater, wil be the Charafteriftick required. - 

- 25. Cafe 3. When $he Chara&erifticks of the Lor 

garithms to be added, are fomz affirmative others ne r 

gative x -r^ Add the fractional Parts as ufual, r only 

the Carriage from the decimal Part to the integral 

being affirmative, muft be added to affirmative Cha r 

rafteriflicks-j whofe Sum, including the Carriage^ 

being found, and alfo the Sum of the negative Cha- 

rafteriftjeks, find the Difference of thefe Sums, and 

to it prefix the Sign qf the greater, for the require^ 

thara&eriftid? . , 

26. When one Logarithm is to be fuhtra&ed from 
another, the Work may be done as in Subtraction of 
AJgebra; by having due Regard , to the affirmative 
andnegajtiye Quantities. But to be more particular. 

Cpfe 1 . To fubtra<St a kfs affirmative, from , a 
greater affinitive Logarithm * find their Difl^rence, 
as in commoi) Antr^metick. . . . f . ; 

27. Cafe 2. When it is required to fubtraft a 
greater affirmative, frqm a lefs affirmative Loga- 
fitkrp $ \% is fh? tone 9s to find th$ Logarithm of * 

proper 


%*. To find the Difference T^V^>*1? logarithms. 

proper * PiaSAm; *nd ihttiforc may be fbunti<as dfc 
Mtediri Article ii. 

28 .•■Co/? -3. When a Knomial Logarithm is to be 
fubtrafted from ah affirmative Logarithm, if &e de- 
cimal Part of the affitfmaftve Logarithm is greater 
(flian that of 4 , the Binomial, fobtraft the decimal Part 
nf the Binomial tfom the decimal Part <6f : thCAfifc 
frtative-j'^rid prefix the'Safn of their Ghfara&eViftilks', 
With the affirmative Sign. -Bat If the frdZtttfral P*rt 
of the binomial Logarithm ht Mtukt 'tterr that tof 

. the Affirmative add, •artf&fppeifr in yo$r'4rfftid * to 
Wb* added to the fraaidnalr Fart of the x!ffiftnativ% j 
thferi fubtraft the fractional Part 6f tha Binomial from 
thatStim-v rbttt, betaufe W<S aadetf 1 for Gbfivenfcri- 
t)r, tirt tnaftakfo to continue the Equality) 4dd 'H? i 
•to 1 the' brrtornral Charafteriftick ; but the CharacTxs 
ttftick< : of -tNe'Binttfnial Logarithm being- rtegatrve* 
if* adding'^ i to ft is dirhimfliing the rlegadve Chat 
ri&erfffick 'b? ' Utoity' j which CharaaerJftick fo di- 

• miniflied, : ' 'being iadded to the affirmative Character 
liftickj wMgive the affirmative Charafteriftick dfthe 
-rtijui red Logarithm. •'•••' .:?.■■ . -r 

•2-9. -Caje'^v When ah affirmative Logarithm is to 
fed fubrraftfetfTrom a BinbMial; if the fractional Part 
nf theBlnothiarbe greater than that of the affirmative 
'Logarithm-; to the Difference of their fractional 
Parrs,- place for a Charaftefiftick the Sum of their 
CharafllerrftTcks With the negative Sigh : « fcut if the 
'•decimal- Paft' : of the fiinbrriial is lefs than that- of the 
affirmative Logarithm, add i (or fuppofe'it to bt 
added in yotrt Mind) to the fra<ai6nal-' Part of the 
Biriomial ; Ond then futStraf<ft the' decimal £art of tlfe 
Affirmative- : frbrri that' Siftn,- ahd' ; (td.doAfinue th>e 
Equality) idi t to theCharat5leriftick v <if theaffirma*. 
tive Lbgarithm ; then the Sam (^ fhfil, ; and the ©ha- 
cafteriftick of the binomial, witf, wfffi 1 tfw tiegitWfc 
Sign, be the Charafterifliek of the- rtrqififgd Iitfg& 
tithm. ' ' ^ \ l C 

30. Cafe 5. When a Mtmial LogSflthib- is *SU* 
fubtfafted fiom a Bimmiah if iht frnffimi Parttf 

that 


1 


HqwM fubtwff Logarithm* %5 

{hat tp height rafter! is fcfs than that froip which it its 
to he taken, find the Difference of thejr fraftionajt, 
£arts, to wKich prefix the Difference of uheir £ha* : 
radterifticks, witty the affirmative Sign, if thp Gha- 
ra&eriftick of the Logarithm tp be ?ubtra£ted is the 

f 'eater \ pth'erwi'fe it muft have a negative Sign, 
ut i£ ^htJraltional Part of the Logarithm to be 
fubtra&ecj, pe greater than the fraftioxwl Pai;t qf thq 
Logarjth_m_from which it is to be taken t add i ttf the 
fra£tiqnal Part of this laft, that Subtradiop. m«r be 
made \ and then, (to continue the Equality, add i 
to the Charter iftick of thie Minor apd% , vy jiich CJ ha* 
tafterjftifk being neg^Vve," is dope bjt $nhtra<3;iqn, 
viz. fubp-adl i.frqm.the Chara&eriftick of the Minq- 
randy then the Difference betweep the Char^eriftick^ 
of the Minorand fo diminifhed, and the. Charad^e-v 
riftick of the Subducend, will give the required Cha- 
ra&eriftick \ which muft be affirmative^ if the Char- 
raflteriftick of the Minorand, after being diminifhed 
as above, is greater than that of the Subducend : 
Otherwife negative. 

31. Before we, proceed to the Application of ho* 
garithms, it will be proper to fhew how to find the 
natural Number anfwf ring . to . any given L<ig*ri|hm f 
by *}elp of a Table of Logarithms* And vj this 
is only .the Reverfe of Article 22, it will befu/Rcienfc 
to hint, ift, That the Index, or Chara&sriftick, ofj 
the Logarithm, if affirmative* will fh^whaw many, 
integral Places are in the required.Niitnb^r : And jf 
negative, in what Place of Decimals the firft, ' or fig- 
nificant Figure, ftajids- Hence, if the XiQgarijtlim 
can be found in the fable, the ju\fwering Number is 
found by a bare Infpe£Hpi> : Bi|t if it cannot be ex- 
actly found, . find the JiexL greater, and next lefier, 
and %, As the Diflfcrenqe of thefe two Logarichms 
: the Differ ence of t he anf wering Numbers :: the 
Difference betwen jJip^iyea (LflKaipta and' the? 
neareft tabular Logarithm ': a fourth Number ; 
which added to, or fubt rafted from, the natural 
Number anfwering to the neareft tabular Logarithm, 

(according 


i6 Multiplication by Hogatithrht. 

(according as that Logarithm was lefs or greAtrt'tfratf 

the given one,) will give the required Number very; 

near the Truth. '.\. 

Example. Let it be required to find the natural? 

Number anfwering to the Logarithm 5.56488 2. 
This in the Tables gives the next leflcr and 
greater c 5.5647847 The anfwering r 367100 

Logarithms, 1 5.564903 5 Numbers 1 367200 ' 

— . ■ • - M il , , 

Their Diff. .000119 100 


mj- 


And 5.564903—5.564^82^.0(^0021. Hcncfc; 
As .000 c 19 : 100 :: .000021; or, which is the 
Aftnein Effedt, As 119 : 100 .': 21 : 17.7 ne4fly. 
Hence, 367200 — 17.7^367182.3, nearly :± the' 
required Number. 


C H A P. II. 
MUTTIPLICATIOM by LOGARITHMS/ 

* 

$2. TT TE now came to fhew the Application of 
VV Logarithms, having explained their The- 
ory at large; and the firft Thing is to perform MuP 
tiplication by them ; which is done by adding the 4 
Logarithms of the Factors together, as dfre&ed m ; 
,Art. 23, 24, and 25. 

33. Example 1. Multiply 14 by 4. 

, r ( 14 is 1. 146*286 ♦ 

°8* ° i 4 is o.6o2o6oo f l 


Their Sum 1.74818880 ainfwers ift* 


f in 


the Table to 56^ therequired Produft. 


. »■ • • . * 




4 


1 t> .. . 


'Multiplication Ij Logarithms. i y 

34. Exantple 2I M dltiply 203 by 0.2 5/ 
Log. of 203 is 2.3074960 

Log. ofo^is 1.3979400 

■i — f — * 


This Log. 1.7054360 anfwers in the Table to 

[5075- 


- * 1 m I I 1 11 I 1 » 


35. Example 3. Multiply 7.677 by -j- 
* v To Log of 7.677 :± 0.8851915 
Add Log. of [5 2s 0^6989700 


Fromt 1.5S41615 ' 
15030500 


Gives Log. of 4.79^nearty; &.6Sid7i^ 

* '■ - • * • -j » 
Or thus : Put 4 into Decimals, viz. -f zz .625. 
Thei* X*g: 7^77 =? 0:8851915 v 1 a 

Log. of 4 or of .625 .5: 1.7958^00 


* « » » 


* • » 


Sum is 0.68 1 07 15 as; above. 


36. Example 4. Multiply 0.55 by .023. 

Log. .55 is 4.7403627 
. Log. ,023 is £.3617278 


Log. of .01265 $.1020905 


a^> * ■ » 


37. Example 5. Multiply 80 by .003. 

.Log. 8or 1.9030894 

Log. .003 = 3.477 I2I 2 


**■■■ 


Log. .24 ;=. £3802116 

D 38. 


♦* 


"t 


Divjfionty Logarithms r 

47* ExcmpU 8. Divide, &i 265 by .55, 
Log, of .oizt>5 =:*. 1626905 
Log. of. 55 rrT 7403 62 7 


Log. of .023 n 2.3617278 

^^tmmmmm ^— — n n. , 

t 


CHAP. IV. 

0/ <fe APPLICATION of LOGARITHMS to 
CIRCULATING DFXIMALS. 

/ 

» r 

48. A S in fome Calculations, in which we propofe 
£\^ to {x very .accurate, ;we may have Occafion 
to find the Logarithms of circulating Decimals ; we 
(hall explain the Method by which they may be found, 
as follows. 

. The Rule. Pirft Mfti the circulating Decimal in- 
to its equiva l e nt vulgar -Fraftion, (as (hewn in The- 
orems 4, 5, 6, and 7, in Articles 13, 14, 15, 16, 
17, 18, 19, 204 and 2 r 1 of the Ejfty on Circulating 
Decimals J and then Jnd the Logarithm of that 
vulgar Fraction, ^ArK. 21 of this Essay. 

49. Examplr~Tr -Whatis the Logarithm of .4 ? 

By Art. 14. of: the Effay on Circulating Decimals* 

•4 — T" 

Hence from Log. of 4 = o.6ofco6oo 
Subt»# Lpg. of 9 ^vP/9542425 


Gives Log. of £ or_of..4 — 1-6478175 

.0 r: - "k, ,il 


\ • 


5®> 


* H 


Logarithms of Circulating Becimals* ±t 

50. Example 2. What is the Logarithm of 3.5 ? 
Solution. By Art. 16 of the EJfaj on Circulating 

Decimals, 3.5 zz y/. 

From Log. of 250 zz 2.5440680 
Subttad Log. of 99 =: 1*9956352 


■ % 


Gives Log. of ^ zz 0.5484328 


1* iii< 


51. Example 3. What is the Logarithm of .23? 

« * 

Solution. By Art. 18 of the EJfay on Circulating^ 

Decimals, .23 =££. 

From Log. of 21 zz 1.3222193 
Subtract Log. of 90 ==. 1.9542425 


Gives tog* of £4 = 1.3679768 

52. Example 4. What is the Log. of 26353.5 ? 
Solution. By Art. 20 of the £/£*? *« Circulatiwg 

decimals, 26353.5= *«'y T ° 9 - . 

Therefore, from Log.' of 2609000 zz 6.4 1*6474 1 
Subtrad the Log. of 919 zz 1 •9956^52 


'«-** 


The Remainder is the Log. of * 6 Vr ° ° *4*o8 389 


* t • 


53. The Logarithms of Circulating petals be- 
ing found by the above Method ; .Multiplication, and ] 
Divifioh, afe performed by them, after the fame. Man- . 
ner as is (hewn of finite lumbers in Chap. 2. and 3. 
of this Essay. 


CHAP. 


4 ( -M ) 

C H A P. V. 
The GOLDEN RULE by LOGARITHMS. 

54. TT^ROM the Nature of the Gulden Rule, and 
\} Logarithms, we have this flule.' Add the 
Logarithms fc£ the fecond and third Terms together y 
from their" Sum"fubtra(5f the Logarithm of the firft 
Term ; and the Rettiaftrder wilt be the Logarithm of 
the fourth,* or required Term. 

95' Suppofe \n t^ie Rule qf T/tire^ Direft We have 
this Stating, As 4.1 : 5 :: 65 : a fourth Num- 
ber. . \ : . . - - - 

To the Log. of 5 — 0.6989700 
Add the Log. 0^65 zi 1.8129134 

. - 2.5118*34 
-. Sub^ Log; of 4. 1 zr 0.612783$ 

Log. of 79.26 nearly 1.8990996 


53. If From the Logarithm »f 1 be fubtra&ed the 
Logarithm of any Number, the Reniaiader is called 
the Arithmetical Complement of that Logarithm. 
Hence, the Arithmetical Complement of the Logarithm* 
of any Number, is equal to the Logarithm of ther 
QuQ^eot ofi djorided by that Number. 

56* Whence is required to divide one Number by 

another, it is in Effedt the fame, if we divide i by 

the Divifoiy and multiply that Quotient by the givei> 

- - - - a i " 
Dividend. (For — = — X a.) Which is done by 

JM ABA • 

m, TU, - 

logarithms, by adding the logarithm of the UiyrU 
dend tothe Arithmetical Complement oftfre Lqga- 
rithm of the Divifor. 

57. Hence, the Operatlbh of the j£x^mple 19 
Art. 55, iwy ftand thus : 

From* 


Involution by logarithms. 23 

From Log. of 1 = 0.0000000 

Sub. Log. of 4» 1 2= 046^27839 — 

' 1.3872161 

Gives /frlte, Comp, =z 1.3$ J2 161 1.8129134 


« •> if 


Trjrw 


u ,1 1 ■ . •<-* ( >^n. ri 


•4-JW 


G-ives^eg^a* above' ;af;89gfl)995 

• -< j .-:, :. •"'. 1 ' " ' 

', ,J *. 1 .--'- .., ...:••.. — ^ — • ••» '•-•' — 

-,::- ■■:■-■■ c:h A £. vi. •*•• . 

|N VQ LtJ T/I 0< : Nv -iy} LOG^K4THM9. . 

> , , , { r ■ ■ V • I J} ' " > ' .'« C- f 1 . • ■ * 

^& /TT*©. £3if* ^^ !Nulbber fcoa givetr/'Pbw^ ty 

X Lpga^kbiWi «>oltiplF thejioearidim ttf 

the Roci; by the IikM of the f£ven Pcxtoer. Thui, 

for Ipftaoce, if we are td fqkkre any N amber, We 

muft multiply its JLogatithm by d ; if to cube a 
Number , by g„ £?<•«., 4i*Jn the Procta&^tiy Aft. 4^ 
will be the Logarithm of the 1 ieqirired FoW^i^. ; 

Note* Jf the Root be * Ftfa&ioiii ft»XogaVit&m 
will be a #%n<Nnu*l\ . in fucb Cafe, thesOtffage frorti 
the detinwl jPart ifctrMltiplyiog btiiig affirmative!, 
and the Produft of the Chara&crifticfc negative, tfife 
Carriage muft be fubtra&ed from that negative Pro- 
dud, .for the required negative Chafafteriftick. 

59. Example 1. What is 4 the Square of 15 ? 

Log. of 15 = 1. 1760913 


Log. of 225 n 2.352i8^6 : ; 

^— ■ ■■ ■« ' ■*, 

£o. Example 2. Cube .55. 

Log. 6*. 5$ = 1.7403627 

. 3 


• ♦ 


Log. of .1-66375 = 1.2210881 

CHAP. 


££ . ' ( '*i ) . - , 

C« A P. ■' VH; '•'- c/l - H • 
EVOLUTION h LOGA^KXHMS, 

. • » , i > ' * , . • \ - £ » . c • 

6u#TT*Q-extra£fcthe Root of any Number, divide 
X. : *ke Logarithm of the Power by its Index, 
v&<- To~extra£t the fquare Root, divide by 2 ; for 
the Cube Root, by 3, fie. See Art. 4. 

jVi?/*. In extracting the Root of a fractional Num- 
ber, if we cannot divide thelChara&eriftick exa&ly 
by the Index of the Power, it will be proper to in- 
creafe the Cfcara&eriftick by the Addition df fuch a 
Number as will make it exactly divifible by the Index 
of the Power,'* and then divide the Chir^Aeriftick fb 
increafed \- but (fince inoteaftfrg ehe-nefeatisife Cha- 
ra&eriftisk ,by any Number k feally dirtrrnMting tlie 
^Logarithm by that Numbtr, we muft, in Order to 
-fontinuq die Equality, add it to the Logarithfh 
again $ therefore, the next Place of the Logarithm 
"being %en$bs 9 each Unit ia ~&e Chara&erifttck is 
.equal ta Ten in the Place of Tenths ; therefore,) for 
every tfoit which we adefed to the Chara6ft*iftick 
we muft now add io's to the Place of Tenths \ and 
divide as ufual. ' •- - • 

62, Example 1. Extraft the. fquare Root of 225. 
Log. of 225 is = 2.3521825 


"5" 


Log. of 15 z: 1. 1 7609 1 2 


63. Example' 2. Extract the Cube Root of 
166375: ■ 

Log. of .166375^=: 1.2210881 


T 


Log. -of .55 = 1.7403627 

. .. -. - "> ">■ mi ■'■■ 

Here 




reuowjhip by Logarithms. 25 

Here, to the Chara&eriftick 1, to make it divi-« 

fible by 3, we add 2, and the Sum is 3 •, 4 of which 

if 1, for the Chate&eriftick of the Log. of the Root: 
Then, to continue the Equality, we add 2 to the 
Place of TejatM, Which makes how many Times 3 
in 2.2, which gives ,7, &V. 

CHAP- Vltt. 

The AMPLICATION of LOGARITHMS to 

FELLOWSHIP. 

{4. A S in F«Jlowfhlp, the firtt and fecond Terms 
£\^ certtmie the fame in all the Statings i 
From the Logarithm of the feiond Term fubtradt 
ibe Logarithm of the firft Term* and call the Re- 
mainder the rcferved Logarithm : Then, this rejervtd 
Logarithm beihg added t6 the Logarithm of the 
third Term of each refpedtive' Stating, will give the 
Logarithm of the fourth, or required Term of that 
Staring. The Rcafon of this is manifeft from the 
Nature of Logarithms, and Chap, VIII. of the Se- 
cond of the Mathematical Efzjs. 

65. Example. Suppofe 4 Men, A, B, C, and D f 
trade in Company v A put in 50/. B, 16/. C, 25 L 
and D, 18/. ioi. they gained 20/. 15/. What was 
each Man's Part ? * 
Here the Statings would be, 

£• £- £- 

As 109.5 : 20.75 :: 5° : A*s Share* 
109,5 : 20.75 ;: l6 : B's Share. 
109.5 : ao.75 ;: 25 : Cs Share, 
109.5 \ 20.75 :: 18.5 : D's Share* 
The Operacionby Logarithms will be as follows. 
From Log. of £.30.75 ~ 1.3 1701 81 
Sub. Logi r of 169*; :=> 20394*4* 


■*■« 


The Referred Log. ~ 1.2776040 


E From 


2 6 Felkwjhip hy Logarithms. 

- Log. 50 zr 1.698970Q 

Referved Log. =z T. 2 7 7 6040 


..■*» . t. 


Sum zz 0.9763740 the Log^. 
,0f A's Part anfwering in the Table to 9-47485 /•' * r 

Log. of 16 :z: 1.204 I20p ' f 

Keferved Log, zr 1.2776040 

._ . - ■' ■" ■- — • 

Lpg, of B's qp Q.48 1 7249 anfwer$ 

Log. 25 zz 1.3979400 
Referved Log. ,z: 1.277.604b" 


t^" 


Log. of C's Part = p. 67 55440 anfwsring 

[to 4.737425- 

Log. of 18.5 z: 1.2671717 
R efer ved Log. =11.2776040 


Lpg. oF'D's Part == 0.5447757 anfwering 
. /. [103.5056945: 

CHAP. IX. 

SJMPLE INTEREST by LOGARITHMS. 

66. ADD the Logarithms of the Principal^ 
J[]L Time, and Rate, together; the Sum will 
be the Logarithm of the Intereft. ' v 

6y. Example What is the Intereft of 4jo?. iqj. 
for 1 Year and 40 Days, at 5 /. per Cent, per Annum ? 

The Time 1 Yr. 40 Ds. z= T y T ~ *.|4- Hence, 
The Logarithm of the Time is 0.0451622 
Log. of 410.5 the Principal :£*2. 6133 132 

Log. of .Q5 the Rate z: 2.6939700 * 

Sum = 1.3574454 tbp Log. 
of 22.7743 /• =; 22/. 15 s. $di* for the intereft. 
Q.E. I. ~ " CHAP. 


L 


C HAP. I 
COMPOUND INTEREST by LOGARITHMS. 

,68./TT\-HE Rule. Multiply the Logarithm of 
X the Amouht -of. i /. for one' Year, by the 
Time ; and to the Prodpft add rhe Logarithm of the 
Prmcipa4 $ the Sum will btf- the Logarithm of thf 
Amounts .:'.-" v, :i . •• 

69. Example. WfcatrVwll 2-tbL ys. Sd } J arppunt' 
to in 3 Years, at 5 jter C^#/. /*r Annum ?- ' ; ' T , 

Solution. Fir ft, tto-l. js. 6d. =219.375/.' and 
the Amount of 1/, for one Year at 5 per'Cent. per 
Annum zz 1.05. 

Hence multiply the Log. of 1.05 zz 0.031189$ 

By the Time rz •' 3 

»■ ■ ■ '■' ' ■ ■ ' ■ f ■ ■ ■ ■ 

0.0635679 

Add Log. of 210.375 z= 2 3229940 


Log. of Amount 243.5353/. = 2.3865619' 


Hence the Amount is. 243/. 10s. 8d. 4- nearly. 

70. Scholium. Mr. Townley^ and a few others, in- 
stead of the negative Charafterifticks write their arith r t 
metical Complements; Thus, for the Log. of ,05, 

tbey would write S. 6989700, and for the Log. of ' 

.605 place down 7.6989700, &c. And the Rule for 
adding fuch Logarithms is, If your Charadterifticks 
be negative, add tfiem as in common. Arithmetick, 
only noting, that 'if the S'um'of the Charadterifticks 
be Jefs than 10, add lo-, ifjuft 10, tfdd Unity j if 
more than 10, caft 10 away, the Sum, or Re- 
mainder, will be the required Logarithm, according 
to their Method. Bufr if the <£bara6terifticks are of 
different Names, viz. one affirmative, the other ne- 
gative, add them together 9s in common Addition j 
butif the Sum be iq, or more than 10, caft 10 a- 
way, the Remainder will be affirmative ; but if lefs 
than iOj negative. 

Example. 


2« Of Mr* Towflfey V Indices. 

Example. Multiply 203 by 25. 

Log.' of 205 is* 2.3074960 

Their Log; of 25 is 9.3979400 


Log. of 50.75 as 1.7054360- 


*mm*±**-^mmmm**H 


As for Divifion by Logarithms, thdy petform it 
after this Manfier, viz. If one or both be negative, 
and the Charaaeriftfck of the Dividend is fc*ft y add 
10 to it * but if the Charafteriftiek of the Dividend 
be the greater, iubtraft as ufual, and theChardc- 
teriftick of the Remainder in the. firft Cafe will bi 
affirmative, in the latter, negative. 

Exanipk. tTivide .01265 by .$5. 

Logr of .0*265 with their Index 8.1020905 
Log. of .5$ with their Index "^.7403 62 7 


Log. of ,023 with their Index 8.361 7278 


Though this laft MetKod, of writing the arithmetical 
Complements for the negative Chara&erifticks, may 
be fomething fooner learnt, by fuch Perfons as are 
ignorant of the Nature of affirmative and negative 
Quantities : Yet we would recommend the former 
Method as the mod rational, and worthy the Notice 
of the more ingenious Reader. 

Thus much is fufficient at prefent concerning, 
Logarithms. More expeditious Ways of cbnftr udting- 
Tables, &V. will be fhewn hereafter. 


The END. 
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plane Geometry. 

Id which the moft ufcful Propofitions of the 
celebrated Geometricians, both ancient and 
modern, are clearly demonftrated ; and the 
Conftrudions and Ufcs of the necefiary In* 
ftruments explained. 


By BENJAMIN DONK 


*0 ©iJ* *u ytvptTqn* PLATO* 
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PREFACE. 


GEOMETRY and Arithmetic^ is Plata 
juftly called them, are " the two Wings 
by which the Minds of Men mount up to 
Heaven $" that is, by which they contemplate 
and difcover the Motions and Properties of the 
cceleftial Bodies. * " ' 

It is an Obferyation of Plutarch, that i€ Gofli 
adorneth and layeth out all the Parts of the 
World according to Quantity, Proportion, and 
Similitude:" Or, ' in Solomon's Words,, " God 
difpofes all Things by Number, Weight, and 
Meafure." Hence Plato, with Reafon, faid* 
oe^ at) yw^ fh God always afts according to 
Geometry.) 

Geometry taken in its greateft Extent, -in* 
eludes almoft every Branch of the Mathema- 
ticks ; in which extenfive View, what we havfe 
faid of Mathematicks in general, in our Preface 
to the Mathematical Ejfays, is applicable to 
this. But even taken in the narrow Limits to 
which it is confined in this Eflay, it is a ne- 
ceflary Introdu&ion to almoft' all the Mathe- 
maticks, and the practical Sciences depending 
thereon ; for the Architect, Diallift, Gauger, 
Engineer, &c. could do nothing without 
Gedtoetry, it being as it were the Spring 
which iets them all at Work. * 

A % u Befides 




t? P RE FACE. 

f * * Befides the Aids which every Branch 
44 of the Mathematics derives from Geometry* 
the Study of this Science is of infinite Ad- 
vantage in the Ufes of Life. It is always 
good to think and reafon right ; *nd it has 
" been juftly faid, that there is no better- 
44 pra&ical Logic than Geometry*'. It will 
" ierve as the fureft Means to give our Rea- 
" Con the firft Habitude and Bent of Truth " 
and will " teach us to operate upon Truths* 
" to trace the chain of them, fubtle and al- 
44 moil imperceptible as it frequently is, and 
" to follow them to the utmoft Extent of 
44 which they are capable. 

14 The geometrical Spirit _ is not *b much 
44 confined to Geometry, that it cannot be 
" taken off from it, and transferred to other 
44 Branches of Knowledge. Works of moral 
Philofophy, Politics, Criticifm, and even 
Eloquence, cceter is paribus, would have 
44 additional Beauties if compofed by Geome- 
tricians. It fo flrengthens and enlarges the 
Mind, that, if we believe %yintilian> it 
44 helps to make an Orator. The Order, Per- 
44 fpicuity, Diftin&ion, and Exadtnefs, which 
44 have prevailed in good Books for fome Time 
44 paft, may very probably derive themfelves 
44 from this geometrical Spirit, which fpreads 
44 more than. ever, and in fbme Sort eommu- 
44 nicates itfelf from Author to Author, even 
44 to thofe who know nothing of Geometry. 

As 

• 

* Supplement to Dr. Harris** Lexicon, u&dfr thf Article Gto+ 
nv/rjb collected from L$ck and others. ~ 
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PREFACE. 

As to the Hiftory of this ineftifflable Sci* 
ence, we fhall for the moil Part give it in the 
Words of Mr. Thomas Lediard. 

This Science is faid to have been invented 
by the Egyptians, on Account of the Inun- 
dations of the Nile. This Reafon might have 
induced them to cultivate Geometry with a 
greater Degree of Care and Attention, for 
diftinguifliing again each Man's Property of 
Land, after the Overflowings of the Nile ; but 
Mr. Rollin thinks its Origin is undoubtedly of 
more ancient Date. If we may credit Jof** 
pbus, (of which Opinion were alfo Pliny, Dior 
dor us Siculus, and Cicero, J the Ajfyrians and 
Chaldeans were the firft after the Flood wha 
applied themfelves to the Study and Practice 
of the Mathematics. From the Ajfyrians and 
Chaldeans it was transferred into Egypt by A* 
bra bam, who, by the Command of Goj>, 
left his native Country, and coming thither, 
found the Egyptians to be of a remarkable 
Difpofition for learning mathematical Arts ; 
he therefore communicated to them Arith- 
metick, Geometry, and Ajlronomy. The £- 
gyptians, flourifliing very much in thefe Sci- 
ences, gave Occafion to Arifiotle to fay, that 
the Egyptian Priejis were the firft Inventors of 
the Mathematical Arts, who, by Reafon of 
their Employments, had fufficient Time upon 
their Hands for making Difcoveries in thofe 
Arts. From hence thefe Sciences were carried 
to Greece by Tbales of Miletus, who travelled 
into Egypt for the Improvement of himfelf in 
Learning- He iis faid to have found out the 
5th, 15th, and 26th Propofitions of the firft 

Book 


• 
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Book of Euclid, as alfo the 2d, 3d, 4th, 
x and 5th of the fourth Book. He began to 
obferve the Equinoxes and Solftices, and was 
the firft who foretold' an Eclipfe of the Sun, 
and alfo one of the Moon to King Cyrus \ he 
is therefore juftly accounted, and ought to be 
looked upon, as the firft Founder of the Ma- 
thematics in Greece. He flouriflied 584 Years 
before Cbrijl. (Vide Stanley's Lives of the Phi- 
lofophers.) 

Tbales was fucceeded by Pythagoras, a Phi- , 
lofopher of Samos, who greatly improved and 
adorned the Mathematics- He found out the 
j4d, 44th, 47th, and 48th Propofitions of 
the firft Book of Euclid f but is efpecially cele- 
brated for the Invention of the 3 2d arid 47th, 
for which (as Apollodorus fays) , he facrificed a 
* Hecatomb to the Gods, He firft laid open 
the Dodtrine of Incommenfurables and the five 
regular Bodies. He was the firft (that we read 
of) who opened a School wherein Youth 
might learn thofe fublime Arts and Sciences. 
Pythagoras was fucceeded by Anaxagoras of 
Clazomence and Oenopides of Chios ; thefe were 
mentioned by Plato : and Arijlotle affirms 
that Anaxagoras wrote a Treatife of Geometry 9 
and Proclus afcribes the 12th and 23d .Pro- 
. pofitions of the firft Book of Euclid to Oenopi- 
des. After thefe came Bri/b, Antipbo, and 

Hippocrates, 

* Hecatomb (SxaTo^&j. from snarlr a hundred, and £2? Oxen) 
was a Sacrifice of an hundred Oxen. Strabo fays this Coftom 
came from the Lacedemonians ; who having i oo Cities in their 
Country, each City ufed to Sacrifice a Bullock every Year. 
Some derive the Word from btarrh and wS« a Foot, and hence 
conclude that a Hecatomb confifted only of 15 four-footed Beaffc. 
The Month in which thia Sacrifice was made is called Hecatom- 
beon. 
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Hippocrates, who are all celebrated by Arif- 
fot/e, for attempting the Quadrature of the 
Circle ; but of thefe Hippocrates was by far 
the moft famous ; from a Merchant he be- 
came a Philofophej: and Geometrician ; he firft 
attempted the doubling of the Cube by two 
mean Proportionals, and (as Proclus obfcrves) 
was the firft who wrote Elements, and digefted 
into Order what Difcoveries had yet been made 
both by himfelf and others. Democritus was , 
admirable in Philofophy and Mathematics, 
but his Writings were all deftroyed, (as fome 
Authors think) by Arijtotle's ambitious Defire 
of having no other Writings but his own read. 
Plato (who is reported to have been a Scholar 
to Tbeodorus CyrenausJ added. great Luftre to 
the mathematical Sciences : He vaftly enlarged 
Geometry with great and noble Additions ; 
he illuftrated and fet off his Books of Philo- 
fophy in a mathematical Way, and encouraged 
whatfoever was admirable either in Mathema- 
tics or Philofophy. Over the Door of his A- 
cademy was this Infcription in Greek, " Let 
no one ignorant of Geometry enter here," 

Out of P/ato's Academy proceeded a Num- 
ber of Mathematicians ; hence proceeded Leo- 
damns the Tbraciap, who pra&ifing the Ana- 
lyfis received from Plato, found out many ufe- 
ful Things by the Help of it ; Tbecetjtus the 
Athenian, who is rendered famous as well by 
Plato's Encomiums (who infcribed a Dialogue 
to his Name,) as by his own Inventions ; 'twas 
he that wrote the Elements and the Infcription 
of the regular Bodies : Arcbytas alfb wrote 
Elements, and his doubling the Cube is men- 
tioned 
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tioned by Eutocius ; he has alfo the Honour of 
being the fifft who applied Mathematics to Ufe 
in Life. Gellius reports, that by his Contri- 
vance a wooden Pigeon was made to fly ; he 
being followed -therein by Dadalus and others, 
yielded Matter to the Poets for Fables. Neo- 
. elides is famous on Account of his Scholar 
Leon, who wrote Elements of the Mathema- 
tics, improved them, and ,made them more 
fit for the Ufes in Life. Eudoxus was not in- 
ferior to Leon, for to him we are indebted (as 
, fomc Authors affirm,) for the whole 5th an*d 
the principal Propofitions of the 12th Book of 
Euclid. He firft framed the aftronomical Hy- 
pothefis, and following Archytas, derived down 
the Springs of Geometry to Mechanics. Amy- 
clas the Heracleot, Menecbmus, his Brother 
Dinoftratus, and Helicon of Cyzium, all much 
improved and augmented Geometry. Tbeu-> 
dius and Hermotinus rendered the Elements 
more perfect and full. Xenocrates, the Mas- 
ter of Arijlotle, was a Man famous for the 
Mathematics : A Perfon ignorant of Geometry 
being defirous to be his Auditor, he anfwered 
him thus, " Go thy Way, for thou wanteft 
the Handles of Philofophy." Thefe were all 
Tlatomjh. 

Arijlotles Books are all full of mathematical 
Arguments : Two of his Scholars are efpecially 
celebrated ; Eudemus, who compofed a mathe- 
matical Hiftory, and Tbeopbra/lus, who wrote 
two Books of Numbers, four of Geometry, 
and one of Indivifibles. To Ari/leus, Ifidore, 
and Hypjicles we are indebted for the Book of 
Solids. Laftly, Euclid of Alexandria, gather- 
ing 
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frig together the Inventions of others, * difpofed 
them into Order, improved and demohftratecf 
them more accurately, and left us thole Ele- 
ments which ky a folid Foundation for aH the 
Branches of mathematical Knowledge. He 
taught in the Rtign of Ptolemy Lagus, A. R: 
454. The two laft Books are attributed to' 
Hypjiciesi and not to him. He died A* A. C. 
284. He was followed, about 100 Years af- 
ter, by Eratojtbenef and Archimedes :. The' 
Name of the former was very famous, but his' 
Writings are loft. ,We have many Remains 
of Archimedes, hut more are fuppofed to be 
loft. Polybius, Plutarch, and others have de*' 
livered us his Inventions. From him proceed* 
ed that Saying, a^wS rwwiTir^w; 1. e. Let . 
me have where to fiand^ and I will move the 
Earth which Way Ipleafe. Conon was coten*- , 
porary to him : He was a Geometrician and 
Aftronomer, and his De^th is lamented by Ar» 
ebimedesm hi& Book of the Quadrature of the 
Parabola. * Thefe were* followed by Apollonius 
of Perga, who was called the Great Geome- 
trician on Account of his Conies, of which* 
there afe now extant feven Books. To him 
are. alfo afcribed the fourteenth and fifteenth 
Books of Euclid, which were contracted by 
Hypjicles. Hipparchus wrote twelve, and Me- 
nelaus&x Books of Subtenfes in\a Circle ; there 
are alfo extant three Books of the latter eon-* 
eerning fpherical Triangles. T^beodojius wrote 
three Books of fpherical Triangles^ which are 
pretty well known • 

In the' Year of Chrift jo flourifhed Claudius 
ftolemy : He was not only famous, in Ajlro* 

a norny* 
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fiomy, but in Geometry alfo; which (befides 
other Things written by him) his Books of 
Subtenfes do efpecially teftify. He contracted 
the fix Books of Menelaus and twelve of Hip- 
fare bus into five Theorems. 

Pfatarcb's mathematical Problems are ft ill 
extant ; and many are to this Day fenfibie of 
the learned Commentaries of Eutocius on Ar- 
chimedes* 

The Inventions of Philo, Dioclet, Nicomedes^ 
Sporus, and Heron, concerning doubling the 
Cube ase recited by him. The Genius of the 
latter was excellent both for Mechanics and 
Geometry-, his doubling the Cube is likey^ife 
Recommended by Pappus before all others. 

The Wdrks of Ctefibius, to whom we owe 
the Invention of Pumps, are celebrated by 
Procfus, Pliny, and Athenaus. The Name ot 
Geminus is not in the lowed Place among Ma- 
thematicians : Nicomachus was famous for 
arithmetical, geometrical, and mufical Monu- 
ments; and Serenus wdl known for his two 
Books concerning the Seftion. of a Cylin- 
der. 

Procfasj Pappus, and Tbeon are alfo cele- 
brated among the Ancients: The learned Com* 
mentaries upon Euclid by Proclus flbew what 
a Geometrician he was : The Praifes of Tbeon 
alfo are defervedly great ; but I fhall conclude 
with Pappus, the laft in Time among the 
Ancients, who in Reputation ought to be 
reckoned the firft : He was of Alexandria, the 
moft fruitful^City of great Men, and lived in 
the. Year of Chrift 400 : The two firft of the 
feven Books of his mathematical Colle&ions 
' t are 
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are loft ; the other five abound with fo many 
various and mod noble Inventions in many 
Parts of the Mathematics, that they are ef- 
teemed among the chief Monuments of the 
Ancients ^hich have come down to us. 

To particularize the Works of all who have 
written on Geometry would require a Volume $ 
we (hall therefore only give a Lift- of as many 
Authors as we can recoiled: ; viz. Contractus 
in the Year iooo. Caufanus 1440. Regiamon- 
tanus 1464, Wemerus 1480. Barbaras 1490* 
Durerus 1500. Fine us 1540. Bittingjly i$7Q, 
Candaila 1578. Keckermannus 1603. Clavius 
1604, Severus 3630. Cavallerius 1635. Ramus 
1636. Gbetaldus 1640. Xorrkellius 1644. P. 
Gregory 1647. Leotandfu 1654. Foumier, 
Watlisi6$$n S.Angelusibfi. Carragius 1659. 
F*£ry 1669. Pardie 1671. Guarinus 167 1. 
MaJmJburienfi 1673. Bartholinitis 1 674. JD** 
o&o/tf J 674. Cms 1678. Barrow 1678. lfo»- 
rw» 1683. £>. Gregory 1684. <Scatttf 1688. 
Sturmius 1689. heybourn 1690. Ougbtred 
1693. Hugonus 1698. Gottignies 1699. Gw- 
^whj, Vivianus 1701. Tacquet by JVbijlon 
1703. Harris 1705. /Far*/ 1706. Meffieur$ 
de Part-Royal 171 1. jK»7 1728. 1S/00* r 73 1. 
Woljius 1732. Martin i j 29 • Clareaut -1741. 
L* C/m: 1742. Stmpfon 17 47. Mutter 1748: 
Halfpenny 1753* Cowley, * Sim/bn 1756. 

a 2 What 

* It is with Pie a fu re we acknowledge our Obligations! to this 
great Reftorer of Em lid, (ProfeffoT Sim/on of Glafgonv,) for feve- 
ral valuable Remarks : And therefore the Theorems, &fr. which 
are taken from EmM^ are frequently given in the Words of his 
cot reft Tranflation. 
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'What we have chiefly endeavoured in thif 
Essay, has been to give clear Demohftrations 
pf the moft valuable Propositions of Euclid and 
other celebrated Authors, both ancient and 
modern ; that the Reader might acquire a cprnr 
, petent Degree of Knowledge in Geometry, for 
an Introdii&ion to the numerous Branches of 
Mathematics and PHilofophy, at a moderate 
Expence of Time and Application* 

It is common indeed for Profeffors to recom- 
mend Euclid to their Pupils ; but though it 
mull be allowed that the Demonftrations of 
Euclid are in general both elegant and accu- 
rate* yet if it be confidered, that at the Time 
Euclid wrote, it was thought fufficient to un- 
derstand his Elements to be a celebrated Mar 
thematician ; whereas they are now only an 
Introduction to other Arts : It would not, we 
think, be right to advife young Men to ftudy 
Euclid thoroughly, as it would take up more 
Time than they can convefaiently fpare. Of 
. this the learned and Reverend Mr. Be dwell was 
fo fenfible, that he fays, * €l In what Time, 
f f think you, may a Man learn all Euclid, and 
f ? fo by him be made fkilful in this Art ? By 
*' himfelf I know not whether ever or never : 
And with the' Help of another, although 
yery expert, I will riot promife him that he 
{hall attain to Perfection in many Years. - — ? 
Ramus, my Author, in reading him, con- 
ff fefleth himfelf often to have been at a Stand; 
f € often to have loft himfelf; often to have hit 

«« on 

* In his Preface to his Tranflation of Ramuis Geometry, 
printed in the Year 1636. - 
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** on a Rock, when he thought hie fiad 
^ touched Land/'-—— — He foon after advifes 
his Reader by no Means to refufe the A£- 
fiftance of a Teacher, if he can get one, *bc«* 
caufe if he be not of a great Genius, he can- 
not otherwife attain unto any great Perfection, 
without much Labour and Lofs of precious 
Time. 

The Method of Demonstration we have 
chofen to make ufe of in this Essay, is the 
fynthetick, that it might be understood inde* 
pendent of Algebra, and make, the Reader ac- 
quainted with the ancient Method of Reafon- 
ing, which hath been always juftly admired for 
its Accuracy. As Euclid's Demdnftrations 
(except a few which were corrupted by Tbeon 
and fome others,) have flood the Teft of more 
than 2poo Years, we have endeavoured to fol- 
low him as nearly as might be confident with 
pur Plan ; and if we are not miftaken, the 
^Reader will here find all that is *neceflary by 
Way of Elements, and may acquire a compe- 
tent Degree of Knowledge in much lefs Time, 
and with greater Eafe, than could be done by 
the Elements of that juftly celebrated Au«- 
jhor. 

it 

* However, perhaps fome Readers may find feveral Propo* 
£tions in fome modern Authors not taken Notice of in this Eflay, 
which they may think too valuable to be pafled by in Silence : If 
(b 9 we wouid only hint, that being deiirons of Having the Ele- 
ments as fhort as could be conveniently done, for the Eafe of the 
young Student : We mull beg Leave to refer fuch Readers to the 
End of our intended Eflay on Trigonometry, for a Number of 
other geometrical Proportions, as we intend in that Place to give 
a Collection of many^by Way of Exercife in Geometry, Tngo- ""* 
nometry, and Algebra. 
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; R i&pirobable this Work will meet with Cen- 
fures of oppofite Kind** ibme who are bigotted 
to Antiquity may perhaps condemn it, be- 
catfle wo have taken the Liberty to alter the 
Order and Dcmonftratians of feme of the'Pro- 
pofitionsi wh&ft otWs who look upon the 
Ancients with too little Veneration, may blame 
us for not having taken greater Liberties : But 
as we haver: endeavoured :to keep chit of each 
Extreme* theCenfurcis of both thefe Sorts of 
Perfons will give us no Concern . 
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B O O K I. 

<tbi IN'TRODUOflOR 

i. ^->^EOMETRY originally according tor 

its Etimology fignified the Art of 

meafaring Land 5- but now \i theSci- 

ence which confiders the Extenfion 

ihd Magnitude of Bodies in general'. 

2. Geometry is either Theoretical Or Pi*a6Ucal. 
Theoretical Geometry is the Science of Quantity, 
Extenfion, or Magnitude, abftra&edly confidered r 
And is what we (hall principally treat of in this 
Effay. 

3. Pra&ical Geometry is the Application of 
Theoretical Gfometfy to the Conveniences 4 of Life 
and Commerce, £s?r. which make up the principal 
Bulk of the Mathematicks. We lhall therefore only 
juft touch on this Pare in this Efiay ; intending to 
ifreat of its feveral Branched in fonte futiite Eflays. 

4. Geometry may alfo be divided into Plane and 
Solid: Plane Geometry treats of the Properties of 

B* Lines- 


Definitions. 

Lines and Superficies ; and is what we (hall confine 
ourfeives to in this Effay", .. 

5. Solid Geometry confiders the Properties of 
Bodies, with Regard to their Length, Breadth and 
Thicknefs. Of which hereafter. 

6. Euclid's firft Definition is, 

A Point is that which hath no Parts, or which 
hath no Magnitude. 

2. 

7. A Line is Length without Breadth. 

3- 

8. The Ends, Bounds, or Extremes of a Line 

are called Points.* 

4- 

9. A right Line* or firaigbt Liue> is that which 

lies evenly between its Points j or which is the fhort- 
eft Diftance from its extreme Points. And a Line, 
which lies unevenly between its extreme Points, is 
called a curve Line. 

5- 

10. A Superficies^ or Surface, is that which hath 

only Length and Breadth. 

6. 

1 1. A Surface is bounded or terminated by Lines,/ 
or the Extremes of a Superficies are Lines. 

7- 

12. A plane Superficies is that which lieth evenly 

between its Bounds ; or that in which a right Line 
joining ^ny two Points taken any where in it will be 
wholly in that Superficies. 

8. 
Is ufelefs, and therefore omitted. 

9- 
. 13. A reftilineal Angle is the Inclination of two 

right Lines to one another, meeting in a Point ; 

which 

* As fomc have objected to tbc fhft Definition, it may not be 
improper to remark, that hence it follows, a Geometrical Point 
is not a Quantity, but the End, Term, or Bound of a Quantity ; 
and therefore indivisible ; and consequently EucJuf* Definition 
that a Point hath no Parts, or .Magnitude, if very juH. 
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which Point h calfed the angular Point or Vertex. 
Or it is the Opening of two right Lines, which 
aieet in a Point. 

Note. When there are two or more Angles at the 
fame Point, it is common to exprefs the Angle by 
three Letters, of which the middle one is at the Ver- 
tex, and the other two at the Lines forming the 
Angle. Thus DBC or CBD, Plate 1. Figi i. dig- 
nities the Angle at B, formed by the Inclination of 
the Lines DB and CB. And ABD, or DBA the 
Angle at B, formed by the Meeting of the Lines 
AB, DB. But if there is but one Angle at a Point, 
it is generally exprefied by the (ingle Letter at that 
Point. 

io. 

14. When a right Line, (landing on another right pj ttc , % 
Line, makes the Angles on either Side of it equal to Fig. j. 
each other ; each of thefe Angles is called a right 
Angle. And the right Line which ftands qn the 

other is. called a Perpendicular to that other. 

if. 

15. An obtufe Angle is that which is greater than a Fig. 3. 

right Angle. 

12. 

* 

16. An acute Angle is that which is lefs than a Fig. 4. 
right Angle. 

U ufelefs and therefore omitted. 

14. 

17. A Figure is that which is inclofed by one Of 
more Boundaries. 

15. 
18 A Circle is a plane figure, contained by one Fig. 5. 
Line, called the Circumference ; to which all right 
Lines drawn from a certain Point within the Figure, 
are equal to each other. Which right Lines are 
called the Radii. 
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16. 
19. And that Point within the Figure froaj 
which the equal Lines are drawn, is called the Cen- 
ter. 

• 20. A Diameter of a Circle is^a right Line drawji 
through the Center, and terminated on both Sides 
by the Circumference. 

21. Scholium. At the End of this Definition mod 
Copies add, . " which divides the .Circle into two 
? € equal Parts." But this is not properly a Part pf 
.the Definition, but a Corollary following, from it ; 
the Truth of which plainly appears by fuppofing one 
of the Parts into which the Circle is divided to bp 
laid on the other ; for it is manifeft in fuch Cafe 
they will both coincide, otherwife tjie right Lines 
drawn from the Center to the Circumference could 
not be equal ; and if they coincide, they muft be 
equal, by Axiom 8. 

22. A Semicircle is a . Figure contained by a 
Diameter, -and that Part .of the Circumference pf a 
Circle cut off by the Diameter. 

,19. 

23. A Segment of a Circle' is a Figure contained by 
a right Line and the Circumference cut off by it, 
(This is not ufed in the Elements.) 

20. 

24. Rectilineal Figures are fuch as are contained by 
fright Lines. 

21. 

25. Trilateral Figures, or Triangles* by three right 
Lines, - f 

' (, 22. 

, 26. Quadrilateral Figures are contained by four 
right Lines. 4 . . 

2 3- 
27. Multilateral Figures, or Polygons, by more 

than four right Lines. 

?4r 
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24. 
,28. An Equilateral Trimgle is th^t whicl^ has Fig. .6. 
three equal Sides. 

29. An IJofceles Triangle is^ that which has only Fig. 7. 
*wo Sides equal. 

2$. 
$0. A Scalene Triangle is that which h^s tjiree Fig. 8. 
unequal Sides. 

27. 

3 1 . A right angled Triangle i$ that which has one Fig. Q# 
of its Aogfcs ? right Angle. 

28. 

32. An ^/tr/S' *»£&</ Triangle is that which hath Fig. 8. 
an ofctufe Angle. 

33. An acute angled Triangle is that which haspj 
three acute Angles. ,g ' 7# 

3P- 

34. A Square is a four fided Figure, whofe Sides pi g IO# 

are all equal, and Angles all right Angles. 

3*- . 

35. An oblong, reftangU, pr right angled Par allelo- 

gram, is that four fided Figure which has all its An- 
gles right Angles, but not all its Sides equal. - 

3*- 

36. A Rhombus is that which hath four equal Sides, 

but its Angles not right Angles. 

33- 

37. A Rhomboides is that which has its oppofite 

Sides equal to one another, but all its Sides are not 
equal, nor its Angles right ones. 
'Note. For a Definition of a Parallelogram, fee Art. 

38. Scholium. In moft Copies of Euclid, there is 
another Condition added, viz. " that its oppofite 
f € Angles are equal." But this is nbt neceffary, 
For we fliall demonstrate hereafter, that all quadri- * 
lateral Figures whofe oppofite Sides are equal, have 
jalfo their oppofite Angles equal. (See Art. 98.) 

34*' . 


Populates. 

' • 34- ' 

39. AH other quadrilateral Figures beffdes thefe 
are called Trapeziums* * 

40. If two Lines AB, CD, meet any other Line 
'*" BD, fo as to make the Angles a and £, at the fame 

Side equal, they are called parallel Lines. 

N. B. We have here given a different Definition^ 
from Euclid^ becaufe it will render fome of our De- 
monstrations more compendious, &c. However its 
Agreement with Euclid's, that two parallel Lines 
if infinitely produced could never meet, is demon- 
ffirated in Article 96. 


Postulates. 

1. 

41. Let it be granted that a right Line may be 
duawn from any one Point to another. 

2. 

42. That a finite right Line may be produced to 
any Length in a right Line* 

3- ' 

43. And that a Circle may be defcribed from any 

Center, at any Diftance from that Center. 

Scholium. And that Diftance is called the Radius. 

44. That from a given Point and right Line may 
be drawn, either parallel t& another rfght Line ; or 
fo as to make any given Angle with that other 
right Line. 

TV". jB. In demonftrating the following Theorems 
we fball not refer to thefe Poftulates ; becaufe the 
JLearndr will readily fee where they are fuppofed. 
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* Axioms. 

* 

i. 
^45. Things equal to one and the fame Thing, or 
to equal Things, are equal to each other. 

2. 

46. If to equal Things, equal Things be added* 
the Whole will be equal. 

3- 

47. If from equal Things, , equal Things hp taken 

away, the Remainders will be equal. 

48. If equal Things be added to unequal Things, 
the Wholes will be unequal. 

49. If equal Things be taken from unequal 
Things, the Remainders will be unequal*. ' 

6. 

50. Things which are double to one and the fam$ 
Thing, are equal to one another. 

51. Things which are halves of the fame or equal 
Things, are equal to one another. 

S. 

53. Magnitudes which coincide* that is, which 
exactly fill the fame Space, are equal to one ano- 
ther. 

9- 
5$. The Whole is greater than its Part. 

10. 

54. Two right Lines cannot inclofe a Space 

11. 

55. All right Angles are equal to one another. 

56. This feems to be improperly placed amongft 
the Axioms, and has been the Caufe of much Debate 
amongft both the ancient and modern Geometricians $ 
for which Reafon it is helre omitted, and a more ufe- 
fill one inferted, viz, 

All 
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Cbara&eh. 
All the Parts taken together are equal to th£* 
Whole. Note. This is- not in Euclid, though that- 
illuftrious Author frequently makes Ule of it. 
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5J. For Brevky the following Signs afe ritade ufe* 


+ 


i 


X 


I 


I 


II 
A 

R 


Signification. 

Plus, or more, or and, or to be added. 

Minus, orlefs, or that the Quantity following 1 
is to be fubtra&ed, or taken from another. 

A Refiangle, thus AB*BD denotes the" 
Rettangle contained und^r the Length ar^S 
Breadth denoted by the Lines AB and BD. 
But we generally exprefs a Square by putting 
the Figure 2 over the Letter, or Letters, re-> 
1 prefenting its Side. Thus, AB* fignifies the 
Square whofe Side is AB, or which is the 
fame the Re&angle ABx AB. 

Is to, or to, 7 When four Quantities A, By 

So is. jC, D, are proportional, that 

b, when as A is to B fo is C tcvD ; we gene-? 
rally write them thus, A : B :: C : D. 
But when three Quantities A, B, C, are pro- 
portional the fecond is repeated thus, as- 
A : B :: B : C. 

Equal to^ 

The Greek Letter Gam nia denotes? greater 
than. 

The Greek Letter Lambda in a vertical Po- 
fition fignifies lefs than ; but, 

In an horizontal Pofition fignifies Angles and 
with the Addition of the Letter s, as /.'s de- 
notes Angles*. 

In a vertical Pofition fignifies Parallel. 

Signifies Triangle, and with the Addition- 
of the Letter s, as A's, is for Triangles. 

Radius. 

Rfc 


f 
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Rt. ] Right. Thus, Rt. L.. is for Right Angle; 
_L Denotes a Perpendicular. ' . * 


When a Number is prefixed to afty Quantity,* 
it fhewa how many Times tjiat Quantity is to be 
taken or repeated : Thus, 6 A, denotes fix Times 
the Quantity fi^nified by A< 

In the following PropolitionS, for Right Line, we 
fhall only write, Line. 

Though we (hall make Ufe of the algebraic Signs 
as above explained, yet we (hall give Demonftrations 
purely geometrical ; for, to ufe the Words of * Mr. 
Simpforii (whoisjuftly celebrated for his great Skill 
in mathematical Learning,) " It is not the Ufe of 
•* Symbols, (which fome more fcrupulous than dif- 
*• cernfing have condemned ±) but the Ideas annexed 
<f to them, that render the Confiderations geometri- 
<f cal or ungeotyetricah In pure Geometry Regard 
* 4 is always had to the abfolute Quantity of fome 
<4 one* of the three Kinds of Exterifion, abftra&edly 
• c confide red ; and whatever Symbols are ufed here, 
** are to be confidered as expreffive of the Quanti- 
** ties themfelves, and not as any M^eafures, or nu- 
4 * merical Values of them. Thus* by A X B, ta- 
<c ken in a geometrical Senfe, we have an Idea, not 
** of the Produft of two Numbers,- (as in the al- 
<e gebraic Notation,) but of a real, redtangular 
c< Space, contained under two Right Lines^ repre- 
• c fented by A and B, and two others equal to them*' 

B x C 

*' So likewife, - [> A ^ is not to be undcrftood here' 

ce in the Light of an algebraic Fra&idn, But as a 
•« Right Line, which is a fourth Proportional tcr 
three Right Lines reprefented by A, B, and C— * 
Thefe Diftiiidtiorts are abfolutely riecefiary to thbfe 
* r who would have an accurate Idea of the Sub^ 

* J* hi* fcleft Exercifk 

€ 5$ 
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PI. I. Fig. 58. Theorem i. If two Triangles, ABC, DEF» 
S S- Zwp* fuw <W*J of the one j AB, AC, equal to two 

Sides of the other •, DE, DF, each to each, viz. 
AB equal to DE, and AC equal to DF, W fi>* 
Angles contained between thofe equal Sides equal, viz* 
the Angle A equal to the Angle D ; they fball have 
the other Side BC equal to the other Side EF, the 
Triangle ABC equal to the Triangle DEF, and the 
other Angles in one Iriangle jhall be equal to their 
correfponding ones in the other Triangle, each to each, 
viz. thofe to which the equal Sides are oppojite ; that ^ 
is, the Angle B equal to the Angle E, and the Angle 
C equal to the Angled. 

For if the A ABC be applied to DEF, fo that 
the Point A may coincide with D, and the Line AB 
with DE, the Point B will coincide with E, be- J 
caufe AB = DE; and the Side AC will coincide 
with DF, becaufe L A= £D 5 and AC being =DF, 
the Scant C will fall upon the Point F. Hence 
the Points, B and C, coinciding refpe&ively with 
the Points E and F, the Bafe BC muft be = the 
Bafe EF, otherwife two Lines would contain a;.; 
* io Ax. Space, which is ft abfurd. v the Side BC coinci4es- 
and is = the Side EF ; v the whole A ABC co- 
incides and is zz A DEF ; v JL B coincides and is » 
= Z.E * and cC with and = jlF, Q^ E. D. 

PU.F.16. 59. Theorem 2. The Angles B, C, at the Bafe 

' of an Ifofceles Triangle ABC, and oppofiu to the equal 

Sides AC, AB, are equal to each other \ and a Line 

AD bifiSing the Angle BAC, divides the Bafe into 

two equal Parts* and is perpendicular thereto. 

F01 becaufe the- Lias AD bife&sthe z:A, thacis*- 
raakes the l BAD =2 Z. CAD* and Side AB is =: 
AC, and AD common to both, the A ABD = 
?S«- • AACD; aB=z.C, and £ADB= fc Z.ADC ^ 
- ,4# v ADJ.toBC Q^E.D. 

6q. 
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60. Corollary. Hence ev.ery equilateral Triaqgie 
is alfo equiangular. 

For the Sides AB, AC, being equal, from 
above, £. B — £ C ; and if the A . be equilateral, 
the Side CA = CB, and .\ by this Theorem, 
the oppofite Z.S are equal, viz. Z.A zz Z.B v 
^A=z.B=\cC. Q^E. D. b iAx. 

61. Scholium. This Theorem is the fifth Propo- 
rtion of the firft Book of Euclid, and is by many 
called the Affes Bridge, becaufe thofc who are not 
capable of learning that Book, generally ftop at 
this Place ; but as Euclid's Demonftration is cer- 
tainly fomething too difficult to be fo foon entered 

on, we have taken the Liberty to give a different, 
.and it is fuppofed, a much eafier Demonftration. 

62. Theorem 3. If two Angles B, C, of a 7W-PL1.F17. 
\*angle ABC, be equal, then the Sides AB, AC, fub- 

tending the equal Angles, will be equal between them- 
Twelves. 

For,, if AB be aot =: AC, one of them is r the 
; -other. Let AB be the greater, and let DB be zz 
AC. Then, becaufe in the As DBC, ACB, we 
have DB = AC, BC common to both, and the 
(contained z.s equal, viz. Z.B == Z.C, the A DBC 
will in every Refpeft be = • A ACB, the lefs •= the * S*- 
greater, which is abfurd. v AB is not unequal to 
AC, v AB muft be = AC. Q. E. D. 


6$ % Corollary. Hence every equiangular A is 
alfo equilateral. 

For, by this Theorem, the JL B being ss 
jL C, the Side AB will be = AC ; and in an equi- 
angular A> the i. A = i C, ••• the oppofite 

C a Sides, 
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Sides, BC, AB, are equal, v AC=zBC—A$, by 
•Axiom i ft. Q. E. D. 

PI P 8 ^*" Theorem 4. yf £/'»* AB /landing on another 
■ Line DC, making with it Angles, ABD, ABC, 
/£*/* Angles taken together are equal to tvoo Right 
- Angles. 

For, let EB be a _L to DC, then the Z.s, EBD, 

»{£• EBC, are 'Right Angles. But z.ABD= b z.EBD 

5 ' + Z. EB A ; and z. EB A + z. ABC= z. EBC ; that is, 

the z. ABD = a Rt. Z.+ Z.EBA, and Z.EBA + Z. 

ABC=aRt. z.. 

*.* by adding thofe equal Things together, viz. 
the Antecedents to the Antecedents, and the Con- 
fequents totheConfequents, we have Z. ABD+Z.EBA 
c 46- +^ABC c = 2 Rt.z.s+Z.EBA > and by taking 
away the Z.EBA, common to both Sides of the 
* 47- Equation, we find Z. ABD + Z. ABC d = 2 Rt. z.s. 
C^ E. D. 

65. Corollary, i. Hence if one qf the L.s be a 
Jit. one 9 the other is alfo a Rt. L \ and if one of 
them, ABC^ is acute, the other, ABD, is obtufe, 
et contra* 

66. Coroll. 2.. If two or wore Lines fiand on 
yhe fame Line at the fame Point, the Angles which 

they make, taken together, will be zz 2 Rf. I. s \ for 
all the Parts are equal to the Whole. 

6y. Coroll. 3. Two Rt. Lines crojfing tacb 
ether ) make\lLs, which taken together aqezz 4 Rt. L.s. 

• « 

68. Coroll. 4. All the L.s made about a Point 
are zz 4 Rt. L.s, by Coroll. 2. 

r 

PI.1.F.19. 6g. Theorems. Jf two Right Lines, AB, CD, m- 
terfeEt each other t the ofpofite Angles are equal, viz. 
L AEC = Z.BED, and z. CEB = z. AED. 

For 
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For jL AEC + Z.CEB — a 2Rt. as, and Z.CEB . 6 
+ z. BED = 2Rt. z.si \- Z- AEC + z.CEB = 
> aCEB + 4- 3ED 5 from which taking away the * 45 . 
Z.CEB, common to both, there remains L. AEC zr 
c^BED. After the fame Way it may be (hewn « 47. 
that z.CEB:z:4.AED. Hence the oppofite Z.s arc 
equal. Q^E. D. 

70. Theorem 6. -^/jy /sew 5/V/« <jf Triangle are 
fogetber greater than than the third Side. 

For the neareft Diftance to any two Points being pj , p ,- 

* a Rt. Line, BA + AC muft be r BC. Q^ E. D. • 9/ ' 

71. Scholium. The Epicureans, as Proclus ob- 
ferves, derided this Theorem, it being manifeft to 
the weakeft Capacity, and v required no Demon- 
ftration : However, as the Number of Axioms 
ought not to increafed without a Kind of Neceflity, 
Euclid, who is fcrupuloufly exadV, thought proper 
to give a formal Demonftration of it. — »— What we 
have faid above is fufficienr. 

72. Theorem 7. If a LineJLF, crojfes two pa-Vl.i.F 20. 
rallel lines, AB, CD, the alternate Angles, AGH, 
GHD, are equal to each other ; and the two interior 
Angles, BGH, GHD, upon the fame Side, taken to* 

getber are equal to two Right Angles. 

t 

For, the Lines AB, CD, being j|, the z. AGH 
, = CHFj and Z. GHD = »z.CHF, .-. z. AGH \f' 

* = Z.GHD. (After the fame Manner it might be e 4 ?' 
fliewn that Z. CHG zi Z. HGB.) Again, it has 
been juft (hewn that z. AGH = z. GHD, •.• 

Z. BGH + z. AGH* = BGH + z. GHD. But - 46. 
Z. BGH + z. AGH • = a Rt. z.s. •.• z. BGH + e 64* 
z.GHP c = 2 Rt. z.3. Q. E. D. . 

1 

t 

72- 
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73. Theorem 3. If a Line EF, falling upon two 
Pi.r.F.20.^ r £j neSy ^8, CD* wtf&j /£<? alternate Angles 

AGH, GHD, equal io each other, the Lines KR, CD, 
w/7/ & parallel. 

For the £ AGH being = iiGHD by the Suppo- 
• 6 9- fition, and 21 AGH • = EGB, the £. EGB b = 
; c £ Z.GHD ; v AB< || CD. Q^E. D. 

fti.F»zi. 74- Theorem 9. If two Lines AB, CD, be each 
of them parallel to another Line EF, thofe Lines AB, 
CD, are parallel to each other. 

For AB being || to EF, the /.AGH^z Z.EHU 
, and the Line CD being || to EF, the Z.EHI a = 
> \: /.CIK •, v jl AGH » = 2L CIK 5 .\ AB is * |J 
CD. Q^E. D. 

75. Scholium. From the bare Definition of paral- 
lel Lines, plainly follows this Corollary; that 4f 
a Line is JL to another Line, it is alfo JL to all the 
Parallels of that other Line. — - See Art. 96. 

i*iiF.2z. 7^' Theorem 10. If any Side BC of a A ABC be 
produced, the external Angle ACD will be equal to the 
two internal and oppqfite Angles A and B. 


a 40. 


For let the Line CE be||to BA V ; then the 
2_ECD a = Z.B •, and, as the Line AC croffes two 

* 72. II Line's B A, CE, the alternate z_s are b equal, viz. 

* 4 6. /- ACE = ^ A. v *_ ECD + t_ ACE e = 
^56. /.B+Z.A. But z_ ECD+Z.ACE * = z. ACD # 

* * 5 ' v z. ACD • = Z.B + z. A. Q^ E. D. 

77. Corollary. Hence the external Angle ACD 
is greater than either of the internal and oppofite 
Angles A, m B j becaufe it is, by this, «qual to 
both. 

7«. 


J 
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78. Tmorbm ii. The three (interior) Angles ^/pi gIi p #2 * 
every. Triangle are equal to two Right Angles. 

f For, the £.A + /l B a = z. ACD, and to thefe ^ 

r equals addiog ZL ACB, we have z. A + £. B + £ i 7 $* 

' ACB b =r/_ACD+z.ACB: But Z.ACD+ A ACB c f* 

c =2Rt. zls; v /lA + JlB+^ACB* =zRt. *» 45 . 

£s. Q^ E. D. 

79. Corollary i. The three Angles of any Tri- 
angle, taken together* are equal to the three Angles of 
any other Triangle taken together. ^ 

80. Coroll. 2. If in one Triangle* two of its 
Angles* taken together* are equal to two Angles of ano- 
ther Triangle taken together* in fuck Cafe the remaining 
Angle in one is equal to the remaining Angle in the other 
Triangle. 

81. Coroll. 3* If two Triangles have one Angle 
of the one equal to one Angle of we other* then the Sum 
of the two remaining Angles of one Triangle is equal to 
the Sum of the two remaining Angles of the other. 

82. Coroll. 4. If in airy Triangle one of its Ang- 
les is . a Right Angle* the Sum of the other two is s 
Right Angle. 

83. .Coroll. 5. Hence* if in aright-angled Tri* 
Angle one of the acute Angles is given> the other is alfo 
known* it hetng the Difference between the given Angle 
and a Right Angle, 

84, Coroll. 6. When the Angle contained be- 
tween the Sides of an lfofceles Triangle is a Right Angle* 
the other two Angles are each of them half a Right 
Angle. 

For 


... • t 
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For one of the Angles being a Rt. L by thd 

* 82 - Suppofition, the Sum of the other two is a = Rt. L* 

59 " But the z.s at the Bafe of an Ifofceles A ar^ b equal % 

v each of them muft be z^ 4 a Rt. z., both being 

equal to a Rt. z., as hath been juit fhewn* 


60. 


85. Co roll. 7. An equilateral Triangle being * e- 
quiangular* each Angle muft be equal to one Third of two 
Rt. Angles ; or, which is equivalent, two Thirds of 
one Right Angle. 

86. Coroll. 8. If in any Triangle, one of its Angles 
is either a right or an obtuje Angle* the other two wilt 
be each of them acute. 

87. Co roll- 9* All the interior Angles of any rec* 
tilineal Figure, , together with four Right Angles, are 
equal to twice as many Right Angles as } the Figure has 
Sides. 

PI.1.F.23. For any re&itfneal Figure, ABCDE, can be di* 
vided into as many Triangles as the Figure has Sides* 
by drawing Lines from any Point F within the Fi* 
gure, to each of its angular Points. And all the 
7 Angles of thefe Triangles are * n twice as many Rt* 
Z.s as there are Triangles, that is, as the Figure has 
Sides. And the fame Z-S are — the Z-S of the Fi* 
gure,. together with the z.s at the Point F, which 
is the common Vertex of the Triangles ; that is, k to- 
gether with four Rt. £.s. Therefore this Corollary' 
is true* 

1 68. 88. Coroll. 10. All the exterior Angles of any 
rectilineal Figure are together equal to four Right 
Angles. 

W.1.F.24. Becaufe every interior L ABC, With its adjacent 

* , exterior jl ABD, is a zz 2 Rt. z.s ; v all the interior 

*" together, with all the exterior ^.s of any Figure* 

are 
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ate ± twice as many Rt. l. s as the Figure has Sides, 
that is, by the laft Corollary, they are z£ alt the 
interior ^.s of the Figure, together With four Rt- 
U. v all the exterior £sare =s 4 Re, z.s. 

89. Theorem 12. The greater Side of every Tri- pJ f $ ■ 
*»£& ij oppofite to the greater Angle : That b, in 

A ABC, let the Side AC be greater than AB, then * 
I fay, the Angle B is greater thfcn the Angle C. 

For AC being r AB" by the Suppofition, fet I> be 
a Point in the Side AC, fo that AD be = AB; and 
foppofe B, D, joined. Then, jl ADB being the 
exterior A of A BDC, the AADB'r the interior* 77. 
and oppofite £C : But AD being ~ AB, the 
&ADB b = A. ABD ; v as if has been juft fhewn b &' 
that ZADB is r^.Q its equal Z.ABD muft alfo 
be F Z.C, and much more muft the whole ZL B 
(which is FA ABD) be rz_C. Q. E. D. / 

90. Corollary. Hence, in every Triangle^ the 
greater Angle is fubt ended by (that is, is oppofite to,} 
the greater Side. 

Fdf by the* laft Article, the greater Side is oppo- ' 
fite to the greater Angle ; confequently, the greater 
L is oppofite to the greater Side. For if any Thing, 
A, is oppofite to another Thing, B, it is manifeli 
that the Thing B muft be oppofite to the Thing A. 
- — - Here again wfe have taken the Liberty to de- 
viate from Euclid** formal Demonftration. 

91. Theorem 13. If two Triangles, ABC, DBC,pj^F.2V 
have the fame common Bafe, the two Sides BD, DC, 

of the infer ibed Triangle, taken together, will be lefs 
than the two Sides B A, AC, of the circumfcribing Tri- 
angle': But the vertical Angle BDC «/ the inscribed 
Triangle will be greater than the vertical Angle A of 
the circumfcribing Triangle. 

D At 
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As the Sides BD, DC, are coatatned within the 
Sides B A, AC, it is cnanifeft the Sum of the cii^ 
* - cumfcribing Sides BA + AC muft be r thofe which 
they circumfcribe, viz. T BD + DC : For whatever 
Thing includes another, mud nfelf be r. that other. 
This is fo plain, that Montieur CIair&uU> a eelebra* 
fed French Geometrician, cenfures Euclid for/ taking 
the Pains to ctemonftrate it* But if a Demooftra- 
tion be required, as the Number of Axioms ought 
not to be increafed without a Kind of Nec£ffity, it 
may be dope thus. . Suppofe BD produced to meet 
the Side AC in E. Then in A ABE yit have _B A + 
-AE a 'r BE, sand jto each of thefe adding. EC, we 
find that BA + AE + EC is r BE + EC, but AE 
a ??• ' > EC =, AC, v BA + AC r BE +\EC. Again,, 
in A EDC we kndw that CE + ED »;r DC, and 
to each of thefe adding DB, we, find that CE + 
ED + DB r DC + DB ; but ED +;DB = BE v 
CE + BE r DC + DB. But it has been proved 
that BA + AG TCE + BE, muck more then is it 
r DC + DB. Q^ E. D. 

b 77 2. That the Z.BDC is r z. A may be thus (hewn. 

The exterior ^BDC of the ACDE is b r die interior 
and oppofite Z.CED ; and the exterior zXEB of 
of the A ABE is r-the interior and' oppofite Z:A. 
Hence we have proved that the Z.BDG is r /.CED, 
(or, which is the fame, CER,) Mghich is r.ZLA * 
much more then muft Z.BDC be r tL A. Q^ E. D. 

m 

PI.2.F.1. 92. Theorem 14. If two Triangles ABC, DEF, 
have two Sides ef the. one equal to two Sides of the other, 
each to each, viz. AB=DE, and AC zzDF; hut the 
contained Angle of one greater than the contained single 
of the other A viz,, the Angle A greater than the Angle 
EDF ; that which has the great eft Angle between the 
equal Sides will have the grcatejt Bafi^ viz, BC will 
be greater than EF. 

Of 


\ 
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Of the. two Sides DE, DF, let DE be that which 
is not r the other; and let DG be a Line = DF", 
prakingan J- EDG .:= Z.Aj and let the Points F 
and Q be joined . > Then the two Sides, AJB, AC, ©f c « 
the A; ABC arejre/peftively . — the two .Sides of kha 
A DEG, : : and x BAC = .k EDG, by the Suppo* 
flttott* v the Bafe BC * = Safe EG. .And/ bes- *, 5 s. 
caufe BG = DF, .the 4.DFG " = DGF ; but the "59. 
jLDGF t L. EGF, and v cDFG is r Z. EGE. 
and rmwh snore fhall the Z.EFG be r.xEGF. Arid 
the l. EFG of the A EFG, being r u EGF y ih« 
Side EGisTEF: But EG = BC, and \'B€ '89. 
nwftberEF. G^E.D. 

.... 1 

• ! 1 . . . ,. •• .-• • ■■ ; 

•93. Tmborbm 15* If two Triangles ABC, DEF^ fi. 2 .F.t. 
havt tivo Sides of one y . AB, AC, tqml &> two Sides of 
thotbtty DE, DFy each to each, vi^ AB zn DE> 
AC -zz DF ^ but ±bi Bafe. of one, BC , ..greyer tbiin 
the Bafe of the other -, the Angk, contained h$ the, equal 
Sides of tint t&hichhas the greater Baft* fbaU be greater 
than, the Angle contained by the equal Sides of the other ; 
viz, the Angle A greater than the Angk EH - 

This is manifeft from the preceding Article, being 
only the- Reverfe of. tlrat ; for if that which has the 
greateft z. will have the greateft Bafe, conJequetttfy 
the greateft Bafe muft have the greatfft JL\ . Howv 
ever, Euclid has thought proper to dermnftratc it in 
the following Manner, viz. If the Z-.A.beriptr 
L D, it muit be either n or A Z.D : But it is not 
equal* for then tfaeLBafe BC would be a "zs EF r but • 58. 
it is not ; \ • l. A is, not =. n XX Nor, can. the c. h 
be A Z-D j'-fbr. tbda tin Bafe BC wcmhl-.be A -? Efc, .£■?•• 
but it is not; v li is not A JlD, and it has bz&x 
ftewn not co be-.ai.it ; v t Ainjufi ber Z.D, •' 

Q.. EdEL : : ; .. /? ^ >; /*. 

:94^.TKKi»rfAr s&'^/tM TriaxgUs have tw& A#g* 
Us of one equal to two Angles of the other $ easir.' t* 

D 2 eacb % 
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each* and one Side of one equal to one Stde , of th* 
, other* the Triangles are equal in all ReJpeBs. , 

The two z.s of one being = two zis of the other, 
f 80. each to each, the remaining z. of one * = the re- 
maining z. of the other ; and v the three Angles of 
one zz the three jL s of the other, each to each. 
PI 2 Fie ^ et ABC, DEF, be the two As, in which Side BC 
3/ = SideEF, z_&=^E, Z.C- Z.F, and Z. A = 
JL D. Then -if the A DEF he fuppofed to be laid eta 
A ABC, fo that Stde EF agrees with its equal BC * 
then, fince z. B rr Z.E, the Side ED will coincide 
with .the Side BA, and v the Point D will be 
fomewhere in Line BA; and /. F being 2: xC, 
Side DF will coincide with CA, and •.• Point D 
; xnuft be fomewhere in LineCA; and coniequently, 
as the Point D is both in the Line BA and CA, it 
niuft be in the Point where they meet, viz. in the 
Point A, and fo DE = B A, FD zz C A, and the A s 
in every R,efpe& zz each other. Q. E. D. 

Note. Euclid having demonftrated this Propofition, 
jby proving the contrary to be abfurd, we imagined 
this would be snore acceptable, as it is both direct 
and eafy to be underftood. 

95. Theorem 17. If two Triangles have the three 
Sides of one equal to the tjbree Sides of the other* each 
to each* the Jingles of one will be equal to the Angles of 
the other* each to each : Or* the Triangles are equal in 
all Refpe8s.:. 

m 2F '„ -' For AB being = DE, an4 AC = DF, if the z.* 
■ *' /' A* and D, be one F; the other, the Bafes BC, EF, 

* 9 2 ' mill be one • F the other 9 but they are equal by the 

Suppofition : v ziAmuftbe equal to jlD* and \? 

* 5 8 - the As ABC, DEF, are ► equal in all Refpedts ; 

and confequently the JL A = jlD* Z.B = LE* and 

jlC zz L.F. Q, E. D. This Dcmonftration is 

alio different from Euclid's* as are fome others not 
taken Notice of* 
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9$. Theorem 18. Two parallel Lines AB, CD, 
though indefinitely continued, would never meet - 9 or, in 
other Words* they continue to be at the fame Diftance 
from each other. 

Lot GF be a Perpendicular to the Line AB, and PI.2.P.4. 
HE _L to CD, and fuppofc.the Points F, E, joined ; 
then the As EGF, EHE, have FE common, z» 
GEF = a 4EFH, and z.s G, and. H, each b Re. \ 7*- 
Z.sj ar>d v the A* have 2 l, s and one Side of one **" 
~ z 4 s and one Side of the other, each to each ; 
and v the faid As are c equal in all Kefpefts, and c 94* 
confequently the Side GF zp Side EH. Q^ E. D. . 

97. Theorem 19. The oppofite $ides and Angles of 
* Parallelograms are equal to each other^ and the Dia- 
meter (or Diagonal) bifeOs them> that is, divides 
them into two equal Parts* 

Let the Parallelogram ABCD be divided into two pi. 2 ,F.5. 
Parts by the Diagonal JJD . then, becaufe AB is 1 1 
PC, the L. ABD *-BDC ; and becaufe AD is || BC, * ?2m 
the alternate z.s are equal, viz. 4. ADB — DBC ; 
v the two As ABP„ CBD, hav? two as ABD, 
ADB, in one, = two AsBDC, DBC, of the other, 
each to each, and the Side BD common to both As ; 
v As ABD, CDB are b equal in all Refpeds, (and * <^ 
confequently the Parallelogram is divided into two 
equal Parts;) v ABzzDC, and BC .= AD; z.A 
r^C, and by adding equals, L. ABD + z. DBC = 
AADB+^BDC, that is, /.ABC = l. ADC ; but 
it has been juft (hewn that /L A = /.C, v the op- 
posite Sides, &c. as in the Theorem. Q^ E. D. 

* A ParailtUgram it a four*fided Figure, whofe oppofite Sides 
are parallel. And the Diameter; or Diagonal, is the Line join- 
ing two of its oppofite Angles. And the Altitude is the perpen- 
dicular DifUnce octwiit the two oppofite Sides, 

oS. 
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98. Theorem 2 a. Alt quadrilateral Figures % &hofe 
oppojite Sides are equal, 'have their oppoftte_ Angles 
equal, % * ' \ • • 

p. F r Let the 'four-fided Figure ABCD be divided into 
. '*' * two As by ; the Diagonal BD-, : then AB^feng = 
DC,BCr=<ADi and BD com rtioh <tb bo irft As, 
the 'As-'IABD, CDB, \\avt rile thre* -Sides of 
one r: the three Sides 6f the och'erj each te each % 
and 'V rhe As iare in aH 'Refpe&s * 1 r:'taeh ,i 6cher: 
;> z: A ; rf 4C ; Z. ABD : = CDB, ■■£ A ; D» ± £. 
CBD, arid eonfequently, by adding Equate- Z'ABD 
+ ^CBD = AADB+^CDB; that is* : rl ABC = 
L. ADC, but a A has been juft fhewn to be — z_C ; 
r r the oppofite £sarecquah <*h ] E. D. 7 * 


a 95- 




'■ 99. Theorem 21. Parallelograms, or &n$ "other 
Figures between the fame Parallels, have eq"uai Alti- 
tudes. . N 


« -* » ^ 


This plainly foHows ; from Article f^V^fot by 
that Article the Altitude or JL Dtftance befcwfcdvrtfo 
jt Lines, wherever taken, are equal. 


i« - - < ** 


100. Theorem 22* -ReBangles contained 'tender 
9 jual Hides are equal. ,, '' OUJ ' 


r\. 


PI.2.F6. ' For fuppofe the Diagonals BD, FH, to b£ drawn : 
Then, becaufe AD n EH, and AB = EfrV.by the 

a 35 • -Suppofitior*," land the Angles A and E bbth * right 
^L%\ in the As ABD? EFH, are tWs2desVA£>, 
-AB ? ,and 4-'Aof onc= twp Sides EH, E^XncJ* /l 
E ofthr other,* each to each, r and m r the As AfiD, 

fc 58. EFH, are b equal in alj Refpefts. In i-' tfye.fame 
^Manner it may be Ihewn tti&'t&e As BDC, TGJH^ 
. arc equal s aad confequentfy the whe^e; ^Re&ahgjje 
ABCD = thcwhole Rc^35glc;EFGH- * Q. E. D. 


JOI* 


k>j* Corollary. Hente^ if two Squares have 
the Side of one equal t^tbe Side of the ether* the Squaw 
art equal to^each ether. 

ioa> Theorem 23. Parallelograms upon the fame 
Baffi&vdbetwee* the feme Parallels are equaL 

If the Sides AD, DF, of the Parallelograms PLg.F.7. 
ABCD, DBCF, be terminated in one and the feme ., 
Point D, ic i$ plain that each of the Parallelograms 
is* double of the ABDC, and confoquently they ^97, , 
are h equal to each other. Q^ E. D. * 50. 

But^ if the Sides AD, EF, oppofite to the Bafe 
BC of the Parallelograms ABCD, EBCF, be not 
terminated in the fame Point, then, becaufe ABCD 
is a Parallelogram, AD is c = BC ; by the famcf 
. Reafon EF = BC -, v AD < = EF, and \* by ad- « J£ 
ding for Fig. 8. and fubtra&ing for Fig. 9. DE, • 
which is common, we have (AD -f-DE*= EF + e 4 $ 
DE for Fig. 8- and ,AD — ED f = EF — ED for f * 
Fig. 9. that is,) AE = DF ; AB is alfo « = DC, , *J 
and jl A = L FDC, from the Nature of h parallel * ^ 

i Lines; v As ABE, DCF, have two Sides of one 
AB, AE, and contained z.A=(wo Sides DC, DF* 

\ and contained /L FDC of the other, and v the faid 

As are* equal in all Refpe&s ; ••• if each A be ta- 1 & m 

1 ken from the whole Figure ABCF, there will re- 

| main ABCD k =EBCF. Q^ E. D. * 47 . 

103. -Corollary 1. Henee Parallelograms having 
the fame Bafe and equal Altitudes y are equaL See 
Art. 99. 

1 

. 104. Corollary 2. Every Parallelogram is equal 
so a ReSangle having the fame Bafe and; equal Alti- 
tudes. 

105. 


1 


€ 
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TO54 Co roil. 3. Hence Parallelograms having 
equal Safes and equal Altitudes $ are equal. 

106. The ok em 24. If a Triangle and Par allelo* 
gram ft and upon the fame Bafe, and are between the 
fame Parallels* the Triangle is half of the Parallelo- 
gram* 

PL2.F.5. F<> r let BDC be the A, and let AB be j| and = 

* • 97V DC, and AD || and z= BC, then is ABCD a *Pa> 

rallelogram, on the fame Bafe and betwixt the fafne 
Parallels, No\v, one Side BD of the A BDC is a 
Diagonal to the Parallelogram ABCD, and v the 
A BDC = 4 the Parallelogram ABCD : But the 

* 102. Parallelogram. A BCD is b =: any other Parallelogram' 

upon the farfie Bafe and between the fame Parallels,* 
c •.• the A BDC c zx i of any Parallelogram on the' 

*** fame Bafe and between the fame Parallels. Q. E. D. 

107. Corollary 1. Hence, if a Parallelogram^ 
and Triangle have equal Bafes* and are ' between the 

M fame Parallels, or, which is the fame * Thing, . have 
"' equal Altitudes, the Triangle is Half of the Parallelo* 
gram. 

io8 : . Coroll. 2. Hence, if a Triangle and Re £1- 
angle have equal Bafes arid Altitudes, the Triangle is 
Half the Reft angle. > 

109; Co roll. 3'. Hence* if two Triangles have 
equal Bafes and Altitudes, they are equal to each other. 

For the Triangles being the Halves of Parallelo- 
grams of equal BafeS and Altitudes, which Parallelo- 
grams are equal, it follows, that if the Wholes (viz*. 
the Parallelograms) are ecfual, their Halves (viz. 
the As) muft be equal alfo; 

1 10. 
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.tio. Scholium i. On thefetwolaftTheofeftisand 
their Corollaries- arc grounded the Methods of mea^ 
foring* or finding the Areas, or fuperficial Contents, 
of Parallelograms and Triangles. But in Order . to 
this it muft be firft fhewn how to find the Area of a 
RetfUngle; which itiay be thus illuftrated. Let ABpi, 2 ,F,Mg 
be a Line which <ve fuppofe to be moved towards 
DC, fo as to continue always 1 1 to its firft Pofition> 
viz. let the JPoint A be moved in the -L Line AD, 
and the Point *B in the J- Line BC ; then it is ma- 
nifeft by fach Motion it will defcribe a Re&angle. 
And if -we imagine the Line AB to be divided into 
any Number of eq\ial Parts, when the Line is gone 
in Length one fuch- Part towards D, viz. got into 
the Pofition ab^ it will have defcribed a Re&angle 
AabB, containing as many little Squares as AB was 
divided into Parts ; and when it gets into the Pofi- 
tion dc 9 twod'uch Parts diftant from its firft Pofition^ 
it will have defcribed a Re&angle containing twice as 
many Squares as AB contains Parts : And fo when 
it arrives at DC, it will have defcribed the whole. 
Redangle ADCB z^ as many little Squares (each - 
Side zz one Part of AB) as there are Units in the 
Produft of the Number of Parts in AB multiplied 
by the Number of Parts in BC : And this is called 
Mtafuring, or finding the Area of fuch Figure^ 
Hence appears the Reafon why the ProduSf of any 
two Numbers Why Geometricians called the Reff* 
Angle. 

Scholium 2. Hence may be feen the Reafon why 
3X7 = 7x3, or generally A x B = B x A ; 
tfhictrh demon ft rated algebraically in our Mathema- 
tical Bffarp. 

• ■* 
ft 1. Heace* (face a-ny Parallelogram is equal ta 

a Rectangle of equal Bafe and Altitude, U meafure 

<mj Parallelogram we have this Rule. Multiply the 

Humker tf Parts into which the Bafi is fuppofed to fa 

E . divided? 
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divided, by the Number of like Parts contained in its 
Altitude, and the Produtt imtt be the Area required ; 
Thus, for Example, If the Bafe of a Parallelogram 
be 6 Feet, and Altitude 2 Feet, then its Area is ss 

6x2 = 12 fquare Feet. 

» 

if 2. As to Triangles* every Triangle being half 
of a Parallelogram of equal Bafe and Altitude, . No- 
thing further need be faid. 

113. Theorem 25, The Complements of Paral- 
lelograms which are about the Diagonal of any Paral- 
lelogram*, are equal to each other. 

PL2.F.11. l^ ABCD be a Parallelogram whofe Diagonal \s 
. AC; and EH, FG, the Parallelograms about AC, 
that is, thro which AC paffes ; and BK, KD, the 
other Parallelograms, which mak<S up the whole Fi- 
gure, arid are therefore called Complements. Then 
will the Complement BK be = the Complement KD. 
Foe, becaufe ABCD is a Parallelogram, and AC 

a 97- its Diagonal, the, A ABC * = A ADC ; and be- 
caufe EKHA is a Parallelogram whole Diagonal is 
AK, the A AEK = A AHK •, and for the fame 
, tteafon AKGC = AKFC ; v if from the A ABC 
we take away the As AEK and KGC, and from 
the A ADC take away the As AHK and KFC V the 

k 47. remaining Quantities muft be h equal, viz. the Pa- 
rallelogram BK = the Parallelogram, KD.. Q. £. D. 

JPI.2.F.12. 114. Theorem 26. The Diagonals AG, DB, of 
any, Par alietogrdm hi fctt each. other. 

/ * 

For let: the Point of their lnterfcdian.be denoted 

•97. by E. Then, becaufe AD is * =, and|^BC^and 

b 7*- the alternate Z.s b equal, viz. ZlACBzz L DAC, 

a»d^CBD=ADB y the As AED, B£C, havetwo 

Z:^DAE, ADE, and one Side AD of oneritwo 

£$> ECB, EBQ and one Side BC of the 6ther, 

« 94. ewek. to each 1 \- the As AED r BEC, are c equalt 

* in 
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in all Refpe&s, and confcquently the Side AE =: 
Side EC, and Side DE = Side BE, that is, the Dia- 
gonals divide each other into two equal Parts. 
Q^ E. D. 

115. Theorem 27. In any right angled Triangle 
the Square upon the Side* fubtendwg the right Angle* 
is equal to both the Squares upon the Sides containihgjhe 
right Angle. 

Let AJJC be the A. If we fuppofe the LineCA p| t p 
produced to G, fince JL CAB is a Rt. Z. , the L 
BAG will be fo a too, and •.• one Side of the Square . 6s# 
upon BA will fall on the Line h AG, and fo with thQ 
Line CA will make one Line CG. For the fame 
Reafon one Side of the Square on CA will with BA 
make one Line BH. Now, fuppofe the Squares de- 
scribed, and the Points F, C 9 B, K 9 A, D ; A, E; b J4 
joined by Lines 5 alfo All || BD. Then becaufe the 
L. DBC = z. FBA, each being a right b one, v 
adding the common Z.ABC, we have the whole 
Z.DBA c = the whole aFBC ; and the Side FB b = • 46, 
BA, and BD = DC : Hence the As FBC, DBA, 
have two Sides of one, FB,. BC, and contained jl , 
FBC = two Sides BA, BD, and contained /.DBA 
of the other, each to each, and v As FBC, DBA 
are A = each other in all Refpetts : Bqt FB, GC, d 58. 
are || by the Nature of Squares (for the jlFBAzz 
GAB, being each a k Rt.Z., and v FB* || GC •,) • 40. 
v the Square BG and A FBC are on the fame Bafe, 
and between the fame Parallels, and v the Square 
BG'= twice the A FBC * and BD, AL, being t 106. 
Parallels, the Parallelogram BL =: twice the A DBA; 
but the As FBC, DBA, have been juft (hewn to be 
= each other, confcquently the Square BG % zz Pa- * 45. 
raUeiogram BL. Alter thte fame Manner it may be 
lhewn that the Square CH =: the Parallelogram CL; 
-.• the Square BG + the Square CB C = (the Pa- * 45. 
rallelogram BL + the Parallelogram CL, that is =) 
the Square BE. Q^ E. D* 

E 2 • 1 16. 
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116. Scholium. This is one of the mpft cxten* 
five and valuable Theorems in Geometry. ■ For 

one Example of its Ufe fee ift. of the Mathematical 

EJfays 9 Article 462. We (hall give another, and 

eafier Demqnftra'tion after we have treated of fitmlar 
triangles ; when it will alfo be flietyn to be only a 
Particular Cafp of a more general Theorem, 


BOOK II. 


Definitions. 

117. Def 1. T^ Very right-angled Parallelogram is 

ly faid to be contained by any two 
pf the Lines which contain one of the right Angles. 

1 1 8, Def 2. In every Parallelogram either of the 
Parallelograms about the Diameter, together with 
PI.2.F.n.the two Complements, is called the Gnqmon. Thus 
the Parallelogram EH, together with the Comple- 
ments BK, KD, is the Gnomon, which is more 
compendioufly exprefled by the Letters BHF, or 
GED, which are at the oppofite Angle§ pf the Pa- 
> rallelograms which make the Gnomon. 

PI.2.F.14. 119. Theorem i. If a Line AB be divided into 
any two Parts in C t the Square of tie whole Line AB> 
viz. ABED, is equal to the Squares of the two Part? 
AC, CB, together with twice the Re5f angle contained 
by the Parts AQ, CB.* 

Let 

* It may J>c dfcmonftrated algebraically thai. Let r = AC, 
#=CB, tbenr - h x = AB ^ AD , and v the Area q( $hp 

f jn^ Square ABED* =sr + * X r + * = (by ift. of the M<tfbttnat. 
£J/ayt, Art. 455.) r* + 2r# + #% which is the fame as the The r 

orem. Q^E. D. Hence, if *« r, by writing r for xsz ? r 

+ trr -J- rr w v r f the Corollary. 


34« 


Theorems , Book II. 29 

Let CF be || AD or BE, and let AH be zz CB ; 
*nd Jet HK be a \[ to ABorDE. Then, becaufe 
AB* ~ AD, by, taking away equals CB, AH, "34. 
there remains AC b =: DH. Becaufe HG, DF are k 47* 
Parallels, alfo HD || GF, the oppofite ^s of the 
Figure HGFD are c equal to each other ; but the « 98. 
Z.D is a Rt. JL v the other 3 are Rt. ^s, and fo 
HGFD is a a Square each Side +z AC. By the fame 
Reafon CBKG is a Square each Side zz CB ; and by 
the like Method of Reafoning ACGH and KEFG are 
Re&angles whofe Sides are zz AC and CJJ. ' But the 
Squares DG, GB, and two ReftangJes AG» GE, 
make up the whole Square ABED. Q. E, D, 

120. Corollary i. Hence the Square of any Line 
is equal to four Times the Square of half that line. 

121. Theorem 2. A ReSangle made by the Sum 
find Difference of two right lines is equal to the Dif- 
ference of the Squares of the f aid lines.* 

Let AB, AC, reprefent the two Lines, and AK, 
AG, their Squares. Let HG be produced to HF,* 1 -*-** 
Jill GF = AB, or, which is the lame, till HF — * 5 * 
AC + AB. Let FE be || to AH, and let IK be 
produced to meet FE in E* Then, becaufe HF zz 
AC + AB, the Sum of the Lines, and IK = AH 
~ Al a = AC — AB = the Difference of the Lines, a 
'tis plain the Reftangle HE is contained under the * 7 ' 
Sum HF, and Difference IK, of the Lines AC, * 

AB, 


a + m 


* This Theorem may be eafily demon- 
strated algebraically. Let the greater Line 

be denoted by a 9 the lefler by at, then a + m 

5s their Sam, and a — m = fheir Difference * a - ■ ~ 

then th eir R eflangle is per Art. 1 1 1 = a mf ' am % 

a+ mX a—mz= by the Operation in the . 

Margin, a % — »*. the fame as affirmed in the a % ' «» 

Theorem. JQ^E. D. 
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AB, which we are now to (hew to be n the Gnomon 

HDB, the Difference of the Squares AK, AG ; 

which may be eafity done, for GF being zz AB by 
*3f the Suppofition, ~ b BK, and<DG (= CG — CD 
* **• = • AC — AB) = BC, the Redangles BD, DF, 
«ioo. are contained under equal Sides, and are •.• c equal 

to each oiher ; v to each adding the Re&angle HD 
- 4^. common, we have BD + DH- 4 DF + HD, 

that is, the Gnomon HD r= the Re&angle HE. 

Q^ E. D. 

122. Thefe two Theorems are Sufficient for our 
. prefent PurjJofe \ we fhall therefore pafc on to the 
third Book. We intend hereafter to give alge- 
braic Demonftrations to all the Theorems of this 
Book. 


BOOK III. 

123. Def. i.T^QUAL Circles sire thofe whofe Di- 

I\i ameters are equal, or from whofe 
Centers the Lines to the Circumferences are equal : 
Or, in other Words, they are thofe that have equal 
Radii. 

124; Scholium. This is not, ftri&ly fpeaking^a ■ 
Definition, but a Theorem, whofe Truth is mani- 
feft ; for if the Circles are laid on one another fo 
that their Centers may coincide, the Circumferences 
"will alfo coincide, as the Radii are equal, and •-• 
the Circles will exadly cover; and be v = each 
other. 

125. Definition 2. A Line is faid to touch a Cir- 
cle when it-meets the Circle in one Point, *«d beinj 
produced does not touch k in ajiy other Point : Am 
fuch Line is called a Tangent to the Circle. 

126. 
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it 6, Definition 3. , Circles are (aid to touch One 
another, which meet, but do not cut each other. 

■ 
127. Definition 4. Lines are faid to be equally 
diftant from the Center of a Circle, when the Per- 
pendiculars drawn to them from the Center are 
equal. 

ii8. Def 5. But the Line on which thie greater 
Perpendicular falls* is faid to be further from the 
Center. : 

11$. Def. 6. A Segment of a Circle is the Fi- 
gure contained by a Line and the Circumference it 
cuts off* (fee PL a. F, 16.) and the Line is calkcK 

the Chard. . ^ 

130. Def 7. The Angle in a Segment is that, 
which is contained by wa Lines drawn from any 
Point in the Circumference (or Arch) of the Seg- 
ment to the Extremities of the Chord Line, v or Baftf 
of the Segment. See. PL 2 • F. 17. 

1311, Def 8. And an Angle is faid to ftandupon 1 
the Circumference which the Lines that contain the 

Angle intercept between them, 

1 

132. Def 9. The Se&or of a Circte is the Figure 
contained by two Lines drawn from the Center, and* 
the Circumference between them. S<fe PL 2. Fig. 1 8. 

i£3- Def. to. Similar Segments ate thofe in which 
the Angles are equal, or which contain equal Angles* 

134. Theorem r. If a Line CD, drawn through^ % ^ % ^ . 
the Center E of d-Cirek; hifett any Chord AB, it 
will cut .if at right Angles. And if the Diameter CD 
// at right Angles to the Chord AB, it willbifeSit. 

For 
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For firft, Let EA, EB, be joined ; then, btCXbfe 

* ■*•, AF=FBby the Suppofition, and AE a = EB being 

Radii/ and FE common, the As AEF, BEF, have 

three Sides of one zs the three Sides of the other, 

¥ 95- each to each, and v they are b equal in all Refpe&s | 

confequendy the Z-AFE = Z.BFE, and v each =5 

e '4- caRt.1. Q. E. D. 


59 


~ Secondly. But if CD is at Rt. Z.S to AB, then, 
fince.AEzr.EB, thi A.EAF'zp aEBFj but L 
AFE = L. BFE, each being a Rt. JL per Art. 14, 
Hence, in the As AFE, BFE, are two z_s and 
one Side of one zz two L. s and one Side of the 

• 94. Other, each to each, and -.'the As are* equal in all 

Refpefts : Confequently, . their Bales FA, EB, are 
equal to each othef. Q. E. D. 

PI.2.F.20. : * *34- Theorem 2. If any Point F, which is 
not the Center, be. taken in *tbe Diameter AD of the 
1 Circle ABCD, whofe Center is E •, then, of all the 
Lines FB, EC, FG, &c. thai can be drawn from F 
to the Circumference^ that FA, in which the Center is 9 
is the longeft, and the other Part FD of that Diameter 
AD is the leaft -, and of the others, that which is nearer ^ 
t$ the Line FA is longer .than, one mere difiant •, thus* 
FB greater than FC, and tC greater than FG. And. 
from the fame Point F there can bp drawn to the Cir- 
cumference only two Lines equal to each other, viz, one 
on One Side and the other on the other S''de of the Dia~ 
meter AD, making equal z.x with it. . • 

For 1 ft. Let BE, CE, GE V he joined ; then be- 

• 70. caufe two Sides of any A are * r the third, BE -p 

• 18. EFrBF •, but BE = b AE, v AE + EF ( = 

BE 4- EF, and V) rBF, Again, BE being* = 
CE, EF, common, and Z.BEE r Z.CEF, the Bafe 
« BF of the A BEE is e V the Bafe CE of the ACEF v 
and for the fame Reafon the Bafe CF r Bale GF* 
Again, becaufe GF + FE is»T GE, and GE =j 

ED, 
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Et3, Gf -f FE muft be r ED, arid taking zMy 
the Part FE common, GF muft be TFD, Hence 
we have proved that AF F BF, BFrCF, CFr 
GF, and GF T FD : Which, were to be demonftrated. 
Secondly. Let DFH be an l. = GED, then wc 
affirm the Line FH is = FG, and that no other 
can be equal to it y for that FH zz FG may be thus 
fhewn* Becaufe GE zz *> EH, EF common, and » ,$ # , 
L GED = DEF by the Suppofition, the Bafe 
GF-= Bafe FH. (^ E. D, And that rio other * 5 g.., 
Line can be n FG, we thus prove. For if poflfible, . 
let FK be a Line zz FG ; and FH has been juft 
(hewn to be ±Z FG* and v FK "would be • — FH, * 4$; 
that is, the two Lines FK, FH, Z2 each other* 
though one is more remote from the Line which 
pafles through the Center than the other 5 which fa 
contrary to what has been proved above, and •.• 
FK is not ss FH, and v cannot be 22 to FG; 
Q,E. D, 


13$. TutoKtwL 3. Let ABC be a Circle* andJD ,, 
any Point without it, from which Lines are drawn to « ? • 
the Circumference. Then we affirm, that of ibefe 
which fall ufon the concave Part of the Circumference 
AEFC, the greatejl Jhall he DA, which paffes thro 4 
the Center M 5 and the neater to it greater than the 
more remote^ viz. DE T DF, and t>F F DC, Bui 
of tbofe which fall on the convex Part of the Circum- 
ference^ the haft is DG, which coincides with the . 
Diameter AG produced * and the nearer to it is al- 
ways leffer than 4he more remote* viz. DKA'DL, and 
DL A DH. And only two equal Lines can he drawn 
from the Point D to the Circumference^ one upon each 
Side of the kaji. 

For, ift. Let the Points ME, MF, MC, Ut 4 

ML, MH, be Joined* then AM * zz EM, v ad-* « ,£, 

ding MD common, EM + MD ( * = AM + . * 

MD) = AD 5 but EM + MD c r DE, . v alfo c £' 

DA r DE, Again, becaufe L EMD r L FMD, 7 / 

F EM 
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• rt. £J^ « -_ p M) an( j M j) common t0 bo t Ji /^ 

5 *' EMD, FMD, the Bafc DE * r Bafe DF. By the 
fame Method of Reafoning DF T DC. Hence we 
Have (hewn that DA r DE, DEr DF, and DF r 

DC. q^e. a 

* 70. Second. Becaufe MK + KD * r MD, taking away 
m i8- equals MK, a MG, there will remain KD r DG/ 

' And becaufe the £ MKD is within the A MLD, 
the two Sides MK, KD, taken together muft be A 
the two Sides ML, LD, which include them, (for 
it* is manifeft a Thing containing muft be r the 
Thing contained ;) and taking away equa ] s MK, 
•ML, the Remainder KD A the Remainder LD. 
In the fame Manner DL is A DH ; v DG is the 
lead, DK A DL, and DL A DH- Q^ E. D. 

Thirdly. Let the ^DMB- 2L.DMK ; then we 

affirm that the Line DB ~ DK, add that no other 

Line DN can be = DK : For, that DB = DK, 

a lg may be thus demonftrated. Becaufe MK * zi MB, 

.' MD common, and Z.DMB = Z.DMK by the Sup- 

* 5* . pbfition, the Bafe DB 4 = Bafe DK. Q. Ei D. 

And that no other Line DN can fee =: DK, may 
be thus (hewn : DK is zz DB, as has been juft 
proved ; •.• if DN be alfo = DK, then will DN 
« 45J be * zz DB, that is, the nearer to the leaft zz the 
more remote, which is contrary to what has been 
above demonftrated, and confequently impoflible : 
v DN is not = DB. Q. E. D. 

PI.3.F.Z. "13^ Theorem 4. If a Point D be taken within a 
Circle y from which there fall more than two equal 
. Lines to thedrcumfehnce, viz. DA, DB, DC, that 
Point D is the Center of the Circle. ' , ' 

i 

For if it is poffible that D is not the Center; let 
any other Point E be the Center, in the Diameter 
FDEG. Then, if D be not the Center, DG is » the 
created Line from it to the Circumference, and DC 

rDB, 


»3* 
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r DB, and DB r D A •, but they arc alfo equal by 
the Suppofition, which is irfipofiible : •.• E is not 
the Center of the Circle ABC, and in the fame 
Manner it may, be demonftrated that no other Point 
but D is the Center. Q^ E. D. 

137. Theorem 5. One Circle cannot cut another 
in more than two Points. 

For if it be poffible, let the Circle ABC cut the pi m # 
Circle DRF in more than two Points, viz. in B, G, F. 3. 
F 5 and let K be the Center of the Circle ABC, and 
BF, GK, FK, be joined ; then, becaufe within the 
Circle DEF there is taken the Point K, from which 
to the Circumference DEF fall more than two equal 
Lines, KB, KG, KF> the Point K muft be 
the * Center of the Circle DEF ; but it is alfo thf » 136. 
Center of the Circle ABC, and fo the two Circles 
ABC, DEF, would have the fame common Ceater 
and Radii, and confequently cannot cut each other, 
but would coincide, and v properly fpeaking, 
would be but one Circle : ••• one Circle cannot cut • 
another in three Points. Q^ E. D. 

138. A Lemma, or Theorem 6. If two right- pj j H 
angled Triangles have two Sides of one, AC, CB, p " 
equal to two Sides of the other, DF, FE, each to 

each (viz. AC = DF, CB z: FE the remaining 
Side of one AB, will be = the remaining Side of the 
ether DE. 

For AB* + BC* * = AC% and DE* + EF* =, . SIJ . 
DF* : But AC = DF by, the Suppofition, v AC* . 
= DF*, v AB* + BC* h = DE* + EF* ; but * 45. 
BC =EF by the Suppofition, and fo BC* — EF% 
v taking away thefe equals, there remains AB* c = t 47 
DE% and confequently AB — DE, Q^ E. D.— 
This Pemonftration proves the Theorem to be true, 
-when the Side oppofice to the Rt. JL and one of the 
other Sides of one, are= the Side oppofite to tbe Rt. 

Fa j> 
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Z. and one of the other Sides of the other A. 
But it is equally true when the two Sides containing 
the Rt. L in one zz the two Sides containing the 
Rt. L in the other : for it then becomes the fame 4s 
. Article 58. 

p. III. *i 38. Theorem 7. Equal Lines , AB, CD, in 
P. 5. the Circle ABDC," are equally difiant .from the Center 

E ; -and thofe AB, CD, equally difiant from the Cen± 

ter } are equal to each other. 

£irft, that if AB = CD, they are equidiftant 
from the Center, may be thus demonstrated.' Lee 
EF be J. to AB, EG J- to CD, and join AE and 
CE. Then the z.s AFEand CGE being Rt. /.s, 
f 3 i. the As AFE, CGE, are a Rt. L As ; and AB, 
b , 34» PP> are b bifefted by the Lines EF, EG \ and v 
tis their Wholes are equal, their Halves muft be 
equal alfo, that is, AF rr CG. Hence, in the two 
Rt. jl As AFE, CGE, are two Sides of one AE, 
AF, refpedtively zz two Sides of the other CE, CG, 
(for AE, CE, are Radii of the fame Circle and v 
f 138. cqH a '>) ^ e remaining Side FE of one is c zr the re- 
maining Side GE of the other •, which is all that is 
meant by faying, the Lines AB, CD, are equidiftant 
ffoin the Cepter. Q^ E. D. 

Secondly. If, AB, CD, are equidiftant from the 
Center, it may be eafily demonftrated that they are 
=r eacjh other. For AE being zz CE, and EF = 
EG, by the Suppofition ? the Rt. z. As AFE, 
CGE, have twp'Sides of one AE, EF, = two Sides 
M38. pf the other, CE, EG, and v AF * = CG ; but 
* >3f« AFj CG, are. the * Halves of their refpe&ive 
Wholes A% "CD ; and as the Ffalvcs AF, CG, are 
proved to be equal to each other, their Wholes muft 
be Iq too j that i$, AB =: CD. Q. E. D. - 

W.3.P.6. j 39, Theorem 8. 7*be Diameter AD is the great- 
eft Line in a QrclrABQD y and of any others BC, FG t 
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that BC which is nearer to the Center E, is always 
greater than that more remote FG. 

Let EI, EH, be the Diftances of BC, FG, from 
the Center E ; arid let BE, CE, FE, GE, be 
joined ; then, it is manifeft that AE being a = BE, * lg 
ED = EC, AD is = BE + CE \ butBE + EC*r * 70. 
BC, v ADr BC. Again, the As BEC, FEG, 
have two Sides BE, EC, of one = two Sides FE, ■ 
GE, of the other ; but the contained L of one BEC 
T the contained JL of the other FEC, v BC e T FG. c 
Hence we have proved that AB r BC, and BC T FG ; 9 * # 
confequently r any other Line at the fame Diftance 
from the Center (becaufe Lines at the fame Diftance 
from the Center are d =: each other.) Q. E D. * !3 g # 

140. Hence a Line greater than the Diameter*' 
drawn from any Point within the Circle* mufl cut 
the Circumference ; and v any Line within a Circle* 
being produced both Ways indefinitely* mufl cut the 
Circumference. 

141. Theorem 9. A Line ED meeting the Circle PLj.F^ 
ACG in the Point A, at right Angles to the Radius 

BA, is a Tangent to the Circle at the Point A. And 
no Line AK can be drawn from the f aid Point A be- 
tween the Line ED and the Circumference, which does 
not cut the Circle * or* which is the fame Thing* no 
Line AK can make fo great an acute Angle BAK with 
the Diameter CA, or fo fmall an Angle FAK with 
the Line AD, but that itjball cut the Circle. 

r 

Firft. That ED is a Tangent, may be thus de- 
monftrated. Let any Line BF be drawn ; then the 
ABAF being a Rt. L A, BF* • = BA* + AF*, • ,, $# 
•••■ BF* r BA* v BF r BA the Radius, wherever 
the Point F is taken in the Line ED, and v the 
Point F will fall without the Circle, as BF has 
been juft ihewn to be r the Radius BA, and con- 
sequently £ its * equal the Radius BL. v ED t it. 

touches 
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touches the Circle in no Point but A, and ••• it is 
* i*5- a c Tangent to the Circle at the Point A. Q. E. D. 

2dly. If poflible, let the Line AK be drawn 
from A, between the Line ED and the Circumfe- 
rence •, and let H be a Point taken in AK, fo that 
BH may be at Re. z_s to AK, and let G be the 
Point where the Line GH meets the Circumference* 
Then, becaufe BHA is a Ku L A, Rt. £.d at H, 
■> 8«' the ^BHA a = /.BAH + ^ABH, the l. BHA 
•il. rBAH, and v Side BA b r Side BH * but BA' C = 
BG, v BG r BH, the lefs r the greater, which is 
abfurd ; v no Line AK can be drawn from the 
Point A, between ED and the Circumference* 
- which does not cut the Circle ; or, in other Words, 
44 no Line AK can make fo great an acute Z.BAK 
with the Diameter CA, or fo fmall an Angle FAK 
with the Line AD, but that the Circumference 
ihall pafs between the Tangent AD and Line AK/* 
Q^ E. D. And this is all that Euclid mud be urv- 
derftood to mean when he fays, (in the Greek Text, 
and alfo in moft Tranflaxions, that) the jl of the 
Semicircle is r any redtilineal Z., and the remaining 
JL A any re&ilineal z.. 

142.' Corollary i. Hence if a Line touches a 
Circle in any Point, a right Line drawn from the Cen- 
ter to that Point will be perpendicular ( to the touching 
Line. 

For if that Line be not perpendicular tp the Ra- 
dius at the Point of Contaft, it will cut the Circle 
by this Propofition. 

143. Coroll. 2. If a TJmtouchts a Circle, ana 
from the Point of Contaft a. Line he drawn perpendi- 
cular' to the touching Line y the Center of the Circle 
Jhall be in that Line. 


*- A 
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144. Scholium.^ From the Manner* in which this. 
Theorem is worded in leveral Copies of Euclid* 
many Itrange Paradoxes and Abfufdi ties have. been 
deduced, by fome modern Mathematicians, which, 
would not have been had they rightly confidered 
what 'Euclid muftVmean* and not what the Words", , ^ 

Teem to import.' " ' "" ,. ^ 

1 

145." Theorem 10, The Angle BEQ*< tie Cen- f ?i;UL'. 

ter of a Circle,, is double of /be AngleBAC ^at^tbe Cir-fig^Uf*. 
cumftrence % 'upon ' the fame Bafe - 9 that is> ufon tho , 
■. fame Part of the Circumference BC 

Becaiife EA * = EB, the Angle .EAB ». = i. .■ ,£. ' " 
• EBA, ••• l EAB-f- £. EBA = 2Z.FAB; but z. k -9. 
■ FEB « = l. EAB + i. EBA, \ • /. FEB « 1= 2 z.. ,J ? 6 ' 
t FAB. After the fame Manner may be.lhewn that * J * 
! rhe Z.FEC zz 2/.FACj hence, adding in Figure 
8rh, we have i_FEB 4- Z.FEC e = 2*. FAB + a*. . ^ 
FAC, that is, Z.BEC = n ziBAC. Q. E. D. Or 
fubtra<5f.i ng. in Figure 9th, we find L, FEC -•- 
l. FEB { — 2 L FAC — 2 L. FAB, that is, = > 4Jft 

ZfaC^27faB x 2 = 2 Z.BAC. Q^ E. D. 

146. Theorem ii. The Angles in the fame Seg- 
ment m of a Circle are equal to one another* 

Firft then, let ABCDE be a Circle, and F the PI. lift 
Center ; then, if the Segment BAED be F a Semi- F - Ioi 
circle, as in Figure ioth. the z.s BAD, BED,* 
BFD, ftand upon the fame Bafe BD, v the jl 
BAD* =.4- aBFD, and z:BED = £ 2. BFD; v , 
2L BAD b = BED, wherever the Points A, E, are » 4 *; 
taken in the Circumference BAED. Q^ E. D. 

Secondly. But if the Segment BAED be A a Se- p^ in . 
micircle, let F be the Center, and fuppofe Lines 
drawn as reprefcntcd in the Figure. Then the Seg- 
ment 
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ment 6AEC being r a Semicircle, the Z.s in it upon 
the fame Bafe BC are by the firft Cafe equal to each 
other, that is, /. BAC n Z.BEC 5 and by the 
fame Reafon the /.s in the Segment CAED on the 
fame Bafe CD are n each other, viz. /. CAD z=s 
^CED j v by adding equals, /.BAC + /.CAD 
• = Z.BEC + /XED, that is, l BAD = Z.BED, 
>• E. D. 


i 


PK III. 147. Theorem 12. The oppojite Angles of any 
*t **» quadrilateral Figure, ABCD, defcribed in a Circle, 
are together equal to two right Angles. 

• 146. J oin AC » BD * thcn the *- CAB * = /-CDH, 
being in the fame Segment BADC, and Upon the 

fame Bafe BC ; and the /. ACB = L ADB, being 

in the fame Segment ADCB, and upon the fame 

Bafe AB. v adding equals, the /.ADB + L< 

* 4 6. CDB k = * ACB + ^- CAB * that is > A'APC = 

/. ACB + /.CAB •, to each of thefe equals adding 

the /.ABC, we have A A DC + a ABC rr A ACB 
+ /.CAB + /.ABC j but the /.ACB -f /.CAB + 

* 7 g, /.ABC e = 2 Rt. /.s, v /. ADC + /-ABC * = 

* 45- 2 Rt. /.$. In the fame Manner it may be fhewn 

that the /.BAD + /.BCD == 2 Rt. /.s* Q- E.D. 

Fl III l ^ m Theorem 13, The Angle in a Semicircle 

F.ij.* BAC is a right Angle ; £0/ /& iifejY* *» * Segment 

ABC, greater than a Semicircle, is left than a righi 

Angle ; and the Angle in a Segment ADC, lefi than a 

Semicircle, is greater than a right Angle. 

Let £ be the Center, and Lines be drawn as in 
, ,g the Figure. Then, AE being •= EB, the Z.EAB 
» j 9 . V » = Z.EBA -, and EA being = EC, the Z.EAC=i 
Z.ECA. v adding equals, L. EAB )■ z. EAC 
«.a «= z. EBA + i- ECA, that is, jl BAC = L 
* *6. CBA + Z.BCA-, but, Z.FAC d = Z.CBA 4- A 

* 45- BCA, v *. BAC • = L FAC> v each of them 
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ii a ' right A , '.' the ABAC in a Semitirde is a Rt. i , 4 
A. Q. E. D. 

2dly. The ABAC having been juft fhewn to be- v 
Rt. Ad. wz. the ABAC a Right A, the a ABC 
(in the Segment ABC) muft be * A a Rt. A . g sQ 
Q. E. D. 

3dly. The Figure BADC being quadrilateral, the 
L ABC + Z-ADC h = 2 Rt. jLs ; but it has been k , 4 ^ 
juft fhewn that zlABC A a Rt. A, canfequently 
z. ADC muft be r a Rt. L. Q. E; D. 

149. Theorem 14. In art oblique Triafigle ACD, PL in. 
infcribed in a Circle > the vertical Jingle ADC exceeds, F.i4.&i5» 
<?r « /<?/} /£#» r/gi>/ Angle, by the Angle CAB,- made 
by the Bafe AC and the Diameter AB, drawn from 
either Extremity of the Bafe. 

Join DB ; then, AB being a Diameter, ADCB * «. 
is * a Semicircle, and v Z. ADB b =: a Rt. Z, and" * '*£• 
the L CDB c = aCAB, (being in the fame Seg- ,4 ** 
ment CDAB, arid ftanding on the fame Bafe BC ;) v 
adding equals in Fig. 14. the Z. ADB + ZCDB d * 4& 
2- a Rt. L + /.CAB; but L ADB + CDB = 


150. Theorem 15. In equal Circles, viz. Circles PL III. 
w£;V£ £*tf* equal Radii, the Angles A, G, */ theCir-$*6&*7< 
eumferences, and Jlanding upon equal Chords BC, EF, 
are equal to each other. And if the Angles^ at the Cir- 
cumferences ire equal) the Chords on which they Jl and 
will be equal alfo. 

Let D and H be the Centers, and let Lines be 
drawn as in the Figures. 1. Then* BC being =2 

G £F 
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EF by the Suppofition, and BD = CD = EH zz 

FH being equal Radii, the As BDC, EHF, have 

three Sides of one refpedtively zz three Sides of the 

m oc 6ther, and v z. BDC a = z. EHF ; but the z.s 

* 145! A, and G f are b Halves of the z.s BDC, EHF * 

and as the Wholes are equal to each other, f tis ma- 
nifeft their Halves mull be fo too, that is, z. BAC 
= Z.G. Q^E. D. 

2dly. If the JL A = Z.G 5 as the Z.s A and G, 

* *45- are the Halves * of the As BDC, CHF, refpedively, 

and as the Halves being equal, the Wholes mult be ' 
fo too, the /.BDC muft be zz /.EHF. But BDr: 
EH, DC= HF, being equal Radii, the As BDC, 
EHF, have two Sides BD, CD, and ZL contained 
BDC of one = two Sides EH, FH, and z. con- 
tained EHF of the other j and confequently the As 
* 95. themfelves a equal in all Refpe&s 5 v the Bafe BC zz 
Bafe EF- Q. E. D. 

PI. IV I 5 1, Theorem 16. Let AB be the Diameter of 
Fig. 1/ *b e Circle A DCB, and EF a Line perpendicular there- 
to y touching the Circle in the Point B •, and BD a Line 
cutting the Circle ; then I fay 9 the Angles made by the 
touching Line EF and cutting Line BD, Jhatl be equal 
to the Angles in the alternate Segments ; viz. ZlDBF 
zz Z. DAB, and jl DBE = JL DCB, wherever the 
Points A' and C are taken ip the Segments^ DAB, 
DCB. 

For the vertical Z.DAB of the ADAB is A a Rt. 

* 149. JL by the » /.DBA, made by the Bafe DB and Di- 

ameter B A ; and \ • as ABF is a Rt. L , muft be 
= z. DBF. Q. E. D. 

Again, the vertical JL DCB of the A DCB ex- 
ceedsaRt. JL by the faid /.DBA, and v as ABE 
is a Rt. jl> the z. DCB muft be = (/.ABE + Z. 
ABD) = JL DBE. Q, E, D. And the jl DAB 

* 14.6- continues the b fame wherever the Point A is taken in 

* ' * the 



r^ 
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the Circumference DAB, as does the Z.DCB when- 
ever the Point C is taken in the Circumference DCB, 
••• this Theorem is true. 


BOOK IV. 


Of Proportion, containing what is. mofi valuable 

in Euclid'* $th and 6tb Books, 

152. Def. 1. A Leffer Magnitude is faid to be an 

/y, aliquot Part of a greater Magni- 
tude, when the leffer meafures the greater, i. e. 
when the leffer is contained a certain Number of 
Times exaftly in the greater. Thus, a is an aliquot , 
Part of 3«, a being contained in 3a, 3 Times. 

1 c3 Def. 2. A greater Magnitude is faid to be a 
Multiple of a leffer, when the leffer meafures the 
greater, i. e. when the leffer is contained in the 
ereater, exactly a certain Number of Times. Thus, 
%a is a Multiple of a, a being contained in 3a, 3 
Times, and » X Hs a Multiple of *, for b is con- 
tained » Times in » X b. 

154. The 3d Definition, " That Ratio is a mu- 
tual Relation of two Magnitudes of the fame Kind 
to one another in Refpea: of Quantity," is rather 
metaphyfical than mathematical, and has been the 
Caufc of much Controverfy amongft the modern 
Mathematicians. Indeed it might well be omitted 
without any Loft, and, as Mr. M» juftkob. 
ferves, fecms to be the Addition of fome unfkilful 
Editor. 

1 «, Def 4. Thefe Magnitudes are faid to have : A' 
Ratio to one another, the leffer of which- can be 
multiplied fo as to exceed the other. 

r G a 15& 
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156. Dif. 5, The firft of four Magnitude? is faicj 
to have the fame Ratio to the fecond which the third 
has to the fourth, when any Equimultiples whatfb- 
'ever of the firft and third being taken, and any 
Equimultiples whatfoever of the fecond and fourth 1 
If the Multiple of the firft be lefs than that of the 
fecond, the Multiple of the third is alfo lefs than 
that of the fourth 5 or, if the Multiple of the firft 
be equal to that of the fecond, the Multiple of tb# 
third is alfo equal to that of the fourth ; or, if the 
Multiple of the firft be greater than that of the fe- 
cond, the Multiple of the third is alfo greater thar^ 
that of the fourth.* 

157. pef. 6. Magnitudes which htfye the fame 
Ratio are called Proportionals, 

j 58. Def. 7. Of a greater and lefs Ratio beingj 
pot ulfed in this Effay, we have thought proper to 
prnit it, as the Theorems which pre obfcurely, {if not 
inaccurately) demonftrated by it, may be dfcmonftra? 
tpd more, clearly by other Means, 

• -1 '.:.-•' 

.159. The feme may be faid of the 8 th Definition* 
viz. " That Analogy or Proportion is a Similitude 
of Ratios," as was remarked concerning the 3d. 
JQeftaition. 

1 6a Def* $, Proportion cpnfifts in three Terms - 

at leafh . 

IPI. 

4 

..+ Thb is A« trifc geometrical Definition of the Ancients ; 
however i$ may not he improper to give alfo the numeric*/ or alg$- 
iraical Definition, viz. Four Quantities are faid to be in dire A 
* Proportion to each father, when the Quotient of the firft by the 
fecond is equal to the Quotient of the third by the fourth : Which 
Zjftoijmts *te ctHqbsRptiv. Or in other Words, Ratio is the 
lumber exprefling how often the Confequent is contained in the 
Antecedent ; or by which the Confeauent being multiplied, the 
produft will be equal to the Antecedent 
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161. Def. 10. When three Magnitudes are Pre* 
portionals, the firft is faid to have to the third the 
duplicate Ratio of that which, it has to the fecond, 

162. Def. 11. When four Magnitudes are con- 
tinual Proportionals, the firft is faid to have to the 
fourth the triplicate Ratio of that which ic has to the 
fecond, and fo forward quadruplicate, &c. increaf- 
ing the Denomination each Time by Unity, in any 
Number of Proportionals. % 

163. Def. 12, of Compound Ratio. When there 
are any Number of Magnitudes of the fame Kind, 
the firft is faid to have to the laft of them tlfe Ratio 
compounded of the Ratio which the firft has to the 
fecond, and of the Ratio which the fecond has to 
the third, and of the Ratio which the third has to 
the fourth, and fo forward unto the laft Magnitude. 

For Example, if A, B, C, D, be four Magnitudes 
of the fame Kind, the firft A isTaid to have to the 
laft D the Ratio compounded of the Ratio of A to B, 
and of the Ratio of B to C, and of the Ratio of 
C to D ; or, the Ratio of A to D is faid to be com- 
pounded of the Ratios of A to B, B to C, and C to 
D. 

And if A has to B the fame Ratio which E has to 
F ; and B to C the fame Ratio which G has to H j 
and C to D the fame Ratio that K has to L * then, 
by this Definition, A is faid to have to D the Ratio 
compounded of Ratios which are the fame with the > 

Ratios of E to F, G to H, and K to L. And the 
fame Thing is to be underftood when it is more 
briefly expreffed by faying A has to D the Ratio 
compounded of the Ratios of E to F, G to H, and 
K to L. 

In like Manner, the fame Things being fuppofed,, 
if M has to N the fame Ratio which A has to D, 
then, for Shortnefs Sake, M is faid to have to N the 

Ratio 
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Ratio compounded of the Ratios of E to F, G to H, 
and K to L. 

1 64. Scholium. Nothing has been thought more 
difficult, or caufed greater Difputes in Geometry, 
than the Definitioh of compound Ratio given by 
Theon in the 5th Def. of the 6th Book of Euclid* 
viz. " A Ratio is faid to be compounded of Ratios 
when the Quantities of Ratios being multiplied by 
one another, makes a certain Ratio ;" which is 
faulty, for there can be no Multiplication but by a 
Number, and fo the Definition will be ungeometri- 
cal. As to the Ufe of compound Ratio, it is intro- 
duced into Geometry only to reader fome Demon* 
ftrations more cohcife, or that fome Propofitions may 
be more compendioufly enunciated. It may be fur- 
ther obferved, " that in any Magnitudes whatever, 
" of the fame Kind, A, B, C, D, &c. the Ratio 
" compounded of the Ratios of the firft to the fe- 
" cond, of the fecond to the third, and fo on to 
<c the laft, is only a Name or Expreflion, by which 
" the Ratio which the firft A has to the laft D is 
" ftgnified, and by which at the fame Time the 
" Ratios of all the Magnitudes, A to B, B to C, 
^ C to D, from the firft to the laft, to one another, 
* c whether they be the fame or be not the fame, are 
" indicated ; as in Magnitudes which are continual 
" 'Proportionals, A, B, C, D, &c. the duplicate 
" Ratio of the firft to the fecond is only a Name, or 
c< Expreflion, by which the Ratio of the firft A to 
*' the third C is fignified, and by which, at the 
€i fame Time, is fhewn that there are two Ratios 
" of the Magnitudes from the firft to the laft, viz. 
cc of the firft A to the fecond B, and of the fecond 
<c B to the third or laft C, which are the fame to 
" one another ; and the triplicate Ratio of the firft 
" to the fecond is a Name, or Expreflion, by which 
<c the Ratio of the firft A to the fourth D is fignified, 
" and by which, at the fame Time, is (hewn that 
" there are three Ratios of the Magnitudes from the 

" firft 


J 
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cc firft to the laft, viz. of the firft A to the fecond 
c< B, and of B to the third C, and of C to the fourth 
" or laft D, which are all the Tame to one another j 
4< and fo in the Cafe of any other multiplicate Ra- 
c€ tios."' And this is the right Meaning of thefe 
Ratios as ufed by Euclid, Archimedes, ApoUonius % 
and other ancient Geometricians. However, that 
of Ibeon abovementioned is ftill retained by mod 
Moderns, and indeed may be made Ufe of when we 
are difcourfing of Numbers, or of Magnitudes as 
cxpreffed by Numbers, though it would be improper 
in this on Geometry. 

165. Def. 13. In Proportionals the antecedent 
Terms are called homologous to one another, as 
alfo the Confcquents to one another. 

Note. Geometricians make Ufe of the following 
technical Words to fignify certain Ways of changing 
either the Order or Magnitude of Proportionals, fo as 
to continue ftill to be Proportionals. 

166. Def. 14, Permutando, or alternando, by 
Permutation, or alternately : This Word is ufed 
when there are four Proportionals, and it is inferred, 
that the firft has the fame Ratio to the third which 
the fecond has to the fQurth ; or that the firft is 
unto the third, as the fecond to the fourth - 9 as is 
(hewn in Article 199. 

• 167. Def. 15. Invert endo, by lnverfion% when 
there are four Proportionals, and it is inferred, that 
the fecond is unto the firft as the fourth to the third* 
See Art. 198. 

168. Def. 16. Componendo, by Compojition * 
when there are four Proportionals, and it is inferred, 
that the firft, together with the fecond, is to the fe- 
cond, as the third, together with the fourth* is to 
the fourth* See Art. 200. 

169. 
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i6g. Def 17. Dividendo, by DivifioH •, when there 
are four Proportionals, and it is inferred, that the 
Excefs of the firft above the fecond is to* the .fecond* 
as the Excefs of the third above the fourth is to the 
fourth. See Art. 201. 

170. Def 18; Convertendoy by Converfion ; when 
there are four Proportionals, and it is inferred, that 
the firft is to its Excefs above the fecond, as the 
third to its Excefs above the fourth. See Art. 202. 

• 171. Def. 1 9. Ex aquali, (fcil. Diftantia, ) or ex<equOf 
- from Equality of Diftance •, when there is any Number 
of Magnitudes more than two, and as many others 
fo that they are Proportionals when taken two and 
two of each Rank, and it is inferred, that the firft 
is to the laft of the firft Rank of Magnitudes, as the 
firft is to the laft of the others. — ■ Of this there 
are the two following Kinds, which arife from the 
different Order in which the Magnitudes are taker* 
two and two. 

172. Def. 20. Ex aquali* from Equality : This 
Term is uled fimply by itfelf, when the firft Magni- 
tude is to the fecond of the firft Rank, as the firft to 
the fecond of the other Rank •, and as the fecond is 
to the third of the firft Rank, fo is the fecond to the 
third of the other; and fo forward in Order, and the 
Inference is as mentioned in the preceding Definition y 
whence this is called Ordinate Proportion. 

173, Def. 21." Ex <£ quali, in proportione pertur- 
lata* feu inordinata, from Equality* in perturbate or 
diforderly Proportion : This Term is uled when the 
firft Magnitude is to the fecond of the firft Rank, as 
the laft but one is to the laft of the fecond Rank j 
and as the fecond is to the third of the firft Rank, fo 
is the laft but two to the laft but one of the fecond 
Rank * and as the third it to the fourth' of the firft 

Rank, 
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frank, fo is the third from the laft to the lad but 
two of the fecond Rank, and ft) forward in a crofs 
Order j and the Inference is as rn the 19th Deft* 
nitien. 

174. Def. 22. SinMar reftilinenl Figures ate thofe 
Which have their feveral Angles equal, each to each, 
and the Sides about the equal Angles Proportionals* 

1 75. Def. 23. Two Magnitudes are faid to; 6fe Re- 
ciprocally proportional to two others,' when one of 
the firft is to one of the other Magnitudes, as the 
remaining one of the laft two is to the regaining on< 
of the firft. 

176. Def. 24. A Line is faid to be cut in extreme 
etad mean Ratio y when the Whole rs to the greater 
Segment zi the greater Segment Ht to the lefs.' 

177. Axiom 1. Equimultiples of the fame, or equal 
Magnitudes, are equal to one another ; that is, if 
A =£' B, then any Number of Times* A =2 feme 1 
Number of Times B *, fo mA = mB. 

179. AMom 2. Thefe Magnitudes 6f which" the 
fame, or equal Magnitudes, are Equimultiples, are 
equal to one another. - 

f 79. Axiom 3.' A Multiple of a greater MagnU; 
tudc is greater than the fame Multiple of a leflfer. 

180. Axiofrt^ That Magnitude whofe Multiple isT 
greater than the fame Multiple of another, is greater 
than that other Magnitude. 

iS f . Axiom 5. Magnitudes having the fame Rtf* 
tio to one and tht fame or equal Magnitudes, are 
equal to each other. 

» r8* 


$o T&e&rems, Book IV. 

182* Axiom 6. .Equal Magnitudes have to one 
and the fame Magnitude the fame Ratio : And the 
lame unto equal Magnitudes has the fame Ratio* 

183. Axiom 7. Magnitudes to which one and the 
fame Magnitude has the fame Ratio, are equal. 

184. Axiom 8. If two Magnitudes be referred to 
a third, that is die greatcft which has the greateft 
Ratio. 

. 185. Axiom 9. . Ratios equal to- one and the fame 
, Ratio, or to equal Ratios, are alfo equal to one 

another. 


* »•• 


1 8 6. Axiom 10. Unequal Magnitudes, compared 
with one and the fame or equal Magnitudes, cannot 
feave equal Ratios. 

tr- 

. i$7* Theorem i. Magnitudes have the fame Ra- 
tio to one another which their Equimultiples have. Let 
a and b reprefent the two Magnitudes* and let m be 
the Number of Times each of thefe are contained in its 
Multiple ; tben x .ma,- mb, reprefent the Equimultiples* 
and what wt affirm is y that ma : rrtb :; a : b.* 

For taking any Equimultiples of the firft and 

third, viz, cma, ca, and any Equimultiples,, dmb* 

db 9 of the fecond and fourth 5 it is plain that if cma 

— dmb* as they are Equimultiples of ca 9 db, that 

4. .\L" c &* — *&- 9 aqdif cma A dmb, then ca + fc,db 5 alfo 

it 

# It may be demonflrated algebraically thus. The Quotient of 

ma a ' ' 

ma by mb h — 7 « — ; and the Quotient of a divided bv b is 

\ mo b ^» . 


a!fo a 


j-. v ma : mb :: a : 6. Q^E. D« 
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if etna r dmb, then ca T db. \- by Art, 156, a4 
*ra : a*£ ;: a : £. Q.E. D. 

1 88. Trtfeoitekf' 2. •• If Jour Quantities, a, b, t c; g 
d, <ar* proportional, viz. *J a : b :: c : : d ; tbrft 

any Equimultiples of the- two firft will have the fame 
Ratio as any Equimultiples of th't two laft, viz. e& 
ma : mb :: nc : nd. • * ^ 

For by Art. 187, As^ ma : mb :: a : b, } 

• And, as, nc : nd :: c : d. '" 
But * is to b, in fame Ratio as c to ^ by the Sap- *-* s 
pofition, v by Art. 185, as ma : mb :: »£ : nd. 

q: E. D. • ' [ 

189. Theorem 3.- Triangles ABC, ACD, ^ P1 IV 
Parallelograms EC, CF, 0/ the fame Altitude, are to f/ 
0»* another as their Bafes, BC, GD;*" 


2. 


< " « - 


Let BD be produced both Ways to the Points ti} 
L* and let BG, GH> be each zz BC pahd DK, KL> 
each = CD y and let Lines be drJiwnas'tnthe Ft 
gure. Then, becaufe the As AHG, AGB, ABC; 
have equal i$afe»: and the feme Altitude, they are* rf * 109. 
each other •, v whatever Multiple tfie Bafe HC & 
of the Bafe BC, the fame Multiple is the A AHC Of 
the A ABC. By the fame Reafon, whatever Mul- 
tiple the Bafe LC is of the Bafe CD, the fatne M(ul- 

H 2 * - :: '■' " v tipIA 


• • • * 


* The algebraic DemortftrAtion may ftatid thus. Let 4 =i Bate • '•* • 
qf; the Parallelogram,^ &=.Bafe of SRjan4tt = th*ir Heigjat* 
then ah = * Area of EC, and bb = Area of GF.. , .Nqw it ja 
plain that as *£ : W :: a \ b\ for^heQuoticntof the firft Term 

•fay the- fecond is 4r ■** 4- ;• and the Quotient of the third by the 

, * * • • . « •• 

4thhalfo'4; x V it 'will W, is «£ :!£':: a : *. Q^fci D. 

: Pi.* i • ' : • / ; /•. i : ..:.,. 

-And as At arc Halves of the Parallelograms, as the Parallelo- 
grams are as their Bafei, their Halves, <viz t the As, mod be in 
lie fame Ratio alio. Q. E. D. 
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• 40. v ^BAD e rz.E, and aDAC f = ZL AGE • = 
"*" ilEj v /_BAD 8 =z ^DAC. Q.E.D. 1 

193. Theorem 6. If four Lines* or Numbers, 
denoted by the ' Letter s\ &, bj c, d, are proportional y 
yiz. -as a. '* b ;: c : d •, • ibe; : ReSangle; contained* by 
the Extremes is equal >U the 'Ri&kngle trnder l tfce Means , 
viz. a xd n b X*c- [ Arid if the Rett avglt tontained 
by the Extremes b* ^z the ^ReSthngle- contained by r l be 
Means, tbefefou^^mn^tioj^re^p^portional , x f¥d\ is, 
if* X d-rrbX c, 'tben'ihwiW.-be^ as [ a ': b ::c 


• 9 * 

. ' ■ ---1 t» 'i "? i ■ » ' 1 iV 


^ » 187. 


» 1 

^ Fir ft. Since * x d, and;£/xy, are E^uTihulcTplds 
bf a and i^tfe -tfeve^-'aY'* 'X-tT: bx! d*i: -a :'\b. 
And v flnce fey the Suppofirioh, ':,*'::"<: : </, 

* 185. we have a x d : b x d h :: c : d. fiur £ xV, -and 

b x d are Equimultiples of r and </, \- b%c : b X 
I l * s 7 ' d c :: c : di \'^X d i*kx & :Y*'b X c : &$ d\ 
Aii ~ axd'=:bxt> Q.E I>. <u 

Secondly;* It ft plain, thzt'a X dy b X d\ Wei E- 

* 187. quimultrples of a and b) v » *"*•£ :: f a x d\ b x 

d ;. and £ X ^ bx'd, are Equimultiples of' £, and 
^ v v <■"*: d :: bx* :\b X*d\ 9 ^ but a X'd^'bX c 
by the Supposition, \ # by -writing a X*<f; for its 
equal b X c, we have, as c i; d :: ax d ': fr x d , 
but it has been juft (hewn* that ^ :. B :: X ^. : 
b m x d, \" c : J has the fame Ratio as # : b> that 
is, as tf : b :: * <i. Q^ E. D. 


( V w. 


♦ 
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194. 


' * This Therm may be demonftr'ated algebraically, thus. . Fiift, 

* * ~ * s: i~-. v multiplying by ^'Wtfhave « =*• -r, iin'd tills by d 

^ gives da~hf. Q^E. J). .Secondly ^, If we div^Jf eaq^i.^d^of 

the Equation <fo = ^r by d 9 wc have « = — , apd thi^ a^ain by o 

[' - C \'v' - "•-* ' -\ 

» • / ■ » : 
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194. Theorem 7. v Equiangular triangles art 
fimilar ; /£*f w, /itf Sides about the equal Angles are 
Proportionals. ...'». 

Let D<* z± AB, \>b — AC, then the zlD being = PI. IV. 
jl A by the SqppQfttion, the As Dab 9 ABC, are t ^7- 
equal in every Refpedh; w Z.D*£ = Z. .ABC* but * 5 
Z. ABC zz Z-DEF by the Suppofition, v LDaV*— * 45# 
Z.DEF, v &* c M to EF,; -v DE : D* :: * DF : c 4 °- 
D£, v, forD<?>. D*, writing their equals AB, AC, •■"9^ 
the 1 Proportion becomes DE ; AB :: DF : AC. 
Q. E. D. . 

And 4 if FJ be taken n CA, aad Fr = CB, it 
may be fhewn in the fame Manner, that FD : CA 
:: FE : CB. Q. E. D. 

By joining thde twq Proportions iq one* wc have 
DE ; AB :: DF : AC:; FE : GB. Q^E. D. 


195. Jheor£m 8. If the cutward Angle CAE, of. PL IV. 
a Triangle A BC, is bifetttd by a Line AD, cutting th* Fi 8 * 
Safe BC produced in D ; then the Segments BD, DC, 
will have the fame Ratio as the other Sides of the Tri- 
angle; viz, BD : DC :: BA : AC. And if ED i 
\ DC :: BA : AC, the Line AD will bifeB the out- 

\ ward Angle CAE, viz. Z.CAD = z. DAE. 

i 

For let CB be- H- te DA ; then /iCFA * = l. x 
DAE, and alfo z.ACF b = r>DAC-, but the £_ b 7 *°*" 
DAE zz iiDAC by the Suppofition, v zXFA e— . « 45 .' 
/.ACF, v AF *=-AC. Now, as CF is || to 4 62. 
AD by the Suppofition, it follows, BD : DC «:: e l 9 u 
BA : AF; but ic has been juft fhewn that AF =■ 
AC, v for AF writing its equal AC, the above 
Proportion becomes BD- : DC : : BA. : AC- 
Q. E. D. . , • 

Secondly. By the Suppofition, BD : DC :: BA: 
:• AC, and FC being tfcto AD, BD : DC :: BA :i f ,85. 
AF, v BA : AC f ::,BA : AFjv AG*= AF,-: « 181. 
and v 4AFC h = z. ACF } alfo the ^AFC » = * 59- 

DAE, '"' 


4O1 


L .. 
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b 7*. OAE, atrtd iLACF b = *CAD, v /.DAE (= * 
c «- ACF) «=CAD. Q.E.D. 

196. Theorem 9. If two triangles* Alfc, DEFy 
2>£w *#* -^arj/* A, of one* equal to one Angle D, of the 
other* and the Sides containing the equal jingles propor- 
tional* viz. AB : AC :: DE : DF, the Triangles 
are equiangular and fimilar. 


tl IV. 

F.9. 


• S 8 


1 191. 

*40. 


»94 


Let A/ be ss D/, and he z=DE 5 an<i let/* ht 
joined. Then the lA being 22 the Z.D by the 
Supppfition, the As Afe* DFE, are * equal in 
every Refpedt. By the Sappofition, AB : AC :: : 
DE : DF 5 or, which is the fame, by writing 
equals, (viz. Ae for DE, and A/forDF;) AB : 
AC :: Ae i Af. v fe is * || to BC, v L Afe'zz: 
iLAGB, and JL Aef 2= £ABC ; v the As Afe, 
ABC, are equiangular, and consequently, as the As 
Afe* DFE, have been juft fhewn to be equal in 
every Refpeft, ABC,, iJEF, are alfo equiangular ? 
and •'.• alfo ' fimilar. Q. E. D. 


197. Theorem 10; If two Triangles*- ABC, 
FL w - DEF, have their like Sides proportional, (thus* AB : 


F. 9 . 


* 191. 

* 196. 


AC :: DE : DF^ and AB : BC r: DE : FE.) 
the Triangles are fimilar to each other. 

Let A/ 22 DF, and* Ae 22 DE, and let fe be 
joined; then by the Suppofition, AB : AC :: DE 
: DF •, and by writing equals, viz. Ae for DE, 
and A/ for DF, the Analogy is, AB : AC :: A* : 
Af* •.•/<? is » || to BC, Again, by the Suppofi- 
tion, AB : BC :: DE : FE * and the As ABC, 
Aef. being b equiangular and fimilar, AB : BC :: 
Ae t fe* v by Equality of Ratios, DE : FE C :: 
A* : fe* but Ae 22 DE by the Conftru&ion, y 
writing DE for its equal Ae* we have, DE : FE :: 
DE : fe* confequently FE — /<. Hence the three 
Sides of the As Afe* DFE, have been proved to be 

refpe&vtly 


« 
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teipe&ively equal to. each other, and v the As Afe, 
DFE, are d equal in all Refpe&s •, and cohfequently, d 9S» 
as the A Afe is fimilar to the A ABC, the ADEF 
muft be fo too. Q. E. D. 

198. Theorem ii. If four Quantities are propor- 
tional^ tbty. will alfo be Proportionals . t whefl taken 
inversely 5 viz. // a : b :: c : d> then alfo 9 b : a 
:: d : c. 

For the Re&angle of the Extremes being * =: the * igj; 
Re&angk of the M£ans, ax d zz bx c * or > which 
is the .feme* b X c zz a x d> v. b : a* :: d : c. 
Q. E. D. 

199-. Th e or e m 1 2 . If four Quantifies befropog- 
tionaly they will alfo be proportional when taken alter* 
nately 9 that is* if * r b ::.c : d, then a : c :: b 
: d. 

« 

For the Re&angle of xhe Extremes being *zz Reft* 
angle of the Means, a x d zz b x c 9 or, which is * 19$ 
the- fam?, n x d zz.c }< b> v a : c * :: b : d. 
Q.E. D. 

200. Theorem 13. If four tines \ denoted by a, : 
b, c, d, are Proportionals, viz. a : b :: c :' d * 
tbtf will alfo be compoundedly proportional ; that is 9 

a+ b r b :: c-f d : d,f 

# 

Let AB = a, BC '= b, AE = r, ED = di p LI v. 
then is AG = a + b 9 and AD zz: c + d. Becaufe Fig. 10. 

' I by 

t Algebraically demonftrated thus. For tfie Prodn& of the 

Extremes, a+b X d ±* ad + bd 9 and the Product of the 

Meana, £ Xt+d=bc + id ; bat a : b :: c : d 9 by the Suppo- 
fitaon ; •.•adss'be, consequently ad-lr bd~ be + bd, or, which is 

the fame, a+6 Xd=b X c + d, and •.• by Art. 193. * + i : * 
:: c + d : d. Q, E. D. 


58 Theorems, Book IV. 

by the Suppofitibn, a : b :: c : d, that is, AB : 
•■*9«- BC :: AE : ED ; BE, CD, are • || to each other, 
and v AC : BC :: AD : DE, that is, a + b : 
b :: c + d : d t Q^ E. D. 

201. Theorem 14. If four Lines, denoted by 
t a, b, c, d, are Proportionals, viz. a : b :: c : d, 
they will alfo be Proportionals by Divi/ron, viz." a — b 
: b :: c — d : d.f 

PI. IV.. -Let AC = a, CB = b, AD = c, DE = d •, 
Fig. 11.' then, ;AB = a — £, AE = c -— d ; by the Suppo- 

"fition, a : I <:: c : d, that is, AC : CB :: AD : 
* '9'. DE, v BD, DC, are a || to each other, and v 

AB : BC :: AE : ED } that is, a — b : b :: c 
d : d. C^ E. D. 


202. Theorem 15: If four Lines, dentted by 
a,.b, c, d, are Proportionals, viz. a : b :: c : d, 
then they will alfo be Proportionals by Lonverjion, that 
is, a": a — b :: c : c — d.* 

m 

Let AC tz 0, CB — b, &c. as in the I aft Theo- 
rem ; then BC, CD, bein£ there fhewn to be |J *to 

each 

t This taay be demonftrated analytically thus. Tfce Product 


1 


of the Extremes, a — b X d=ad*—bd 9 and the Product of die 


fyfeans b X c — d = be — bd\ but ad s= be by Art. 193, confe- 

, - ■■ > 
quently ad~ T b4~bc — bd i or, which is the fame, a — b X d 


b X c—d\ \- a-~b 1 b :: c —d : d. Q^E. D. 

' Algebraically thus. The Product of the Extremes a X 


€ — d~ac — ad t and of the Means a—b X c=zac — . &•; hut 
it has been before (hewn that dd= be ; confequ^ntly ac — ad = 
ae — be; and ••.• their Equals are equal to each other, that is, 

a X e—d 5= a — b X r, or Product of the Extremes = the Pro- 
ducYof the^MeanS; and v thefe Quantities are proportional by 
Art. 193, as afferted inthe Theorem. Q^ E. D. 
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each other, we have AC,: AB':: AD : A E, that * J 9<- 
is, a : a — b :: c : c — d. Q^ E. D. 

203. Theorem 16. If four Lines, denoted by a, 
b, c, d, tfr* Proportionals, viz. a : b :: c : d, 
then it will alfe be % a + b : a — £ :: c + d : c — d. 
This is ufually cited by the Word mixtly. * 

Let AE =,.*, EC and EG each = b, AD±f, Pl.iv. 
DB and DF each = d> then AC = a + b y AG = a Fig. 12. 
— b y AB =: c + d, and AF = c — d. Since by 
the Suppofirion, a : b :: c : d, that is, AE : EC 
;: AD : DB ; and AE : EG :: AD : DF ; BC 
and GF are a || to ED, v AC : AG :: AB : a 19*. 
AF, that is, a + b : a — b :: c + d : c — d* 
Q± E. D. 

204. Scholium. What ha$ beqn, or may here- 
after be demonftratcd, concerning Lines being Pro- 
portionals, muft, it is manifeft, hold good in any 
other Magnitudes ; for Lines may be affumed, having 
the fame Ratio to each other as the Magnitudes 
themfelves ; and if the Ratios by which the Theorems 
are deduced are the fame, the Conclufions muft cer- 
tainly be fo likewife. 

205. Theorem 17. If three Lines are Propor- 
tionals* the Reftangle under the Extremes is equal to 

I 2 the 


* Analytically thus. The Produft of the Extremes a+b x 


c — d=- ac + be — ad — bd\ and the Produft of the Meant 


* — b X r + </= ac — t be + ad — W, But it is known that ad=s 
be by the Suppofition and Art. 1^3 » *.* + hc — ad in one Equa- 
tion, and — be + ad in the other, vantfh, being equal to No- 
thing; whence the Equations become a+b X c—d= ae—»bd, 
and a — b X c + d~ac — bd alfo ; confequendy a + b X c~ d 

ss a — b X c+d, that is, the Produft of the Extremes = Produdl 
•f the Means, and y the Quantities proportional, Q. E IX 


* -- 

jEJcr Theorems, Book IV. 

the Square on the Mean ; that is> if a. : b :: b ; c $ 
then axczb*. 

? 193. , For, the Rectangle of the Extremes being* 13 
the Reftangle of the Means, a x c zz b X b -, but 
the Redbangle b X ^ is a Square, v ^Xf = £% 
Q^ E. p. 

Note. This follows fo eafily from Art. 193, that 
it might have been given as a Corollary thereto, but 
was ndt at that Time thought of. 

206. Theorem 18. The Reftangles under pro- 
fortional Lines are Proportionals. Thus, ifz: b :: c 
: d, and e : f :: g : h, then we affirm that a"xe:b 
X f - c X g : d X h:* . 

f , J3# For, a X *, and b X e, being a Equimultiples of 

• 187. a and b* we have axe : b x * * - 4 : ^ * b u * : b 

:: c : d by the Suppofition, v by Equality of Ra- 

t "*5 ; tios, ax; e : bxef:: c : d. Again, fX£, <*X£, 

are Equimultiples of r, ^, v f X£ • d%g :: c : d\ 

. .v by Equality of Ratios, ax* : £ X <? :: £ X£ : 

dxg* Alfo ^X^, £x/> are Equimultiples of e y 

/, v bx e : b xf :: * : /; but e :f::g : b, by the 

§uppofition, v by Equality of Ratios, bxe '- b xf 

Once again ; ^X£, ^X A, are Equimultiples of 
£ and £, \ % dxg * dxb v. g 1 b. \* bxe : bxf 
1: dxg l dxK by Equality of Ratios. By Alter- 
nation the Analogy (above found) a^e : bx e :: 

cXg 

* This may be thus demonftrated by Algebra, viz. By the 
Suppofition, as a : £ :: c : </; and * ;/:;.,£ • £ ; hence the 
_ Product of the Extremes being * = the Product of the Means, we 

' ! 93* have*/=£r, and*J&==y£$* v by multiplying each Side of the 
firft Equation by the correspondent Term of the other Equation, 
we get aedb es bfcg 9 (becaufe equal Things multiplied by equal 
Things muft produce equal Produces,) or, which is the fame, 
at x db^bf X eg \ •.« (by Art. 193.) as ae ; bfii eg ; db r 
Q. E,Q. - 
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fXg* 4xg 9 becomes axe: cxg :: *X £ : dxg\ 
and the Analogy juft found, taken alternately, is 
bxe\ dxg :: bxf:d^b 9 v by Equality of 
Ratios, a X e : c xg :: b Xf : d X b. Q. E. D. 

207. Theorem 19. The Squares upon four pro* 
j>ortional LineS are proportional \ viz. */a : b :: c : d} 

then we affirm that a* : b z :: c* : d\ 

For, if a \b :: c : d y and a : b :: c : d 9 then by 
the laft Theorem, tfX* : bxb :: fXf : ^X^ 
Q. E. D. 

208. Theorem 20. If four Squares are Proper^ 
tionals 9 their Sides will befo too ; that is> if a* : b* :: 
c* : d% /£*» atf £$nw that a : b :: c : d. 

For let a : b :: r : *, then ^r laft Theorem, * : 
£* :: c % : e% •.• by Equality * of Ratios, c % : d % :: c* : . lg 
*% v d z *zze*. v */z:*, v by writing^ for its * ,g 3 ' 
Equal *, we have a : b :: c : d. Q. E. D. , 

-f\J-"f We may perhaps treat more fully of the 
Do6trine of Proportionals in a future EJfay 7 in a new 
and algebraic Manner ; our Intention at this Time 
being only to give fo much as is in fome Degree ne- 
ceffary for the prefent Occafion : In doing which we 
have been obliged to deviate greatly from Euclid's 
Method; and indeed, after all that has or can be 
done, to reftore the genuine Demonftrations of £«- 
clidy that Method* will be found generally too ob- 
fcure for Learners at thtir firft fetting out. And we 
hope thofe who are prejudiced to Antiquity will ex- 
cufe us in faying, that, as Mathematics are now 
improved, we cannot fee any Neceflity of adhering * 
to Euclid" % Demonftratiohs of the Dodtrine of Propor- 
tionals. And to fpeak plainly, we think many of 
the Proportions are in a Manner ufelefs to an Alge- 
braift, as many Theorems which are with Difficulty 

detnonftrated 


6z Theorems \ Book IV. 

demon ftrated by them, may be eafity inveftigated by 
the analytic Arc. 

Notwithstanding what Truth has obliged us to 
remark, we may venture to affirm, that w$ hold 
Euclid in the higheft Veneration, and, if we are not 
miftakenr, more juftiy than thofc who are fo much 
bigotted to him, as to condemn any* Author, who 
fhail dare to deviate from him in the leaft Article. 
The Cenfures of fuch will therefore give us no Con- 
cern. 

209. Theorem 21. If in a right-angled Triangle 
PI. IV. ABC, right-angled at A, a Perpendicular AD be let 
F. 13* fall from the right Angle* to the oppofue Side BC 5 

the Triangles on each Side of it fhall be fimilar to the 

whole Triangle* and to one another. 

For the A ADC being right-angled at D, the L. 
• 83. CAD is a = a Rt. z. — Z.C, and the A ABC being 

Rt. z.d at A, the Z.B = a Rt. z. — zX •, v z. 
h 45* CAD k zz Z.B; and Z.C being common to both 

As, and.iis ADC, BAC, Rt. Z.s, the As ABC, 
c ! 94. ADC, are equiangular, and v c fimilar. In the 

fame Manner it. may -be (hewn, that the As BAD? 

ABC, are fimilar •, and the As ADC, ABD, being 

each fimilar to the A ABC, they mult conlequencly 

be fimilar to each other. Q^ E. D. 

2io. Corollary i. Hence theft Analogies. 

1. AB : BC :: AD : AC 

2. BD : DA :: DA : DC. m 

3. BC : AB :: A : BD. 

4. BC : AC :: AC : DC. 

211. Corollary 2. If from any Print A, in 
the Circumference of a Circle^ the Perpendicular AD is 

let 

* Tbis is all we mean when we fay AD h a geometric mean 
Proportional betwecp BD and DC. 
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ki fail on the Diameter BC, and the Chords AH, AC, 
drawn from the Point A to the Extremities of the Di- 
ameter BC..; as the Angle in a Semicircle is a * right L:^ * t j* 
it plainly follows, that the Reftangle of the two Chords 
is equal to the &e8angle under the whole Diameter and t} 
that Perpendicular •, alfo that the ReS angle under' the . 
two Segments of the Bafe is equal to the Square of the 
Perpendicular ; and lafify, that the Square of either . 
Chord is equal to the Reftangle under the whole Dia- . 
meter and adjacent Segment * , ■* 

For in four proportional Quantities, the Red- 
angle of the Extremes being a ±z che Reftangle of » : ^ 
the Means, from the Analogies in. Art. 210 we 
have, 1 . 

■ • 

1. ABx AC =BCx AD. 

2. BD x DC = DA*. 

3. BC x BD = AB\ 

4. BCxDE= AC*. 

212. Theorem 22. If two Lines cut one another 
within a Circle, ($sin PL IV. Fig. 14.), the Re3- 
angle of the Segments of one of them is equal to the 
RcBangle of the Segments of the other, viz. AE x EC 
zz BE X ED. And if two Lines cutting a Circle, 
being produced, interfeft each other without the Circle, 
(as in PL IV. Fig. 15.) then alfo will AE % EC = 
BE x ED. 

For let BC, AD, be joined-, then the z.sC, 
and D, Handing on the fame Arc AB are a equal to *• »4& 

each 

* Ftom hence may be defaced a very eafy Demonftiation of 
the celebrated Proportion generally cited by 47 Suclid't \ft Back, 
*/'». our 115th Article.' For, by this, BD X BC a AB*, and 
DC x BC = AC*; •:• BD. X BC + DC X BC (bv the 46 Art.) 

=- AB* + AC* ; or, which is the fame, ED + DC X BC = AB* 
+ AC* ; that is, (BC x BC, or) BC* = AB* + AC*. 
CLE.!*; 
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b 6 9- .each other; and the Z.BEC k rz Z.AED, the &s 
-BEC, AED, have two Z,s of one refpe&ively =: 

e 8o# .two 2.8 of the other, and v the thicd L A c z= the 
'third z_B; confequently, the As are equiangular, 

* , 94 . and- wfimilar. Hence, AE : ED :: BE : EG •, v 

* i 93 . AE x EC* =: BEx ED; 

PI. IV. 2I 3* Theorem 23. If from any Point C, ««/$• 
Fig. 16*. *«' & Circle * two Lines CA, CB, ar* Jr*wi in fucb • 

Manner, that CB touches the Circle, and CA «tfj 1/ * 

/£*» wi'ZJCA X CD = BC\ 

* fji; #or let BD, BA be joined ; then the Z.DBG * = 

A, and the Z.C common to both As, v the As 
DBC, CBA, have two Z.s in one := two ZLs in jthe 
other, v the remaining Z.BDC in one Z2 the re- 
maining Z.CBA in the other, *.• the As are equi- 

* 194 angular, and consequently b firmlar, v AC : CB :: 

* 193- CB : CD ; ••• AC x CD C = CB x CB. Q. E. D. 

p ^ 214. Theorem 24. In equal Circles, Angles* 
f ' ' whether at the Centers or Circumferences, have the 

fame Ratio with the Circumferences on which they ft and. 

fthus, let G and H be the Centers- of the two Circles ; 

then we affirm, ihat, as the Circumference BC : the 

Circumference EF, :: the L. BGC : i± EHF and :: 

Z_ BAC ;'z. EDF. 

For if we take any Number of % Circumferences, 
CK, KL, each = BC ; ai)d any Number what- 
ever FM, MN, each = EF •, and join GK, GL, 
HM, HN; then/becaufe the Circumferences BC,> 
CK, KL, are all equal, the Ls BGC, CGK, KGL, 
will be zz each other, (for *tis rtianifeft they would 
exa&ly cover each other ;) v whatever Multiple the 
Circumference BL is of the Circumference BC, the 
vfame Multiple is the Z.BGL of the Z^BGC. And 
by the £|tme Method of Reafoning the Circumference 
EN is the fame Multiple of the Circumference EF> 
as the L EHN is of the z. EHP. Aad if the Circum- 
ference 
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fefence JJL be zr the Circumference EN, the z. 
BGL will be = Z.EHN, (as they would exactly 
cover each other -,) and if the Circumference BL be 
FEN, the Z.BGL will be r Z.EHN, and if BL 
be A £N, the c BGL A z. EHN. Here, then, 
are four Magnitudes, viz. the two Circumferences 
BC, EF, and the two as BGC, EHF ,~ and of 
the Circumference BC, and of the Z.BGC, have 
been taken any Multiples whatever, viz. the Cir- 
cumference BL, and Z.BGL ; and of the Circum- 
ference EF, and L. EHF, atny Equimultiples what- 
ever, viz* the Circumference EN, and Z.EHN; 
and it . has been proved, that if the Circumference 
BL be either I*, =, or A the Circumferente EN, 
the Z.BGL will be refpeftively r, rz, or A the l. 
EHN 5 v the Circumference BC : Circumference 
EF* :: Z.BGC : Z.EHF. Q. E. D. - # *& 

As to the as BAC, EDF, at the Circumfe* 
fences, they are the b Halves of the £s at the Cen- b 145. 
ters BGQ EHF y v as the Wholes have been 
fhewn above to be in Proportion to the Circumfe- 
rences BC, EF, their Halves muft be fo too. 

215. CoROLtAur t. 7he ZBGC in the Center . z 
4Rt. As :: the Circumference or Arc BC on which it 
ftands : the whole Circumference of the Circle. 

2i6. Corollary 2, Hetice the Circumferences pi. iV. 
EML, BC, of unequal Circles^ which fubtend equal F. 18. 
jingles at the Centers^ as Ls DAE, BAC, are Jimi- 
lar ; viz. as Arc DE : the whole Circumference of the 
Circle DEF :: BC : the Circumference of the Circle 
BCG. And if they arejimilar> they will fubtend equal 
^Angles. 

For 1 ft. aDAE : 4 Rt. Zs ■ :: DE : the Cir- . 2l £. 
cumference of the whole Circle DEF ; and ( A BAC, 
or, which is the fame,) jl DAE : 4 Rt. /Ls :: 
Arch BC : the Circumference of the wholfc Circle 

K BCG. 
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BCG, v by Equality of Ratios, Arc DE : Cir- 
cumference of the Circle DEF :: Arc BC : Cir- 
. cumference of the Circle BCG. Q. E. D. 

• 215. Secondly. As jl DAE : 4 Rt. As*:: the Arc 
DE : the Circumference DEF j and JL BAC : 
4 Rt. jl s :: Arc BC : the Circumference of Circle 
BCG ; but, by the Supposition, the Arc DE : the 
whole Circumference of the Circle DEF :: BC. 
: the whole Circumference of the Circle BCG ; v by 
Equality of Ratios, jl DAE : 4Rt* Z.s :: Z.BAC 
: 4 Rt. z_s ; v Z.DAE b = z. BAC. Q. E. D. 


* 181. 


217. Scholium. Mathematicians, for the more 
eafy comparing the Proportion which Angles bear 
to each other, fuppofe the Circumference or Peri* 
phery of every Circle to be divided into 360 equal 
Parts, which they call Degrees, (fo that 180 De- 
grees are a Semicircle, or 2 Rt. z.s, and 90 De- 
grees a Quadrant, or Rt jl ;) each Degree is fup- 
pofed to be divided into 60 equal Parts, called Mi- 
nutes, and each Minute into 60 equal Parts, called 
Seconds, &c. Hence it is plain, that in une- 
qual Circles, as well as in equal, equal Angles are 
fubtended by an equal Number of Degrees. For, as a 
Degree is -y-^ Part of the Circumference of any 
Circle, the Length of a Degree will increafe, or de- 
creafe, in the fanje Proportion as the Circumferences 
of the Circles ; and fo the Arch, reprefenting any 
Number of Degrees in one Circle, will be to the 
whole Circumference, as the Arch reprefenting the 
fame Number of Degrees in any other Circle, to the 
whole Circumference of that other Circle, and v 
will, by the laft Corollary, fubtend equal £s. 
Hence appears the Reafon of the Method of de- 
noting an jl by faying it contains fo many Degrees. 
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0/ PHOBLEMS. 

218. TT will now be convenient for the Learner 
J[ to procure a Cafe of Pocket Iriftruments, 
for his more eafy' performing the following Prob- 
lems. 

The Cafe we would recommend ought at Ieaft to 
contain 2 Pairs of Compafles, a Drawing-Pen and 
Point, a Pencil and Point, Parallel- Ruler, Ivory 
Plotting-Scale, Ivory Seftpr, and Brafs Protra&or. 
To thefe may alfo be added, a Pricking or Dotting- 
Wheel- Point, a Protra<5ting-Pin, a Pair of Bows, 
Tracing-Point, Feeder, &c. 

219. Compafles are fo well known to every one," 
that it would be loft Labour to defcribe them 3 how- 
ever, it may be of Ufe to fome Perfons to hint* 
that one of the Compafles hath one Leg to take out, 
that in its Stead may be occafionalty ufed, the 
Drawing-Pen-Point, a Pencil-Point* and Dotting- 

Wheel-Point. ■ In choofing Compafles take 

Notice, that in opening and fhutting, the Legs 
move not by Starts, but that the Motion in the 
Joint be * eafy and regular ; and that the Points are 
of an equal Length, &c. For leflening the irregu- 
lar Friftion, (if any,) the Head of the Compafles 
may be warmed, and a little [! yellow Wax melted 
and poured between the Joints. 

K 2 The 

• And for this End let Part of the Joint be Steel, for Brafs 
and Steel -will wear more equable than either fingly. 
Alfo let the Pin or Axle of the Joint be a Sted Screw, by 
Means of which yon can make your Compafles to more in ijut 
Joint ftiffer or eaficr at Pleafure. r .. 

(I Or, if the Wax is too ftiff of itfelf, a little W« and Oil 
mixed together. 
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The Solder for cementing the Steel Points to the 
Brafs, is generally made with twice as much Silver 
as Copper \ which muft be melted in a Crucible, 
and, when cold, hammered to about the Thicknefs 
of a Card. Solder is alfo frequently made by melt- 
ing 3 Parts of Copper with one of Zink. 

In Order to make the Solder run the better between 
the Parts to be foldered, Borax, bruifed very fine, 
is laid on the Parts to be cemented, and melted to- 
gether with the Solder. 

To one Point of the fmaller Compafles is fometimes 
j&xcd in the Shank, a Spring, which, by Help of 
a Screw, when you have opened thq C6mpafs nearly 
to the required Diftance, moves it very regularly 
and gradually, without any ftarting to the Point in- 
tended, for the more accurately taking off any re r 
quired Diftance. Thus, holding the Compafles in 
the left Hand, (with the Screw turned towards the 
right,) if with the other you turn the Screw back- 
ward, the Spring Point will approach nearer to the 
other Point j but if you turn the Screw forward, 
the Spring Point will be farther diftant from the 
<5ther : However, after the Learner has been^fome 
Time ufed to a Pair of Compafles* he will npf (land 
|h tinuch Need qT this Contrivance* 

The leffer Compafles are ufed in transferring the 
Me&fures of Diftances from one Place to another, 

or in defcribing Circles, or Parts of Circles. 

The larger Compafles &re chiefly intended for de- 
scribing Circles, or Parts of Circles, either obfcpre- 
jfy by the Steel Point, in Ink by the Drawing- Pen- 
Point, in Lead by the Pencil Point, or dotted 
|>y jhe Potting- Wheel- Point ; for either of thefe, 
as before obferved, may be fixed in the Shank of 
jhe. Compos*. The Dotting-IVbed-Pqint is got 
^bfolutely necefiary, for dotted Lines are .better 
rnade by the Drawing Fen or Point, (though fome- 
thing flower,) for it fe but feldom the Dotting- 
^heel-Paint is fo well made as to perforni accurately. 
'■ * ' ' ' •• ?: A% 
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As almoft every Learner, at his firft Beginning, 
handles a Pair of Compafles very aukwardly, it 
jnay be proper to caution him by all means to en* 
deavour , to make Ufe of them with the right 
Hand only, never ufing the left, unlefs in a Cafe of 
Neceffity, which after fome Pradtice he will -fetdflm 
have Oecafion for.—— In ufing the Compafles be al- 
ways careful to keep them nearly upright. 

The Bow is a fmall Kind of Compafles, one of 
whofe Legs is as common, the other is a Drawing 
Pen Point : Its Ufe is to defcribe Arcs or Circles of 
fliort R^dii, which could not be fo readily and ac- 
curately done by the large Compafles and Drawing- 
Pen-Point. 

The Drawing Pen Point and Pencil Point (or 
Crayon Point, as it is frequently called,), in the beft 
Cafes have generally a Socket fitted to them, that 
they may fill up but one of the Holes or Partitions 
of the Cafe. Thefe Points, $nd alfo the Dotting- 
Wheel-Point, have a Joint in them juft under that 
Part which locks into the Shank of the Compafles, 
that the Part below the Joint may ftajid perpendi- 
cular, or nearly fo, to the Paper, or Plane, on 
which the Arc is to be defcribed 5 otherwise it will 
notbefmooth. 

Of the larger Compafles, thofe are cfteemed the 
beft, whofe moveable Points are locked in by a 
Spring and Catch fixed in the Shank ; for if this 
Spring be well effe&ed, the Point is thereby kept 
firm and fteady •, the contrary of which frequently 
happens when the Point is kept in by a Screw in the 
Shank. 

If, inftead of the larger Compafles being made 
with fhifting Points, there were two Pairs put into 
the Cafe, to one of which the Ink Point was fixed, 
and to the other the Pencil Paint, this, as Mr. Ro~> 
pertfon juftly * obferves, would fave~ the TrouWe 

of 
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df changing ,the Points in the Compafs at every 
Time they were ufed, and the additional Expence, 
or Bulk of the Cafe, would be very little. 
. The Black-lead Pencil is of great Ufe to defcribe 
thefirft Sketch of a drawing before it is marked with 
Ink 5 becaufe any falfe or fuperfluous Lines may be 
rubbed out with a Piece of ftale Bread. 

Black-Lead is produced in many Countries ; but 
the beft yet difcovered is found in the North of 
England % it is dug out of the Ground in Lumps, 
and fawed into Scantlings proper for Ufe. If it 
will not bear paring to a Point with a fliarp Pen- 
knife, it is not fit for drawing on Paper. There are 
three Sorts of Black-lead •, the fofteft is proper for 
taking rough Sketches, the middling for drawing of 
Landfcapes and Ornaments, and the hard for draw- 
ing mathematical Figures. 

The Feeder is a thin flat Piece of Brafs, or Silver, 
commonly fixed to a Cap that is put on the Pencil : 
Its Ufe is either to put Ink between the Blades of 
the Drawing Pen, or to pafs it between the Points 
when the Ink by drying does not flow freely. 
♦ Th*; Drawing-pen is ufed only for drawing right 
Lines : It confifts of two Blades with Steel Points, 
fixed to a Handle ; the IJlades being a little bent, 
by Means of a Screw, caufe the Steel Points to ap- 
proach as near together as you pleafe, fo that a Line 
may be drawn ftronger or finer at Pleafure. When 
you ufe this Inftrument put the Ink between the 
Blades, either with a common Pen or the Feeder, 
and by moving the Screw bring the Points to a pro- 
per Diftance ; then hold the Pen a little inclined, 
but take Care that both Points touch the Paper, by 
which Means you may draw a rteat Line equally 
broad in all Parts ; which is not eafily done by a 
common Pen. « v ■ ■ Before you put the Pen into 
the Cafe after ufing, it will be neceffary to clean .the 
Points from the Ink, otherwife they will be inclined 
to ruft, &c. If one of the Blades is made to move 

QJft 
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on a Joint, as the Bow generally is, they would be 
more eafily cleaned. 

The Protrafting-pin is a fmall Piece of (harp 
Steel much refembling the Point of a Needle, fixed 
into the lower End of the Top Part of the Handle 
of the Drawing-pin \ it fcrews for Prefervation into 
the lower Part of the Handle : Its Ufe is to fct off 
Angles from the Protradtor, (as will be fhewn here^ 
after,) and to mark off the Interfe&ion of Lines, 
that the Places of eroding may be the better feea* 

220. We think it needlcfs to defcribe the Tracing 
Point in this Place, as it will come in more properly 
in another ; and the Conftru&ion of the other 

♦ Inftruments will be fhewn, as they occasionally be- 
come neceflary or ufeful. We fhall therefore, in 
this Place, only obferve, that as a Ruler mult be 
very ftrait to draw right Lines with, it may be ex- 
amined by drawing a right Line with it, and then 
turning the Ruler about End for End, apply the 
fame Side to the Line, and* if the Ruler exaftly 
coincides with the Line, the Ruler is ftrait, but if 
not, you will fee where the Fault is. A good Eye 
will alio difcover whether a Ruler is ftrait by only 
looking over the lidge of it. 

221. Problem r. TodratS) a Line from a given 

Point C, equal to a given Ltne AB. • . .!• 

Take a Pair of Compafles, and placing one Point 
in A, open the other Point to B j then will the Dif- 
tance between the Points of the Compafles Legs be 
= the given Line AB 5 v fctting one Leg in the* 
Point C, with the other make another Point D, and 
by placing the Edge of a Ruler to touch the Points 
C, D, draw the right Line CD, and it is manifeft 
the Thing is done 5 viz. CD=AB. 

222. Problem 2. From a greater Line* AB, to 

cut iff a Part equal to a Mer Line C. Fl & *' 

This 
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This may be eafily, done by opening the Cofnpafle* 
equal to the Length of the Line C, (as fhewn in 
the i ft Problem,) and laying that Diftance from A 
to D on the Line AB> fo is AD zi the Line C, 
Which was to be done. 

Fig. 3. 2Z 3' Problem 3. 'About a giveH A Bgint) A, ta 
defcribea Circle wbofe Radius Jhall be equal to a given 
LineB. 

— • * 

Open the Compaffes — the Line B ;' Sien refting 
the Point of 6ne Leg in A, carry the other about 
from where it falls, as C, till it aYrives again at 
that Point, and it is manifeft the required Circte 
will be defcribed by the moving Points 

N. B. In defcribing i)f Circles bfe careful not to 
prefs the Paper, either $Ahe Cerifltf; % cfr* under th'e 
moveable Point, with more than juff the Weight of 
the Compafles, to avoid making great Hokte or 
Blots, which frequently happen to young Perfons 
at their firft beginning to praftice. 

224. Problem 4. To make a Triangle wbofe 
,e ** - Sides Jhall be reJpeStively equal tv three given Lines. 

Let the three given Lines be A, B, C 5 take DE 

* 221. • rz C, then about D, as a Center, with a Radius = 

* 2Z 3- B ; defcribe Part of » a Circle, viz. Arc ab, and 

take DE = C, and about E, with a Radius = A, 
dejcribe Part of the Circumference of a Circle, viz. 
the Arc dc\ then from the Point of their Interfeftiorv 
draw the Lines FD, FE , and the A DFE will be 
that required •, for by the Conftru&ion, DE =s C, 
DF=B, EF- A. 

Note. A + B muft be t C, otherwife the Arcs 
will not interfeft, and fo the Problem would be im- 
poffible. 

225.- 
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225. Problem 5. 7 bifeft a give* Angle BAC, PL V- 
that is , to divide it into two equal jingles. *• S- 

Construction. .With any Radius At), fwecp 
the Arc DE ; then with any Radius r 4- the Dis- 
tance' of the two Points D, E, about the Points D 
and E, as 1 Centers, fweep the Arcs cd 9 ah, and 
from the Point of Interferon F, draw the Line 
AF, and it is done 5 viz. the ^FAC = Z.FAB*. , 

Demonstration. At) being z= AE, and DF 
zz EF, by the Conftru&ion, and AF common to 
both As DAF, EAF, the As are themfelves "equal * 9S# ' 
in all Refpefts * •.• 2LDAF = Z.EAF. Q^E. D. 

226. Problem 6. To bifeft a given finite Line PL V* 
AB, that is, to divide it into two equal Parts* F - *• 

Construction. About the Points A and B, as 
Centers, with any Radius r \ AB, defcribe Parts of 
Circles* viz* the Arcs ab> cd* and join the Points of 
Interfr&ion E, F y and the Line EF will cut the 
Line AB in G* the Point which was required. 

Demonstration* For by the Conftruftion, 
AE = AF = BE =1 BF, and EF common ; •> 
the As EAF, EBF, have 3 Sides of one refpedtive- 
ly = 3 Sides of the other y and v the A s are them- 
felves ■ equal in all Refpefts, and v z. AEG zz L • 9$ 
BEG. Hence the As AEG, BEG, have two 
Sides AE, EG, of one rz two Sides BE, EG, of 
the other, and the contained jl AEG of one = the 
contained aBEG of the other, v the Bafe AG *=- * 5* 
theBafeBG. Q. E, D. 

* j - * ** 

227. CoROtLARY. This Problem ferves alfo to 
raije a Perpendicular on the Middle of a Line. 

• m m 

For 
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For we have, juft lhewn that the Point G is in 
the Middle of the Line, vizi AG = BG ; alfo AE 
r= BE, and EG .common ; •.• the As AEG, EBG, 

» 95. are • equal in all Refpedts, and ••• ^AGE = z. 

e '4- BGE; v EG e Xto AB. Q^E. D. 

PI. V. 228. Problem 7. To draw a Perpendicular to a 
F « 7- given Line AB, from any Point C in that Line. 

Construction. From the Point C fet off any 
Diftance towards A, as CD \ and from the fame 
s Point the fame Diftance CE towards B. Then with 
any Extent of the Compafles X CD, putting one 
Leg in D, with the other fweep the Arc ab, and 
with the fame Extent of the Compaffes, placing one 
Leg in E, with the other fweep the Arc cd\ thert 
' from the Point of Interferon F, draw the Line FC, 
and it is the -L which was required. 

. * 

Demonstration. CD being zz CE, and DF 
r= EF, by the Conftruftibn, and FC common, the 
As DCF, ECF, have 3 Sides of one refpedively = 
the three Sides of the other •, and v the As them- 
felves are equal in all RefpeAs, and confequently the 
A DCF = Z.ECF. Q^E. D. 

Pi. V. 229. Problem 8. To draw a Perpendicular to a 

F. 8. given Line AB f of an unlimited Lengthy from a given 

Point C, without it. Or, in other Words *, to let fail 

a Perpendicular from a Point above to a Line be~ 

math. 

Construction. With any Radius of a fuffi- 
cient Length to interfedl the Line AB, with one 
Leg of the Compafles in C, with the other fweep 
the Arc DE -, then with any Extent of the Compafles 
r i DE, one Leg refting in D, with the other 
fweep the Arc ab j in like Manner, putting one Leg 
in E, with the other ftteep the Arc cd> then from 

the 
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the Point of Interferon, F, draw a Line to C, and 
it will be the-L. Q^ E. I. 

Demonstration. For -DC being zz CE, and 
DF zz EF, by the Conftruition, and CF common, 
the As DCF, ECF, have 3 Sides of one refpe&ively 
zz 3 Sides of the other, and ••• they are*— eacn 
Other in all Refpefts : Confequently the z. DCG zz 
z. ECG. Now DC being zz EC, GC common, 
and the contained Z.DCG = the contained Z.ECG, 
as hath been juft (hewn, the As DGC, EGC, 
are b i each other in all Refpe&s ; and confequently b -3 
the Z.DGC = z_EGC. Q. E. D. 

Otherwife thus. 

Construction. Join A, C, and *bife& the Lire » % ^ 
AC in E ; then with the Radius EA, or EC, fweep fi. v! 
the Semicircle CDA, and where it interfefts the Line Fig, 9. 
AB in D, draw the Line CD, and it will be that re- 
quired. 

Demonstration. For the z. ADC in a Semi- 
circle is a * Rt. z. . Q^ E. D. * , 9% 

230. Problem 9. At a given Point A, btagiv- pi. V. 
en Line AB, to make an Angle equal to a given Angle FJ g» >«• 
EDF. 

Construction. About the Points A and D* 
with any Radius, defcribe the Arcs ab> cd> then 
take wirh the Compafles the Diftance between the two 
Points, dj r, which fet off from b to <*, on the Arc 
ab, and thro 9 the Point a draw the Line AC > then 
i$the'z.BAC= Z.EDF. 

• • • A 

Demonstration. For let the Points 4> r, and 
b y a> be joined ; then by the Conftrudion the 3 $ides 
of the A bAa are refpeftively = the 3 Sides of the A 

L 2 dDc, 
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dDe, and v the As themfelves are equal in all Ref- 
pefts ; confequently the jlA = jlD. Q^E. D. 

231, Problem 10. * To conftruSl and Jhew the 
life of a Protraffor, that is, a Semicircle divided into 
' Degrees y forfeiting off or meafuring Angles. 

ft; V. .Construction. Let ADB be a femicircular 

Fig. ii. Piece of Brafs. Now to divide the Circumference 

ADB into 180 equal Parts* called Degrees, we pro- 

• 228. ceed thus. On the Center C J. AB draw * CD, fo 

will the Z. ACD or BCD be a Rt. z_, or .the Arc 
AD = 90 d. ~ BD. Then take the Radius AC in 
the Compaffes, and fet it from A to E, and from B 
to F, then is AE, EF, FB each rs 60 Degrees ; 
and fetting the fame Diftance from P to G, and from 
D to H» the Arcs DG, E)H, are each = 60 d. and 
fo AG, GE, ED, DF, FH, HB, each = 30 De- 
grees. Hence, by dividing each of thefe Arcs into 
3 equal Parts, (by a Trial or two, or by Art. 241.) 
the Circumference will be divided into every 10 De- 
grees ; which by taking the Halves will be divided 
into every 5 Degrees, and by a Trial or two the gt)} 
Part of thefe laft Divifions may be taken, and fo the 
Semicircle divided into every fingle Pegree, as re- 
presented in the Figure. 

•\ 

Demonstration. The only Thing requiring . 
a Demonstration in this Conftru&ion is, that the Ra- 
dius is -jz; the Chord of 60 Degrees ; or, that the 
Compaffes. being opened zz the Radius, one Leg 
refting inr.the Point A, the other will fall on the Cir- 
cumference in E, the Point of 69 Degrees. ' For 
fuppofe A, E> joined, then by the Conftruftion, 
a 60. the A ACE would be equilateral, and v * equi- 

* Se. an gular; \* the jl ACE = b 4 of 2 Rt. z.s, that 

is, I Qf l8o Degrees =: 6p Degrees. (^ E. D. N 

2.32. 
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•" " r . 

232. The \jt Ufe of the Protractor is, to make 
an Angle equal to any Number of Degrees. 

For Example, at the Point C, on the Line IC» to 
make an jl =60 Degrees. Lay the Diameter AB on 
the Line IC, fo that the Center of the Protrador may 
be at the angular Point C ; then againft 60 Degrees* 
(viz. the Point E,) make a * Dot, and, taking tiff 
the Protra&or', draw the Line CK, to pafs thro* 
the Point E, and the z, KCI will be that re- 
quired. . 

233. Secondly. To meafure an Angle. 

This is only the Reverfe of the laft Article, and 
is done by laying the Prctra&or as there directed, 
and it will be feen by Infpe&ion what Number of 
Degrees is cut by the Line KC. ■■ All this is very 
plain, 

234. Problem ii. To eonjlrultandjbew theVfe h. V. 
of a Line of Chords. Pig. it. 

Definition. A Line of Chords is only the Chords 
taken from a Quarter of a Circle aad fet off on a 
Rt. Line. 

Hence this Construction. Set one Point of 
the Compafies in the Point A, Fig* it, and open 
the other Leg to any Number of Degrees, for Ex- 
ample Sake, to G, 30 Degrees ; then that Diftance 
laid from a towards c, on the Line ac, Fig. 12. will 
give the Point b for 30 Degrees. After thfc fame 

Manner 


* For this there is in the Drawing Pen a Point Iflce a Pin, cal- 
led a Protracting Pin. Another Kind of Protractor is made by 
transferring the Degrees from the Arch to the Sides of a Scale, 
or Ruler, as is intended to be fully defcribed in another EJay. * 
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• Manner the other Degrees as far as 90 are laid o» 
the Line- ac> which then is- Called a Line of Chords. 
This is too -manifeft to need a Dcmonftration. 

2 35- Vb e ' &f e °f a Une of Chords is very eafy. 
For i ftv To make an Angle equal to axy Number 0/ 
. Degrees, the Chord of 60 Degrees being db the Ra* 
dius, as demonftrated in thelafl: Problem, with that 
Extent, (commonly called a Sweep of 60) .defcribc 
an Arc of a Circle of a. fufficient . Length ; thea 
take off from the Scale (Fig. i2.) the Chord of the 
Number of the Degrees the z. is to contain, and 
fet off that Diftance on the Arc ; then draw a Line 
from the angular Point, as in Art. z$z 9 * &c. To 
me a fur e an Angle being only the Reverfe of this, we 
fiiall omit particular Directions afc unnetfejBarjr* 

Note. If the JL is more than 90 Degrees, firft fet 
t>ff:the Chord, of 90 Degrees. qn th$ Arc, *nd from 
^he Point where -that falls, fet off. the Chord, of thr 
llxcefs of the z. above 90 Degrees. 

7kV.] " 236,, P*o$j*em 12. 7o draw aLmfbrcugJ?* 
Fig. *3- given Point A, parallel to a given Line BC 

i' Construction, &c. Take ^piy Pqinf D in the 
jLine J$C 9 ar)(J join the.Poipt^s A, D* thej) make 
* z-o. the z. EAD a = z. ADC, and the Line EF will be 
73- * U toBC. Q^E. L & Q. E D, 




Pi. V. 23:7. Problem 15. .At any ghfn Difonce /f 
*• **• draw a Line parallel to another given Line AIJ. . . 

Construction. In the Line AB t*k;e any 
• ***• Point C, and eredt CE, * J- to AB * then, on it fe£ 
pjBF the given Di (lance from C to G, and make the 
V 5 ? ^- KGC b = Z.BCG, then will the Line IK be c iJ 
4 to AB. Q;, E. I. & Q. E. E>. , 
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238. Scholium. This and the Jaft Problem may 
be performed fomething more expeditioufly, though 
not ftriftly geometrical, by the following Methods. 

Problem t zth may be thus conJtraSed. PI. V, 

Setting one Leg of the Compares in the Point A, 
©pen the other fo* as* being turned about, it may 
touch, but not cut the Line BD (as repcoiented by 
the Arc ab\) then take any Point C in the LineBD, 
and placing one Point of the Compares -in it, with 
the lame Extent of the Compafles, with the other 
Leg defcribe the Arc cd\ then lay a Ruler fo as t& 
touch the Arc cd and the Point A, and draw the Line 
£ A ; which will be that required. 

The 13th Problem may be thus confiruEUJL 

Wkh a Radius rz the given Diftance, one Leg of pi. V. 
the Compafles being in C, (a Point taken any where Fjg,ifc. 
in the Line AB,) with the other defcribe the Arc ab: ' 

Again, take another Point D in the Line AB, and 
and putting one Leg of the Compafles in it, with the 
other Leg and the fame Radius defcribe the Arc cd ; 
then applying a Ruler to touch thefe two Arcs* 
draw the Line EF for that required Thefe two Me- 
thods of drawing parallel Lines are grounded on the # 
* Theorem That parallel Lines are every where equi- 9 - 
diftant. 

239. Problem 14. To conftruff a parallel Ruler 
for the more ready drawing parallel Lines. 

Construction, Let AB, CD, be two Rulers, p . v 
very ftraight, and every where of an equal Breadth, F j' ' 
joined together by two Brafs or Silver Pieces, EG, 
FH, of equal Length, moveable about the Pins E, 
¥> G, YL Note, the Diftance between' the Pins 

- EP 


80 Problem Book V. 

EF mud be = the Diftance between the Points, G f 
H \ then will the Figure reprefenc a parallel Ruler. 

Demonstration. , For whatever Diftance we 
open the Rulers AB, CD, to, they will always be 

1 1 to each other. For, EG being = FG, and EF* 
= GH, by the Conftru&ion, and EH common, the 

As EGH, EFH, have 3 Sides of one rcfpedtively 
= the 3 Sides of the other, and v the As are equal 

* 95* in * all Refpeds ; confequently the z. GHE = A 
fc 73. F£H> and v AB fc || to CD. Q^E. D. 

240. Figure 18th reprefeats another Method of 
making a parallel Ruler. The Brafs Pieces EH, 
GF, are of equal Length, joined together exaftly 
in the Middle by a Fin I, about which they are 
moveable, in the fame Manner as a Pair of Sciffars* 
The Points F and H are moveable about the Pins F, 
H ; and the Ends, E and G, move in Slits made in 
the Ends* A and C, of the Rulers. v 

- • • 

Demonstration. That the Rulers, AB, CD, 
bqing opened to any Diftance, will always be |f t<x 
each other, will appeal* by confidering that FI, HI f 
EI, GI, are is each other, by the Conftrii&ion* 
and the Z.EIF a = aGIH, arid v the AsEIF, G1H, 
t c g* are *> equal in all Refpedts ; and confequently the L 

* 7 3 ; FEI = Z.IHG, and v the Rulers AB* CD c || to 

each other. Q^ E, D. 

Scholium. Tbe Manner of UJtng a parallel ituler^ 
when a Line is to be drawn parallel te> a given 
Line, at a Diftance not exceeding that to which the 
Ruler will open, feems too evident to need any De- 
fcription: But when the given Point thro* which 
the parallel Line is to be drawn, is at a greater Dit 
tance from the given Line than the Ruler can be 
opened, in fuch Cafe it may be convenient to hint, 
that having placed . the Edge of one of the Rulers* 
duppofe CD 4 on the given Line, and opened the 

Ruler 
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i&ulet a$ much as may be towards the given' Point, 
keep the Ruler AB, whidi is neareft that, Point, firm 
in its Pofttion, and then bring the other Leg CD 
clofe to it ; where ftopping rt* move forward the \ 
Ruler AB, and thus proceed, alternately moving 
each Ruler carefully, (fo as to continue always paral- 
lel to each other,) until the Ruler AB touches, the 
given Point ; Vsrhen the required Line may be drawn 
by the Edge of that Ruler. 

"241. Problem 15. To trifeft an Angle ACB, Pl.^: 
that is 9 to make an Angle equal to one third of a given *•. *& 
Angle. 

■ 

V 

Construction.' About C, as a Center, witli 
any Radius defcribe the Semicircle E>EH, and pro- 
duce BH at Pleafure. Then prick a fine Pin in the. 
Point E, and on the Edge of a Ruler GI fet off GF 
si the Radius of the Semicircle ; then move the 
Rirler fo that the End G may always be in the Line 
BH produced, and the Edge of the Ruler alfo' 
touch the Pin E ; and obferve when the Point F on 1 
the Edge of the Ruler touches the Circumference of 
the Semicircle ; then flop the Ruler in that Petition,* 
and draw the right Line GE \ then will the Z.FCH 
be 4- of the £rfc.CI>, or, which is the fame, the Arc 
HF = 4. of the Arc DE. Q. E. I. 

Note. This Problem is impoffible to be conftruc- 
ted by a* Method ftriftly geometrical, either by right 
Lines, or Circles ; : which is our Reafon for giving; 
the above mechanical Method. 

Demonstration; Let the Number of Degrees' 
Contained by the L FGC be denoted by a ; then, 
FG being ±= FC by the Conftruftion, the z. FCG = ., , v 
ZFGC = a Degrees ; v L FCG + iiFGC = a + • ^ 
a— 2a. But the z. EFC being the external L of 
the AGFC is b — the two internal and oppofite A*s, * ffi 
•'••• = 2a ; but FC = EC by the Conftru&ion, v 
the A FCE is Ifofceles, and v £ EFC • = L FEC 
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* 78. == ia by t^e above. Now the Z.FCE e = *i8o°. 

minus the Sum of the two z. s EFC, and FEC, that 

is, =: 180 — 4*. But the Arcs HF, FE, are the 

, Meafures of the as GCF, and FCE, refpe&ively - 9 

• v the Arc HE=PE + Arc HF = 180 — . 4* + 

a, that is, — 1 8o° — 3* (for one a being to be 

added, and 4* fubtra&ed; it is manifeftly the fame 

if we only fubtraft 30.) Now a Semicircle being = 

180 the Arc ED muft be z= 180 minus Arc 

HE, that is, = \%o° minus 180 — 30, that is, 
=r'i8o° — 180 + 30, (to fubtradt a Negative 
being the fame as to add an Affirmative) :r 30 ; 
Hence ED = 3 Times HF,, or, which is the fame, 
the /- FCG = ;- of A ACB. Q. E. D. 

PI. V* 242. Problem i6> To defcribe a Parallelogram 
Jig.io. tb a t fall be equal to a given Triangle ABC, and have 
one of its Angles equal to a given Angle D. 

• *26, Construction. Bifeft * BC in E, (and join 
AE) and at the Point E, in the Line EC, make the 

\ 2 3<?- /L CEF b = Z.D ; then through the Point A driw 
2 3 6 - AG C || to EC, and alfo CG || to EF •, then is 
EFGC the Parallelogram which was required. 

Demonstration. The L. ECF being zr Z.D, 
CG || to EF, andFG || to EC, by the Conftruc- 
tion, the Figurfe EFGC is a d Parallelogram, and one 
of its /Ls.CEFzzthe given Z.D. And becaufe BE 
= EC, the A AEB e = A AEC, and the A AEC 
and Parallelogram EG, landing on the fame Bale 
and between the fame Parallels, the Parallelogram 
f IO £ # is f double of the A AEC, and confequendy = the 
whole A ABC. Q. E. D. 

243. Problem 17. To apply a , Parallelogram U 
PI. V. a giwn Line AB, which /ball be equal to a given Tri- 
fig. u. an gi e q an £ fr ave one j i ts jfagfa e q Ua i to a given 

Attgle D. 

, l '• C0N> 

* By 1 8o° is fignified 180 Degrees. 
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Construction, Make the Parallelogram BEFG 
— the AC, and having the A EBG a n z_D, ft> » 24*. 
that BE be in the fame Line with AB. Then pro- 
duce FG to H, and through A draw AH * || to b 6 
GB or FE, and join, the Points H, B, and produce 
FE, HB, till they meet each other, and let K be 
the Point where they meet v : Draw KL || to EAor 
FH, and produce GB, HA, to M and L ; then 
will ABML be the Parallelogram which was re* 
quired* 

Demonstration, For KL being || to FH, 
and FK M HL, by the Conftrudtion, the Figure 
FKLH is a « Parallelogram, whofe Diameter is HK, 
and AG, ME, are Parallelograms about HK, and * * 7# 
LB, BF are the Complements; v BL * = BF j < XI j 
but BF =r AC by the Conftru&ion, v BL e = AC, t 
and A EBG = D by the Conftru&ioo, and A 4S * 
ABM f = Z.EBG, v ^EBG e = z. ABM -, con- 
fequently the Parallelogram BL is = the AC, and 
has one L. ABM = the jlD. Q^ E. D. 


69, 


244. Probjlem 18; Jo defcribe a Parallelogram pi. vi. 
equal to a given reHilineal Figure ABCD, and having Fig. 1. 
an jingle equal to a given reSilineal Angle E. 

Construction. Join BD, and make the Pa- 
rallelogram FH * = the A ADB, and having the Z. » 24s. 
HFK = the z.E •, and to the Line GH apply the 
Parallelogram GM k z: the A BDC, having the c 
GHM = z_E ; then will the Figure FLMK be the 43 ' 
Parallelogram required . 

Demonstration. For the as FKH, GHM, 
being each =1 z. E, by the Conftruftion, it is mani- 
feftKM is one Rt. Line, and v the Parallels to it, 
FG, GL, parting through the fame Point G, will be 
one Rt. Line FL ; and GM being a Parallelogram, 
LMis i| toGH, and, for the fame Reafon, FK \] 

M 2 to 
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to GH, and confcquently LM, FK are Parallels, 
and v the Figure FLMK a Parallelogram* having 
the Z. FKM = £E,; and the Parallelogram FH 
,being = A ADB, and Parallelogram <GM zz <& 
BDC, the whole parallelogram FLMK muft be = 
the whole Figure ADCB. C^E. D. 

245. Scholium i. After the fame Manner it 
is manifeft a Parallelogram may be defer i bed, equal 
to any given rectilineal Figure, how many foeyer the 
Sides are ; for Example, if the given Figure con r 
jtained one A more, it would be only to apply a Pa- 
rallelogram to the Line LM equal to that third A, 
and having one /L zz Z.E, by Prob. 17. 

W. VL n6. Scholium 2. By this Problem may be 
t 1 ?; ?• taftly -found a Parallelogram equal ip the Excefs of one 
right-lined Figure givm> above another right-lined Fi- 
gure given. Thus, if to any Line, CD, & Paralle- 
logram DF is applied zz A, and to the fame Line 
CD a Parallelogram DHrB, it is manifeft their 
Difference, or the Parallelogram GF will be = the 
difference between the Figures A and B. 

Scholium 3. Hence alfo it is mamfeft hop) to find a 
Parallelogram zz the Sum of any two reftilineal Figures. 
For if the Parallelogram DH be made zz A, and 
-on GH the Parallelogram GF zz B, and have an ju 
• HGE = ^CDG, the Parallelogram DF muft be = 
Parallelogram DH + Parallelogram GF, . or, which 
is the fame, A + B = Parallelogram DF. 
< 
p. VJ 247. Problem 19. To defcribe a ReSangte 
vL / wbofe Sides Jhall be equal to two given Lines AB, 
4 *■*' EF. 

Construction. Gn one of the given Lines AS, 

at one Extremity A, ereft the Perpendicular AD y 

then take AB in the Conipafies, and letting one Leg 

in D, with the other defcribe the Arc ab ; after the 

' ' > fame 


. 
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fame Manner, with the Extent of EF, and one Leg 
in B, with the other fweep the Arc cd, and let C 
be the Point of Ihterfc&ton ; then join DC, BC, 
and the Thing is done. 

Demonstration, The oppofite Sides being 
equal by the Conftruftion, the oppofite L s are ai- 
fo a equal; and v the z. DAB being a.Rt. JL by M - 
the Conftrudtion, the other As mutt be fo too: 
And v N the Figure ABCD is a b Parallelogram, t _ 
and is that required, becaufe its Sides are by the Con- 
struction r= the given Lines. Q. E. D. 

248. Scholium. Hence we have an eafy Me- 
thod for conftruEting a Square ; for if EF and AB are 
,equal, the Redtangle will be a c Square. c 

249. Problem 20. To make a Square equal to ^ V £ 
any Number of given Squares, e. g. equal to three, F.4. 
given Squares, wbofe Sides are equal to the Lines A, 

B, C. 

Construction. Draw two indefinite Lines 
ED, DF, at Rt. d /L s to each other, and take DG d 22 g or 
=z A, and DH = B, and join GH, (and the Line 232. 
DH will be the Side of a Square — the two Squares 
whofe Sides are AandB.) Again, take DfczGH, 
DK = C, and join KI, then will KI be the Side of 
a Square zz the three given Squares. Q. E. I. 

Demonstration. For GH* e — GD* + DH* ; * 115. 
but DG = A, and DH = B, by the Conftruftion, 
and v DG* = A*, and DH 1 zz B% confequently 
GH 1 ' ■= A* + B*. Again, KI 1 = a DK* + DI* * t 45 . 
but DI* = (GH X =) A* + B* by the above, and * 115. 
DK* = C% by the Conftru&ion, confequently, KI* * +5 

= b A* + B* + C*. Q^E. D. After the fame 

Manner may a Square be conftrufted =? any Num- 
ber of given Squares* 

250? 
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250. Problem 21. 2T? »&*& * Square equal to 
wL / the Difference of two given Square* , wbofe Sides are 
** ABandCD. 

Construction. On one Extremity B, of the 
fliorteft Line AB, raife a JL BE, then taking CD 
- in the Compares, put one Leg in A, and with the 
other defcribe the Arc ai 9 interfering BE in F ; 
draw AF, and it will be the Side of the required 
Square. 

c Demonstration. For AB* + BF* e zr AF% 

4 VJ' v taking AB a from both Sides, we have BF* d = 

AF* - AB 1 ; but AF = CD by the Conftruftion, 
» 4S . v AF 1 zz CD% confequentiy BF ae = CD 1 — AB*. 

Q^E. D. 

■ 

PLVL 251. Problem 22. To make a Trianlge equal f 
fig* 6. any given quadrilateral Figure A BCD. 

Construction. Draw the Diagonal BD, and 
|| to it draw CE interfering AD produced in E * 
then join EB, and the A ABE will be that which 
was required. 

Demonstration. For the As DCB, DEB, 
being on the fame Bafe BD, and between "the fame 
Parallels, (or, which is the fame Thing, having 
* ioq equal Altitudes,) are * 1= each other 5 v A DEB 
+ ADBA = ADCB + A DBA ; but the ADCB 
+ ADBA = the whole quadrilateral Figure ABCD, 
and ADEB + ADBA f = whole AEBA, v the A 
EBA == the Quadrilateral ABCD. Q. E. D. 

PI. VI. 252. Problem 23. To wake a Triangle equal to 
* 5 g« '7* any given five-Jided Figure ABCDE. 

Construction. Join EC, AC, and draw DF 
|| to ElC, and BG || to CA, meeting AE pro- 

duced» 
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duced-, in the Points F and G, refpe&ively ; then 
draw CF and CG, and the AFCG will be that re- 
quired.— — *-- This is fo very much like the laft Prob- 
m 1cm that it needs no Demonftration, 

253. Problem 24. To defcribe a Circle^ through PI. VL 
three given Points, (provided they are not in a right f '£• *• 
Line.) 

Construction. Let A, B, C, be* the three 
Points given ; drjiw the Lines AB and BC, and * • sefc 
bifed them by the Lines DE, FG, and the Point of 
their Inter fe&ion H will be the Center of the Circle % 
v put one Leg of the Compaffes'in H, and open 
the other Leg to one of the given Points, and with 
that Extent fweep a Circle, and the Circumference ' 
will pafs thro 9 the three given Points. 

Demonstration. Suppofe AH, BH* CH* 
joined \ then DB being zz DA, and DH common, 
and the contained z_ ADH s: the contained jl BDH 
by the Conftrudion, the Side AH b = Side BH; « c 
and by the fame Reafoning BH = CH, v AH zz 
BH rr CH; confequently H is the c Center of a « 136. 
Circle whofe Circumference will pals thro* the Points 
A, B, and C. Q. E. D. 

254. Scholium. By this it is manifefl, the Pen-, 
ter of afty given Circle may be found, by aflbming any 
three Points in its Circumference, and proceeding as 
above. By this alfo, when we have a Segment j>f a 
Circle given, we may compleat the whole Circle, ■ 

This Problem alfojhews bow to defcribe a Circle about a 
given Triangle. 

255- Problem 25. To draw a Tangent to a pi. vf. 
Circle, from a given Point D without it. fig. 9* 

Construction. Let B be the Center of the Cir- 
cle j join BD 9 which bifeft in"C ; then about C, • 226. 

v as 
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*s a Center^ with the Radius CB, or its e^ual CD^ 
ckfcribe a Semicircle BAD, and draw DA from D to 
A, the Point where the Circumference of the Semi- 
circle interfe&s that of the Circle, and: DA will be 
the Tangent required. 

Demonstration. For if B A be joiited, the Zr 

* 14*. BAD is a b Rt. L % being in a Serrticirde 5 and \- 
141 ' DA is a c Tangent to the Circle at the Point A. 

Q^ E. D. 

256. Scholj<jm. If it wat required to draw d 
Tangent from a given Point A, in the Circumference of 
the Circle* it would be only to erefl* a -L AD to the 
Radius BA at the Point A. 

VI. VI. 257. Problem 26. Upon a given Line AB, t& 

F, g- f °- defer ibe a Segment of a Circle ', which Jhall contain a 

given Angle C. v ' 

d 230. Construction. Make the L DAB; * = LC ;• 
4 228. and on AD, at the Point A, eredt * the -L AI, and 

* " 6; ■ Difedt AB by the Line FH ; then let the Point G % 

where the Lines AI, FH, interfedt, be a Center,- 
about which, with the Radius GA, defcribe the 
Circle ABE, and the Segment AEB will be that re- 
quired. 
» 

Demonstration. SuppofeB, G, joined ; thetf 

AF being = BF by the Conftrudtion, FG com- 

' h 2Z7. mon, and contained zlAFG b ^contained 4BFG,* 

c 5 8 - the Side AG is c '= Side BG, ,v a Circle defcribed 

about G, as a Center, will pafs thro* the Points A 

and B ; let E be the Point where the Circle inter- 

* 151. feds AI, and join BE, then the L AEB d = BAD ; 

but the Z.BAD = /lC 9 by the Conftrut&ion, v the 

* 4J- £- AEB e = jlC ; that is, the Segment AEB contains 

an £• =: the given £.C. Q- E< D. 

25?. 
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458. Scholium. If the given L is aRt. Z, w£ 
Jiave only on AB to defcribe a Semicircle 5 becaufe 
Ihe z. in a Semicircle is a * Rt. L . "4'fe 

259. Problem 27. 7* *«/ off a Segment frorH & pi, yfc 
given Circle ABC, which Jhatt contain an Angle equal Fig, \u 
to a given Angle D.- 

Construction. To any Point B, in the Cir- 
cumference, draw * the Tangent EF, and make the » 25 & 
jl FBC b z* the given jl D ; then is the Segment k 230I 
BAC that required. 

Demonstration. For the L FBC c s BAG,* « 15*; 
*nd the z. FBC alfo =3 Z.D, by the Conftfu&iori, v , 
Z BAC - = z.D. Q. E. D. 4 4J.' 

a S04 PAoblem 28. ¥0 *infcrike in a given Circle* 
BCD, 4 Z,/>* equal to any given Line* A, left than tb^ 
Diameter of the Circle. 

Construction. Abbuf any Point B, in the ft.lrU 
Circumference, as a Center, wifh a Radius — the K fr ** 
given Line A, defcribe the Arc ab* interfe&ing the 
Cifcuftiferenicd in G * jbih BC, aftd the Thing is 
done. This needs no Demonstration, it being ma- 
Aifefl! from the Conftru&ion' that BC =2 A. 

Q.61. Problem 29. In a given Circle ABC* to PI.V1/ 
j infer it e a Triangle equiangular to a given Triangle Kg. rjv 
DEF. 

N Con- 

# A Line 11 faicf to lie inferibed, or placed in a Circle, when 
the Extremities of it are in the Circumference of the Circle. 

J A re&ilineal Figure is faid to be inferibed in a Circle when 
all the angular Points of the inferibed Figure are npon the Cir- 
cumference of the Cir de.- 
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Construction. To any Point A, in the Cir- 

• *5^ cumference, e draw the Tangent GAH, and make 

• 230. the a HAC • = A DEF, and the A QAB = z. 

DFE, and join BC ; then is the A ABG that re- 
quired. 

> i{i. Demonstration. For A HAC b = A ABC, 
and A HAC = A DEF by the Conftruftion, •.• a 

e 45- , ABC e = A DEF : By the fame Reafoning, a 
ACB = DFE. '.• the remaining aBAC =: the re* 
mainihg A EDF, and fo the As ABC, DEF, are 

* 80. equiangular. Q^ E. D. 

pi vt 2 ^ 2, P ROBLEM 3°- About a given Circle AftC, 
jr/ I4 / to f defcribe a Triangle equiangular to a given Triangle 
DEF. 

Construction. Produce E F both Way s to G 
and H ; from the Center K draw a Radius KB, and 

• 230. make the A KB A e = A DEF, and a BKC = A 

DFH, and thro* the Points A, B, C, draw the 
Tangents LAM, MBN, NCL, and the A LMN 
will be that required. 


a 


142, 


Demonstration. - The as MAK, MBK, 
being • Re. as, and the four as of any quadrilate- 
tly] ral Figure being b ^ four Rt. as, the AAMBiszz 
« 6 4 .\ 2 Rt. as — aBKA ; but aDEF « = 2 Rt. As — 
aDEG, and jl BKA zr A DEG by the Conftruc- 

* 45. ^°n» v AAMB d =z 2Rt. As — aDEG 5 ••• /l 
c i* AMB e =z a DEF 5 and by the fame Reafoning, 

ABNC rz aDFE. Hence we have (hewn that the 
two as LMN, LNM, are refpe&ively = the two 
As DEF, DFE, and, confequently, the remaining 

* 80. AMLN f = the remaining A EDF ; and ••• jhc as 

LMN, DEF, are equiangular. Q^ E. D. 

263; 

t A rc&ilineal Figure is faid to be. defcribed about a Circle 
when each Side of the circuaifcribing Figure touches the Cir- 
cumference of the Circle. 
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\ 

1 

463. Problem 31. 7« * infcribe a Circle in a Pi. VI. 
given Triangle ABC. Fi fr »5- 

Construction. Bifeft * the jls ABC, BCA, g ^ 
by the Lines BI, CH, and let D be the Point of In- 
terferon, and draw DF h -L to BC s then about D, i» 229. 
as a Center, with a Radius zz DF, defcribe a Circle 
FGE, and it will be that required. 

Demonstration. Let DE be X to BA, and 
DG JL to AC 5 then.the cs BED, BFD, being 
• Rt. 4.S, are rr each other* and the L EBD % 
— jL FBD by the Conftrudion, and the Side BD 
common, v the As EBD, FBD, are z=' b each * 94. 
other in all Refpefts, and confequently ED n DF. 
By the fame Reafon DG — DF •, v ED, DF, DG, 
are z^ each other, and confequently the Circle de- 
fcribed about the Center D with the Radius DP, 
will pafs thro* the Points FEG, or, in other Words, 
will touch the Sides of the given Triangle in the 
Points E> F, and G. Q^E. D. 

264. Problem 32. To infcribe a Square in a pJ „., 
given Circle ABCD. jp' I# 

Construction. Through thQ Center E draw 
the Diameter AC, and c -L to it the Diameter AC, t a *6. 
and join BA, AD, DC, BC, then is the re&ilineal 
Figure ABCD the Square required. 

Demonstration. BE being n ED, AE com- 
mon, and the £. AEB d z= ^AED, the Side AB a , 4t 
will be e = Side AD ; and, by the fame Reafon, AB • 58. 
= BC, and AD =: DC •, v AB • == BC := AD = MS. 
DC ; that is, the redtilineal Figure ABCD is equi- 
lateral. And BD being a Diameter, the Z. BAD is 

N 2 , an 

* A Circle is faid to be inferibed in a re&ilineal Figure when 
the Circumference touches each Side of the rtftilincal Figure. 
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an Z. in a Semicircle, and v " a Rt. * z. ; Bv the 
fame Reafon the z.s ABC, BCD, CD A, are each 
of them Rt. z.s. Hence we, have (hewn that the 
re&ijineal Figure ABCD is eqi^i lateral, and its '4.5 
all Right /.a. Confequendy itisa c Square. Q^ E. D, 


1 s 

p. VII. 265. Problem 33. To defcribe a Square about a 
"* £ iven Circle ABCD. 

1 

Construction. Draw the Diameters AC, BD, 
f 2*6. 4 at Rt. jLs to each other, and thro* the Points A, 
PS56. B, C, D, draw the e , Tangents GF, GH, HK, 

KF j then will the Figure FGHK be the rgquirecj 

Square. 

Demonstration. For the 2Lsat A, B, C, D f 
are right / r s by the Conftry&ion, and becaufe the 
&s GBE, AED, are each of them Rt. Z.s, tfiey 

f 40. are equal to each other, and v GH f || to AC ^ 

? 74- ?n,d by the fame Reafon FK || to AC ? •.• GH « || 
to FK. After the fame JManner it may be fhewq 
that GF is || to HK ; hence the Figure FGHK is 

• g 7m a * Parallelogram, and its oppofite Sides and z.s are 
equal ; alfo GC, AK, FIJ, BK, are Parallelograms, 
N and v their oppofite Sides are equal ; hence GF =2 
BD in the Parallelogram FB, and GH= AC in the 
Parallelogram GC j but AC zr BD being each the 
Piameter of the Circle, v CjfF =: GH j and the 
oppofite Side$ of the Figure FGHK having beei} 
fliewn above to be equal, it follows that GF ±z GH 
zz HK =z FK, or that it is equilateral : It is alfo 
reftapgular, for the z.s QAE V AEB, EBG, being 
* « 7 all Rt. Z.s, the £. AGB muft be alfo a > Rt. n : Af- 
ter the fame Manner it may be (hewn that the Z.S 
at the Points H, 1£, F, are Rt. z.s - ? v the Fi- 
gure GFKH has been proved to be both equilateral 

« 34. and re&angvjlar $ v it is a 5 Square. Q^ E. D. 

pi VIL 266. Problem 34. 1o inscribe a Circle in a gfv- 
P.V en Square FGHK, 

Com- 
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Construction. * Bifeft the Sides GF, GH, * *»«• 
by the Lines BD, AC* then about the Point of 
interferon E, With the Radius EA, fweep the 
Circle ABCP, and it will be that which was re* 
qyired. 

Demonstration. The jl% AGB, EBH, being 
both Rt. as by the Conftru&ion, are =: each other, 
and \* BE* || to GA-, by the fame Reafon AE ]\ * 4 o. 
to GB ; v the Figure AGBE is a b Parallelogram, * 97* 
and v its oppofite Sides are equal, viz. AE s 
GB, and BE = GA : But GB, GA, being the 
Halves, of equal Lines, viz. of GF, GH, (by the 
Conftru&ion) are *= each other, v .AE == GB = « 5f4r 
BE =: GA, or the Figure is equilateral y it is alfo 
re&angular, for the as EAG, AGB, GBA, being 
Rt. z.s by the Conftrudtion, the other Z.AEB tnuit 
be a d Rt, jL alfo; and v the quadrangular Fi- * fy m 
gure AGBE a * Square. After the fame Manner • 34* 
AFDE, DKCE, CHBE, are Ihewn to be Squares 
= the former 5 v EA = EJB zz EC == ED, and 
confequently, a Circle defcribed about the Center E, 
with the Radius EA, will pafs thro' the Points A, 
B, C, D, and f touch the Sides of the given Square tf 141. 
in thofe Points, (as the As at thofe Points are Rt. As. 

Q^E. D. 

267* Problem 3^. To defcrifc a Circle ahput a pi. yn. 
given Square ABCD. F. 1. 

Construction.* Draw the Diagonals AC, BD; 
then, about the Point of Interferon E, as a Center, 
with the Radius EA, delcribe a Circle, and it will 
be that required. 

_ 1 

Demonstration. AB being = DC, AD com- 
mon, and Z.BAD = Z.ADC, BD • r= AC ; and « ? g 
EA k = EC, and ED fc = EB. But the whole Dia- » 14! 
gpnals AC, BD, have been juft ihewn to be equal, 
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v their Halves muft be equal alfo, that is, EAzz 
ED = EC = EB ; and confequently a Circle de- 
fcribed about the Point E, with a Radius = EA, 
muft pafs thro' the Points A, B, C, and D. 
Q. E. D- 

268. Before we proceed any further, it may be 
proper to give fome Definitions concerning Pqly- 
gons. 

A Polygon is generally defined to be a Plane Fi- 
gure terminated by more than four Sides. , 

According to its Etymology it is a Figure having 
many Angles •, which is in Fad the fame as the 
above Definition ; for when a Figure has many 
Sides it muft have many Angles, et contra \ the 
Number of Sides and Angles being always equal. — - 
When it is both equilateral and equiangular \ it is cal- 
led regular, otherwife irregular. 


5 
6 

7 
8 

A Polygon of -{ 9 

10 
ri 

12 
&c. 


"Pentagon 
Hexagon 
Heptagon 
O&agon 
►Sides is called a ^ Enneagon 

Decagon 
Endecagon 
Dodecagon 

u &c. 


Note. In what follows we \vould be underftood to 
treat of regular Polygons only. 

269. The Angle made by any two contiguous 
Sides of a Polygon is called the Angle of the Polygon. 
And the Angle made by two Lines drawn from the 
Center of the Polygon, to the extreme Points of the 
fame Side of the Polygon, is called the Angle at the 
Center. 
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270* A Lemma: Lines bifeSing the Angles of the Pi. VIL 

Polygon, will interfefi each other in one Point within Fig. 3. 
the Polygon, and may be called Radii, for they will be 
equal to each of her. 

. For the z. s of the Polygon being * equal, their t 2 gg # 
Halves muft befotoo: v the 4ABS = z.BAS, v 
S A > =f SB •, and by the fame Reafon SB = SQ, &c. * 62. 
v AS = SB = SC, &c. Q. E. D. 

271. Corollary i. Hence, Lines drawn from 
the Center of a Polygon to the Extremities of each 
Side, itiill divide the Polygon into as many Ifofceles Tri- 
angles, equal to each other in all RefpeSs, as the Figure 
bos Sides. 

272. Corollary 2. Hence alfo, each Angle at 

the Center (as all the Angles at that Point are c s « 6S. 
4R*. as, or 360 Degrees*) muji be zz 360 Degrees 
divided by the Number of Sides. 

273. Corollary 3. Hence alfo it follows, that 
she Angle of the Polygon is zz 180 — the z. at the 
Center. 

For z. ABS + Z.SAB * = i8o # — z. at the Cen- • 7*. 
ter ; but z. ABS = z. SAB by the b above, v (z. b *7°- 
ABS + z. ABS, or, which is the fame) 2/lABS= 
1 8o° — z. at the Center ; but 2 L ABS is == z. of 
the Polygon, v the z. of the Polygon tz 180 — 
z. at the Center. 

« 

274. From the two laft Corollaries the following 
Table is eafily conftru&ed. 


Name 
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[Name of chef Angle at | Angle of che 

Polygon* 

Center. 

Polygon. 

Pentagon 

72 oo' 

io8°oo' 

Hexagon 

60 00 

120 00 

Heptagon 

5 l *5t 

128 3 4+ 

O&agon 

45 9° 

i& °o 

Enneagon 

40 00 

140 OO 

Decagon 

36 00 

144 00 

Endecagon 

3 2 43r 7 r 

147 16A 

Dodecagon 

30 OO 1 150 OO 


tt VII. ±75. Problem 36. In a given Circle to infcribed 
**• 3« Polygon of a given Plumber of Sides, 

Construction. Draw a Radius AS, and make' 
the AASfl ~ the JL at the Center $ draw A B, and 
it will be one of the Sides of the Polygon. Take 
AB in the Compares* and fet off that Diltanee from 
B to C, from C to D, &c. then will the Figure 
% ABC, &c. be the required Polygon, This is mani- 
feffc 

276. Corollary. In a Hexagon, tie Side of 
the Polygon is equal to the Radius y viz. AB r: AS * ' 
for in that Cafe the z.s ASB, ABS, SAB, are each 
= 6o% and v the A ASB equilateral. Note* we 
(hall defer faying more on the Conftru&ron of Po- 
lygons till we treat of the Conftrudtion and Ufe of air 
excellent Inftrument called a St ft or. 

Pi. VII. a 77* P RGBLEM 37- From a St vm L* ne * AB, 
Fig, 4. - to cut off any Part required \ for Example, a Fifth of 

AB. 

Construction, Draw aft indefinite Line AC, 

making any z. with AB ; on which fet off any Dif~ 

- tance Ai, fet off the fame from 1 to 2, from 2 to 

3, from 1 to 4, from 4 to C > then hare we fet off 

as 
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tt many equal, Parts on AC as AB is fuppofed to be 
divided into. Join 3$, and \\ to it, draw i*, then 
Will Aa be 4 Part of AB/ 

Demonstration. BC, di, being ff to eaclr 
other, as Ci : Ai * :: Ba : Aa, v compounded- t ,^ ; 
Jy Ci +Ai : Ai *:< B*+ A* :^ Aa, that is, CA k *** 
J Ai :: BA : Aa\ confequently, Aa is the fame 
Part of AB as A 1 is of €A. Q^ E; D; 

• 

278, Scholium. By this Problem" £ Line Afi 
is divided into any Number of equal Parts. Fot 
Example Sake, Aa being 4 Parr of AB, if we fet 
the Diftance Aa from 4 to b, from b to c\ and from 
c to d 9 the fame would be n dB, and fo the Lintf ' 
AB divided into five eqfual Parts. Aftd after this 
Mannetf Scales Aiay be conftfufted. But for this 
Purpofe, viz. to divide a given Line into any Num- 
ber of equal Parts, the following way is better adap- 
ted. For Example Sake, let it be required to divide 
the Line AB (fee Plate VII. Fig. 20.)' into five equal 
Parts, . , 

; 

• » • 

V 

Construction, From the Point A draft tfre 1 
indefinite Line AG, rtiaking any Angle at Pleafure 
with the given Line AB ; and f| to AC, draw the' 
indefinite Line BD :' Then* taking any convenient 
Diftance in your Compafles, fet it from A to 1^ 
from 1 to 2, 2 to 3, &c. alfo fet the fame Diftance 
frotrt B to a, d to £, b to c, kc. ihtn the Line beirtg . 
to be divided into 5 equal Parts, join 65, and you 
cannot miftakc in joining the other correfpondent- ' 
Points, 04, £3, c2 9 di 5 and thefe Lines will divide 
the given Line AB into £ ebualr Ptfts, 'biz. A/ ±2 
fg= £ bz=.bizziB. 

- Demon s*rat*on. It ii mafhifcft frofrf tfie Cori- 

ftruftion, that the' Lines* 04, £3, &c. at^allof tHem 

If to B5, and xo each other, .^d therefore the' As 

A*/> A2£, &c. arc fimilar to each other; v as 

G At 
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Ai : A/ :: A2 : 'Ag 5 but if we denote A* by fk % 
and A/ by «, A 2 will be — 2w, and fo the Analogy 

- become to \ n \\ %m \ Ag\ buc it is manifeft A; 
muft be = 2», for m : n has the fame Ratio as zm 
i 2n 1 v A^ z a», and confeqiiently fg zz.n* 

. Again, as Ai : A/ :: A3 : Ai\ that isj m, : » ;: 
sp : Ah 9 confequently, At muft be r: 30, to pre* 
ferve the fame Ratio : But Ag has been juft (hewn 
to be r= 2», v £/& (= Ab — A^ muft bej zzn alfo* 
After the fame Manner hi and *B may be proved to 
be equal to «, and fo A/, j£, £*, *B n one and the 
fame Quantity, and consequently equal to each 
other 9 or, in other Words, the Line AB is divided 
ipto five equal Parts, in the Points/, g 9 b 9 i 9 and B, 
^E. D. 

N. B. We fhall treat of the Conftru&ion and 
Ufeof diagonal Scales in our Eflay on Trigono- 
metry. 

279. Problem 38. To find a third Proportional 
to two given Lines. 

PI VII Construction. Let AB, AC, be the two 
jpjg # 5# ' given Linps, fo placed as co contain any Angle. Pro- 
duce AC, AB, at Pleafure ; in AB produced take 
BD = AC ; join BC, and tW D draw- DE || to 
it ; then will CE be the third Proportional re- 
N quired. . . 

* 191. Demonstration. For. as AB : AC*:: BD : 
CE ; but BD =: AC by the Conftru&iQn, v it is, 
as AS : AC :: AC : CE. Q. E, D* 

PL VII. 2 ^°' P r o bl em 39, To find a fourth Proportional 
Fig. 6. " to three givin Lines A, B, C. 

Constbiuctio^. Di?aw two indp$Gke Lipes, D^> 
D£, making any Angle. In J^b take pGn: A, and 
GE fz B i and in p+ tajkf DtJ, s Q *, joip GH, and 

drftw 
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draw EF (| to it; then will HF be the fourth Pro- 
portional.' Q^ E. I. 

Demonstration. /For as DG : GE':: DIJ • 191. 
: HF ; or, which is the fame, A : B :: C : HF. 
Q. E. D. 

281. "Pkobxem 40. To find a mean Proportional pi. VII. 
to two given Lines* a, b. ' Fig. 7.- 

Construction. Draw an indefinite Line Arf, 
in which take BD = *, DC = b % and upon BC de- 
fcribe a Semicircle ; and on the Point D raife the 
J. DA, to cut the Circumference of the Semi- 
circle in A, and it will be the mean Proportional 
required. 

Demonstration. Join BA, CA, then it is 
manifeft from Art. 2 1 o, that DA is a mean Propor- 
tional* between BD and DC, or, which is the fame, 
between the Lines and b. Q± E. D. 

N. B. This fcews alfo how to make a Square zr a 
giveh Re&angle. For if BD, DC, be the Sides of 
the Reftangle, DA is the Side of a Square = it : 
For by Art. 2 1 1, BD xDC = DA*. 

282. Problem 41. To divide a Line BC accord- pi.vil. 
ing to extreme and mean Proportion. Fig. 8.* 

Construction. Draw BE X to BC and — 4. 
BC \ and about E as a Center, with the Radius jkB, 
defcribe a Cirde, and thro* the Points C, E, dratir 
the Line CA, cutting the Circumference of -the 
Circle in- the Points D and A •, then make CF = CI}, .c„. * 
arid the giVen One BC will be di*id6d «by the Point 
F$ mto Extreme and mean Proportion, as was re- 
quired. 

Demonstration. By Art. 213; CA x CDrr 
3C» i v BC : CA*:: CD : BC, whence inverfc- • 194. 

O a ly, 
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* 108 k> CA : BC k :: BC : CD j this dividcdly fc 
£ ibu CA— BC : BC C :: BC - CD : CD; which inr 

* }%** vcrfcly is, BC : CA — BC d :: CD : BC — , D. 

tiy the Conftru&ion Ct :n CD, and D£, being a 
Piameter, is zz twice BE, or zz BC, by the Coa- 
(tru&ion ; v CA = CF + BC -, hence, by writing 
CF for its equal CD, and CF + BC Joi its equal 
C A, in the lafl Analogy, we haye BC : CF + BC — 
BC :: CF : BC — CF = BF, or,, -wjiich is tfcp 
fame, (as + BC — BC deftroy each other,) BC : 
CF :: CF : BF. Q, E. D. (See Art. 176,) 

283. Problem 42. To make a Square equal to 
$ny given right-line Figure. 

Construction. By Problem 18, find a Red- 
angle — the given Figure ; then, by Problem 40, 
find a Square = that Re&angle. 

284. Scholium. When the* given Figure has 
not more than five Sides, perhaps the eafieft Way to 
Jfind a Re<5tangle = the given Figure, is, firft to 
find, by Problem 22, or 23, a A r that Figure 5 
andthen a Re&angle zz that A may be found by 
Prob. 1 6. 

285. : PrpblbM 43. Xo find two Lines' which 
Jhall have the fame Ratio to each other as any two 

v given rectilineal Figures. 

CpNfiTj&upTiON. Take two JL,ines at Pleafure zz. 

)each Qf her ; „ and on them make Rectangles = the 

refpe$ivj£ .givep Figpresr, then are the Rectangles' 

I top, .» ihe feipe • Ratio as their Bafes, (their Altitudes 

Ibeiog eau?! by the Conftruftiop;) conjequently, the 

|iven Figures mud be in the fame RatiQ as d>e 

fafes of the Re&angles. 
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2*6.. Problem 44: Upon a given Line FG to PL VII. 
fcfcribe a rectilineal Figure* Similar* and fitnilarly Jttu- Fig, 9. , 
ated* )o a given rectilineal Figure ABCDE. 

Construction, Join BE, BD, and make the 
^GFK= /.A, and Z.FGK = Z.ABE ; then make 
Z.GKI = /.BED, and jlKGI = Z. EBD. Again, 
make z. GIH- 4BDC, and 4, IGH = 4, DBC, 
and the Figure FGHIK will be that required. Af- 
ter the fame Manner, by proceeding from A to A, 
a Figure may be made fimilar to another of any Num- 
ber of Sides. 

Demonstration. The jl GFK being = L 
B AE, and L FGK = z_ ABE by the Conftrqaion, 
the remaining C FKG muft be a =; the remaining , gp # 
4.AEB, and v the As GFK, BAE, equiangular, 
and confequcntly * fimilar : After the fame Manner * 194, 
the A GKI is fhewn to be fimilar * to the A BED, 
and the AG JH fimilar to the ABDC; confequently 
the Polygons FGHIK, ABCDE, which are com- 
pofed of the fimilar As fimilarly fituated, muft be 
fimila!" to each other, Q^ E. D. 


287. Scholium, When we treat of Surveying* 
we intend to give fpme practical Methods for 
folving this Problem in a more expeditious Man* 
per. 


1 


BOOK 


f 


102 Problem, BeeiVl. 


B OK VI. 

Of the Application of Geometry to fame practical Prob- 
lems for meafuring Heights* with the Addition of 
fome pleafant Problems and Paradoxes for -the Amuft- 
ment of young Minds. 

< * 

PI. VII. 288. Pjiob. 1. Cf^O find the Height of an accefftbk 
Fi S- l °- - Objefi by Meanrqf two Poles, of 

an unequal Length. < _: 

Solution. Let AB reprefent the J_ Objedt, 
whofe Height is to £e .fatuid, above (he Plaae DB. 
— - — * Let ,ED, the feorteft Pole, be jjre&ed Jl. at 
any Point D, (which may fee done by a Plumb 
Line, fuch as Mafons commonly ufe in building 

■ Walls upright,) then^ fixing your Eye at the up- 
per End of it E, let. another Perfon carry along the 
longeft Pole, till yoid fee its Top appear ip a dire<9: 
Line with A, the Top of the Objeft, where let it 
be ftuck down ; then meafure the Diftance DC, and 
CB„ It is evident the As EFG, EAH, are firoi- 

. kr, and v we may . ftate by the Golden Rule, as 
EG (or DC) : FG (the Difference of the Lengths 
of tlie two Poles) :: EH ' (or DB) : HA. And 
AH 4- HB (the Height of the fhortcft Pole) gives 
B A the Height of the Obje<5t. Q. E. I. - 

PI Vir 289. A Lemma. If a Ray of Light* EC, falls 
Fie.n" on a reflecting Surface (as a Piece of Looking-Glafs) 
C, and is reflected to the Eye at. A, the Angles ACB, 
' ECD, are equal to each other. 

This is demonftrated by the Writers on Optics, 
but muft here be taken for granted, till we treat of ' 
that Science. 

> 
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290. Problem 2. To find the Height of an ac- 

ceffible Objeft by Meant of any plain reflecting Sur- 
face* f%cb as a Looking Glafs* or Bowl of Water. 

' • ■ ■ 

Solution, Let ED reprefent the Height of 

the Qbje& ^L to the Ground BD ; at any Place on 

N the Ground C, place the refle&ing Surface ; then 

[O dire&ly backward in the Line DC produced to-> 

$, till E the Top of the Objeft is feen by f Reflexion 

in the reflecting Surface at C, by the Eye at A % 

then meafure the Height of the Eye BA, the Dit 

tances BC, and CD. Then the L. ACB being = 

Z. ECD by the Lemma, and the Angles ABC, 

CDE, each Rt. ils, the remaining z. JBAC n the 

remaining z^DEC, and fo the As ABC, EDC, 

equiangular, and '.* fimilar. Hence we may ftate 

by the Goldea Rule, as CB : BA :: CD : DE f 

the Height of the Object required. 

N. B. In, our Effay on Decimal Arithmetic^ Art. 6o 9 
is given a Method of finding the Height of an Ob- 
ject by its Shadow. — — • We fhall treat more fujly, 
and illuftrate Methods more accurate in Pradfcice, 
after we have treated of the Elements of Trigono- 
metry. 

291. Problem 3. To difcribe a Figure called an Pl.vn. 
Oval. Fi fr **• 

Construction. Draw a Line AB, about B, 
with any Radius BA fweep a Circle AECK, with 
the fame Extent of the Compaffes about C, as a 
Center, fweep a Circle BHDI ; let E and F be the 
Points., where thtf. Circles mterfeft each other ; join 
F, B, and produce FB to G * in like Mannar draw: 
FH, EK, and EI; then fetting one Leg of the 
Compaffes in 5V with the Radius FG defcribe the 
Arc GHt Uftl$voae Point of the. Compafies being 

. v ~ placed:. 
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placed in E, with the other defcribe the Arc Kf f 
then is the Figure AGHDIK called an Oval. 

PI, VII. 2 9 2% Problem 4. To defcribe a Figure called by 
Fig. 13. Jome an Helix, or Spiral Line. 

Construction. Draw a Line AB* and about' 
any Point a, with any Radius ac 9 fweep the Semi-' 
circle ced * then take the Point b fo that be =£ ba 9 , 
and about it, as a Center, with the Radius bd> de- 
fcribe the Semicircle dgf\ then about the Centers, 
with the Radius af> defcribe a Semicircle fmn, and 
thus proceed at*Pleafure, making the Points a and 
b alternately the Center of the Semicircle to be de«* 
fcribed. 

1 N 

293. Problem 5. Paradox 1; Having a round 
v*' ^ II# ftblt* to make it into a fquare Table *, and have a Hole 

4 s the Middle, without Wafie. 

Solution. Let the round Table be cat, as re- 
prefented by the crofs Diameters in Figure 14, their 
place the four Parts together, as (hewn in Figure 15* 
1 and the Thing is done, 

294. Problem 6. Paradox 2. .Having .a round 
Table* to change it into two Oval-like Tables \ and have 
a Hole in the Middle of ^each i without Wafie *f 

' Timber. 

PI. VII. Solution. Let the Table be cut into eight 
F.16&17. Pieces, as represented in Figure 16, then with the* 
four Parts, 1, 2, 3, 4, maybe made an Oval-like 
Table, as fhewn in Figure 17; and wit)l the other 
four Parts may be made another fimilar and equal 
to Figure 1 7. Q^ E. I. ;x 

. 295. Problem 7* Paradox 3. A Gentleman hav- 
ing a Hek' exaftly a Foot f quart \ to try the Skill of bis* 
Joinery has ordered. him to fill up that Hole with a 

■ Piece 
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£leceo? Board in Length 16 Inches, and I Bf&rdttl 
<) Inches, withal ftrift Charge to cut the Piece into 
two Parts only : How may the Joiner perform his 
•Talk? 

Solution. Let the Board, Figtire 18, bt cut a£ p£ y^ 
freprefented by the ftrong Lines ab 7 be, cd, de, ef iF.tS.&ig. 
then put the two Parts AabcdefB and dCDfedcb to- 
gether, as reptefented in Figure 19, and the Thing 
is done. 

296. Problem 8, Paradox 4. To defcribt Pl.Vllf; 
Circle* of different Radii, with the fame Extent of the Fi g* « • 
Compaffes. 

Construction. With any fextent of the Com- 
pafles, and one Leg in A, with the other defcribe a 
Circle: then, takings a little Solid, (fuppofe a Die,) 
fefting one Leg of the Compaffes on it as a Center 
B, with the other defcribe a Circle ort the Paper, and "■ 
it is manifeft it will be of lefs Radius than the other, 

297. Problem 9, Paradox 5. fo defcribe an 
ivaUlike Figure at one Sxtfeep of the- Compaffes. 

Construction. Take a round Solid, (fuppofe 4 
round Ruler,) and on it roll a Piece of Paper j then* 
having opened the Compaffes to any convenient Ex-j 
tent, fixing one Leg at any Point aflumed on the 
Ruler, turn che other round as if you, were to de-* 
fcribe a Qrcle t Theri take off the Paper, and the 
Figure lb defcribed tf ill reprefent a Kind of Oval* 
being longer one Way than the other. 

298. Problem 10, Paradox & To cut a Hoti 
h a Card, large enough for a Man topafs through 

Solution. Let ABCf) reprefent the Card. Iff,- ft. Villi 
or near the Middle, cut a Slit, as reprefented by the %• *• 
tine ma, each End of it al mo ft clofe to the Edge 

P < . of 
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of the Card ; then cut, as ftiewn by the Line ai % > 
again, from, 2 to 3, 4 to, 5, 6 to 7 ; and thus pro- 
ceed until ypu have cut the Line mn 9 and one Half 
of the Card is finifhed. This being done, and the 
other Part cut in the fame Manner, on opening the 
Card, you will find a Hole fufficiently large for a 
M*n to pafs through, N. B. The nearer the Lines 
41, 2, 3, &£C. are to each other, the larger will 
the Hole be. 

299. Problem ii. To defcribe an Ellipjis of any 
given Length and Breadth. 

PI. VIII. Construction. Draw the Line AC — the ' 
Fig. 3. given Length, and bifeft it by the Perpendicular 
DB, making ED, £B, each m i the given Breadth ; 
then is AC palled the Tranfverfe Axis, and BD the 
Conjugate Axis. Take E A or EC in the Compaf- 
fes, and fetting pqe Foot in B, with the other de- 
fcribe twp Arcs interfering the Tranfverfe in the 
Points F and O ; v which Points are called ttie Foci. 
Then take two Pins, and placing one in the Point 
A, end the other in C, join them by a filk or other 
convenient String : This done, remove the Pins 
from the Points A and C to the Foci F and G ; then 
take a Pencil in your Hand, and with it keep the 
String always extended as rep re fen ted at H ; then 
if you begin at A and carry your Hand from A to- 
wards E), and from thence to C, the Point of the 
Pencil will defcribp the Half of the Curve ADC : 
And in the fame Manner, beginning again at A, 
proceed towards B, and from thence to C, and you 
will have defcribed the other Half ABC j and the 
Figure ABCD fo defcribed is called an Ellipfis. 
' Ot^erwife without a Strings thus. \ 
Open the Compafles to any Biftance lefs than the 
tranfverfe Axis AC, and with it about the Fpciis F, 
as * Center, defcribe the Arcs ab 9 ef\ and with the 
fame Extent of the CompafTes about the Focus G, 
as a Center, the Arcs ik> na. This being done, fet 

the. 
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the Diftance (to which the Compaffes are opened) 
from A towards C on the tranfverfe Axis, viz. to I : 
Then, taking che remaining Pan at the TranlVerieIC 
in the Compaffes, about G as a Center, defcribe the 
Arcs cd, gb : and with the ,fame Radius, about F 
as a CenteV, defcribe the Arcs lm> pq \ then will the 
forms of their Interferons r, v, j, /, be 4 Points 
in the Curve of the Ellipfis. After the fame Man- 
lier, by taking different Radii at Pleafure, as matay 
Points may be found in the Curve as may be fuffi- 
cient to join by an evenHahd, to form the required 7 
Ellipfis. . ' 

Scholium: This Figure is one of the Se&ions 
Of a Cone, and therefore r ts intended to be more 
particularly treated of hereafter ; but as h is in daily 
Ufe amongft Joiners, Coopers, and other Mecha- 
nics, very few of whom can be fuppofed to ftudy 
Conic Seftions* we thought it would be of Service to 
fome of them, to give the mod eafy Way of defcribing ' 

it in this Place, , 

300. Problem 12. To defcribe a Figure refcm- 
lling a Hen's Egg. 

Construction. From a Scale of equal Parts pi.vin; 
fet off 32 from A to G, and 43 from G to H. Fig. 4. 
Make the A AGF and Z.DHC each = 40 . Pro- , 
duce FG until GI is t =r 21 (on the fame Scale of 
equal Parts.) Then about G as a Center, with the 
Radius GA defcribe the Arc AF ; and about I as a 
Center, with the Radius IF, defcribe an Arc FE 
until the Chord FE is =r the Radius IF. Again, 
through the Point I 'draw the Line EK to itnerfcdt 
DH produced, in L : Then, about L as a Center, 
with the Radius LE defcribe the Arc ED. Laftly* 
about H as a Center, with the Radius HD defcribe 
the Arc DC, and the Curve AFEDC will reprefent 
Half of the Figure required. The other Half may 
be thus defcribed,' viz. About G as a Center de~ 
> P 2 fcribr 
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fcribe the Arc AM zz AF ; and about H as a Cen*. 
ter, the Arc CP = CD. Produce MG, and make 
MNrrFI; then about N as a Center, defcribe the 
Arc MB until its Chord MB is zz the Radius NM. 
Produce BN, and make BO = EL $ then about O a/$ 
a Center defcribe the Arc BP; and the Figure 
ABCE A will be a very natural Representation of a 
Hen's Egg. 

N.B. If the Numbers are fet off from a Scale of 
4p or 45 to an Inch, (in the Plate annexed we have 
yfed.that of 45,) the Figure will bp abpiit the Size of 
a real Egg, tfyat from which we deduced this Con-: 
flrUttion being 42 to an Inch. 

Scholiuivj. Many more • Problems might hav$ 
been given in this .Chapter, but as they are intendecf 
chiefly for the Amufcmentof young Minds, perhaps 
thefe vtfjiich have been already given, may by fQipc 
feifons be thought more than fuffipeijt. / 
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APPENDIX, 

CONTAINING 

I 

I 
* • 

Some ADDITIONAL NOTES, a GEOMETRICAL Sp£ 

culum, and an Index to the whole Volumf. 
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Inthefe 


Note on the 6th, 7th, 8th, 9th, loth, nth, and 12th 

Articles. 

Articles we have given the Definitions in the Order ia - 
which they ftand in Euclid, becanfe we fet oat with a Refolotion 
p> follow him as nearly as we conveniently could, confident with 
oar Plan ; though at the fame Time we cannot but acknowledge, > 
that as they have all their Exigence in a Solid, the mod natural 
Way feemed to be, firft to define a Solid, and then to fhew how 
they exift in it ; which will be extremely natural and eafy, and 
take away the Objedtions commonly made againft Euclid's Defi- 
nitions, by fuch Perfons as are not uied to Abitradtion : And fince 
this Eflay was fent to the Preft, we find Profeflbr Sim/on has moll 
elegantly illuftrated this, \n the 2d. Edition of his Euclid, and 
therefore, as we cannot give a better, take the Illuftration in his 
own Words, *uiz, 

" It is neceiTary to confide r a So t id, that is a Magnitude which 
has Length, Breadth, and Thicknefs, in Order to onderftand aright 
the Definitions of* Point, -Line, and Superficies ; for thefe all 
arife from a Solid and exift in it. The Boundary , or Boundaries, 
which contain a Solid, are called Superficies, or the Boundary 
which is common to two Solids which are contiguous or which divides 
one Solid into two contiguous Parts , is called a Superpicies. Thus, PI. VIIJ. 
if BCGF be one of the Boundaries which contain the Solid Fig. $. 
ABCDEFGH, or which is the common Boundary of this Solid 
and the Solid BKLCENMG, and is therefore in the one as well 
as the other Solid, it is called a Superficies, and has no Thick- 
nefs. For if it have any, this Thicknefs mud either be a Part 
pfthe Solid AG, or of the Solid HM, or a Par? of the Thick- 
nefs of each of them. It cannot be a Part of the Thicknefs of 
the Solid BM, becaufe if this Solid be removed from the Solid 
AG, the~Superficies BCGF, the Boundary of the Solid AG, re- 
mainp fiUl the fame as it was. Nor can it bo 4 Part of the 

Thicknefs 
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Thickarfs of theSafa'd AG, becsruft if this be removed from the 
Solid BM, the Superficies BCGP, the Boundary of the Solid 
BM, doet ireverthelers remahf. Therefore the Superfine* • 
BCGF has no Thicknefs, but only Length and Breadth.' 

The Boundary of a Superficies is called a Lin'i, or a Line is thi 
eommon Boundary of two Superficies that are contiguous, or which di- 
vides one Superficies into two contiguous Parts, Thus, if BC be 
one of The Boundaries which contain the SaperficierABCD, or • 
which is the cOmmofc Bound try of this Superficies and of the Su- 
perficies KBCL, which is contiguous to it, this Boundary BC is 
called a Line, and has no Breadth* For if it hare any, this 
mult be Part either of the ftreadtfr of the Superficies ABCD, or 
of the Superficies KBCL, or Part of. each of them. It is not 
Part of the 'BriatiNb of the Superficies KBCL, for IF this Super- 
ficies bet rcmoVed from the Superficies ABCD, the Line BC, 
which is the Boundary of the Superficies ABCD, remains the 
fame as it was. Nor can the Breadth that BC is fuppofed to 
have be a Part of the Breadth of the Superficies ABCD, be- 
caufe if this be removed' from trie Superficies KBCL, the Line 
BC, which is the Boundary of the Superficies KBCL, does never- 
thelefs remain. Therefore the Line BC has no Breadth. And 
becaufe the Line BC is in a Superficies, and that Superficies has 
no Thicknefs, as was iHewn ; therefore a Ljine has neither 
Breadth or Thicknefs, but only Length. 

The Boundary ofaLine is called a Po I NT,oraPoint is the common Boun- 
dary or Extremity of two Lanes that are contiguous* Thus, if B be the 
Extremity of the Line AB, or the common Extremity of the two 
Lines AB, KB, this Extremity is called a Point, and has no 
Length. For if it have any, this Length muft either be Part of 
the Length of the Line AB, or of the Line KB. It is not Part 
of the Length of KB, for if the Line KB be removed frOm AB, 
the Point B, which is the Extremity of the Line AB, remains 
the fame as it was : Nor is it Part of the Length of the Line AB ; 
for if AB be removed from the Line KB, the Point B, which is 
the Extremity of the Line K&, does nevertheJefs remain. There- 
fore the Point B has no Langth. And becaufe a Point is in a 
Line, and a Line has neither Breadth nor Thicknefs, therefore 
a Point has no Length, Breadth, nor Thicknefs. And in this 
Manner the Definitions of a Point, Line, and Superficies are to 
be under flood. J> 

302. The 8th Definition, which we have omitted, is not only 
qfelefs, but oh/cure; , and as Mr. Sim/on juilly obferves, feems to 
be the Addition of forae left fkilful Editor. 

303. (Art. 57.) .Having by Experience found that in p*inting 
the common Chara&ers for greater and lefs % they are frequently 
turned the wrong Way, and (0 when it fhould be greater hav* 
Iefs 9 and the contrary. \a Order to remove the Confufion oc- 
casioned hereby, we haye introduced the Greek G (r) for greater 
than, and the Greek L (A) for UJs than ; which entirely prevent 
inch Accidents, and at the fame Time carry with them the Ideas 

wc 
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we have Occafioa to.expreft, and therefore ere no Borden to the 

Memory. 

• 204. (Art 94.) The laying of one Figure on another has been 
obje&ed to as a mechanical Coniideration, depending on no 
Poftnlate : Bat for oar Parti we mail acknowledge that we fee no 
Reafon why this Method of Demonftration ihould not be ufed, at 
its Evidence cannot be denied by any Perfon : And as there is 
no Occafion for the adtual placing of one Figure on the other* 
but only to conceive them in the Mind to be fo placed, it does 
not appear to us to be more mechanical than the conceiving .of 
a Line to be drawn, or a Circle defcribed. And Euclid and all 
other Geometricians make Ufe of it in demonfcating our 58th 
Article, which indeed does not feem capable of any other Me- ' 

thod. As to its being grounded on no Populate, that Objection 
inay be eafily removed > by making a fifth Populate (after Ar- 
ticle 44.) viz. Groat that we Figure may he laid on another ; and 
certainly no Perfon who grants the others, will deny this, it 
being as manifefi as either of them. Thus much we thought 
ourfelves obliged to remark, as the Objection Was made by a 
late learned Geometrician, for whofc Memory we have the 
greater! Efteem. > 

30;. (Art, iif.) As this Theorem is one of the moft valu- 
able in Geometry, it may perhaps be expected that we Ihould 
give an Exarnple or two pf its Ufe. By this it is that any two 
6 ides of a .right-angled Triangle being given, we find the other 
Side :< This admits of two Cafes. 

Case i. The two Jhort Sides being given, to find the longeft, 
. From the theorem this Rule is eafily deduced, *//*. * The 
Square Root of the Sum of the Squares of the two fhort Sides 
will ,be equal to the longed Side. 

Example. Let DC rep re fen t Half the Breadth of a Houfe, P1 w m 
and be as 15 Feet, and CE the Height of the Roof« 10 Feet i £.' U 
it is required to find the Length of the Rafter DE. "S' IO * 

, The Solution by the above Rule is as follows. 

15 10 . 

15 10 




75 CE^ioo DC* -325 

15 ■ ^ 

Hence the Length of the Rafter is fomething more than 
18 Feet. 

After 

* DsMf N9TR a.tion. Let DC be exprefled by b, CE by p, and DE by b 9 
then by the Theorem, b x -f-/* =- A* •.• extra&ing the Square Root of eacfr 

Side of the Equation* we get */ i* +f * s h. Q^ E« D< 
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After the fame 1 Manner the Side of a Sqnare being given, ift ^ 
Diagonal may be found nearly true : We fay nearly, becaufe it ^ 
does not admit of an exact Solution; for if we fuppofe the Side 
as i , the Sum of the Squares of both Sides will be = 2, the* 
Square Root of which is 1.41 nearly, but cannot be found quite 
accurate, and therefore, though a finite Quantity*, cannot be ac- 
curately expreffed in Numbers. Such Quantities are called in- 
commtnf urate. , 

Case 2. When the longeft Side and one of the Jbort Sides are ! 

given, to find the other n*e have this Rule. From the Square of j 

the longeft Side fubtract the Square of the given fhort Side, and 1 

the Square Root of the Remainder will be the fhort Side re- 1 

quired.* , 

But by Article 121. this may be worded fo as to be more ready 
In Practice, <viz. 

Multiply the Sum of the two given Sides by their Difference, 
and extrad the Square Root of their Product, 

Example. A Ladder 50 Feet long reached the Top of a* 
Houfe when its Foot was 30 Feet from the Bottom of the Wall 7 
it is required to find the Height of the Houfe. 

Trie Operation will fend thus, by the firft Rule. 

50 ' 30 2500 1600(4* 


50 30 900 

2500 900 1600 

By the other Rule thtrsv 

a • 

50 So 1660(40' 

30 20 '16 


16 


v Sum 80 t6o6 

Difference 20 

AnfWef, the Houfe is 40 Feet high. 
306. (Book 2. Art. 117.) This Definition is according t& 
tuclid, but every Perfon knows, that two right Lines can no* 
Contain a Space, that is, cannot inclofe any Thing, as it at 
leaft requires three right Lines for that Purpofe ; aud therefore 
this muil not be taken in a ftri& Senfe : But when a Reel angle 01/ 
right-angled Parallelogram is faid to be contained by any two 
Lines, Euclid muft only be underftood to denote a Reclangle 
made on one of the Lines, and having an Altitude equal to the* 
other. 

307. 

* DkmohitHation, By the "Theorem **+/* = £*, ••• taking £* 
frofa both Sides of the Equation, we have £* = ** — p x V by txtraainj tW 


Spire Root we hare S *s J £ x — /». Q^E, T>< 
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307. (Bootr$* Art. 144.) This Remark is alfo' fuppoited 
by Mr. S<«^» (who is undoubtedly one of rbe bed Judges in 
thefe Matters) for in Page 301 of the fecood Edition of hit' 
Euclid he has this Note, v/ss. " Jn this we have not followed 
" the Creek, nor the Latin Tranfiation literally, but have given' 
" what is plainly the Meaning of the Proportion, without men- 
•* tioning the Angle of the Semicircle, or that which fome caH 
•* the cornicnlar Angle, which they conceive to be made by 
•« the Circumference and the ftraight Line which is at right 
4< Angles to the Diameter, at its Extremity 5 which Angles have 
." furnifhed Matter of great Debate between fome of the modern 
" Geometers, and given Occafion of deducing ftrange Confer 
€t quenccs from them, which. are quite avoided by tije Manner 
" in which we have expretted the. Propofition. In like Manner 
•* we have given the true Meaning of Pa o*. 31* Boot! 3. with£ 
*' out mentioning the Angles of the greater or letter Segments 1 . 
" Thefe Pattages Vieta with good Reafon fufpecls to be adulte- 
" rated, in the 386th Page of his Oper. Math" 

508. (Book 4, Definition 1.) Wo have here to the Wore? 
Party as it is in Euclid* prefixed aliquot, as it fecmt to' be wanting 
fo exprefs Ekclia*% Meaning ; for a letter Magnitude may be 
Part of a greater, and yet not meafure the greater $ e.g. the Side 
of a Square is lefs than the Diagonal* and therefore from the 
Diagonal may be taken a Part 3= the Side ; bnt this will not 
meafure the Diagonal* being incommenfurate to each other by 
Article 309. 

309. We have before obferved in Scholium to Article 20*% 
that Euclid's Method of treating the Do&rine of Proportion is too' 
obfeure for young Students, at their firft Beginning to read thefe 
Subjects 1 and eonfequently this is a fufficient Reafon {as we 
write for Learners) for attempting to demonftrate the principal 
Theorems in another Manner. But as fome may -perhaps expect 
a Proof of Our Aflertion, that it is too difficult, it may be pro*' 
per to obferve, that this evidently appears from the great Dif- 
pates which have been concerning the Principles - on which the 
Euclidian Method i» grounded amongft the greatett Geometricians r 
For if they are of fo difficult a Nature that the learned them- 
felves cannot agree about them, it mufl follow they cannot be' 
proper for initiating Youth, as Things cannot be well too plain 
for them. Mr. Thomas Simp/on f one of the beft, as well as one 
of the lateft Writer* on Geometry, thus exprettes hhnfelf on this? 
Subjcdt in Page 2749 " That there is fomething very ingenious 
" and fubtle in the Doctrine of Proportions as delivered in Em- 

c&ft 5th Book, cannot be denied. All that I contend for is; 

that the Principles on which it is built are oh/cure, and not fo* 

firmly eftablittied as to authorise hs Pattifans to aflume that 
" great Superiority they lay Claim to, in Point of geometrical 
41 Strictnefs." In Page 270 he thus remarks on the Definition 
which we have omitted (fee our 158 Art.) <w*. " I would fe-\ 
f ribufly aik the Contemners of the vulgar and confufid Notion of 

Q V Projortio** 
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" Proportions, if a Definition, by which it cannot be known 
*' whether the Ratio of the firft to the fecond of foor given Mag- 
" nitudes may not at the fame Time be both greater and lefs 
«' than that cf the third to the fourth, is really calculated to 
" afford- thofe vet y accurate Ideas they pretend to?" And he 
even goes Jo far as to affirm that " it feems fufficiently plain 
*' fom Euclta** own Authority, that hi himfelf was not entirely 
*• pleafed with bi< own Performance on this Head ; or that he 
" was convinced (at lea ft) that it had not every Advantage : 
. " For otherwise it will be very difficult to account for his having 
" denon&rated many Things in his 7th Book, by another Me- 
" thod, whofe Demonfcattons had been actually given before, in 
*« the 5th, under a different Form. For thefe Reafons, when 1 
4 * fee the extravagant Commendations that have been laviihed on 
" this 5 th Book Qf Euclid, 1 am no- farther convinced by them 
" than that great Men may fomettmes lauttch out top far hi Be- 
** half of Opinions which they have adopteeV' 

Thus much feemed necefiary for us to extract in oor own Vin- 
dication ; but as we are determined not to enker into any Ditpute 
on this Subject, we ftiall proceed no fuither on this Head. 

310. We fliall conclude oor Observations on this Book with 
the Theorem hinted at in the 1 16th Article, viz. In any Triangle^ 
ABC, (the Angle at the Vertex being the greateft Angle; or at leaft sat 
PL VIII. titter cf the Angles of the Triangle) make the ^ ACD =Z.B f 
F.6, 7,&8. ^ Z.BCE »/> A ; then w*U the Sum of the Spares on the env Sid* 
containing the vertical Angle C, be equal to the Sum of the ReBangUe 
comainel-by the* <wbole Side fubt ending that Angle and Segments , AD, 
*E, thatisy ;AC* + BC* « AD X AB +BE X AB. 

At jK. Fig. 6. reprefents the Cafe when the Z.C " obtnfe, 
Ftg. y> when acute, but greater than either of the others, that it, 
„ When it is acute,, but greater than 60 Degrees. Fig. 8. when the 
Angle is a right Angle. Fig, 9. when that Angle is not greater, 
but equal to either of the other Angles, <vi%. =$of 2 Right 
Angles, or 60 Degrees. Theje Figures fhew all the Varieties 
pofiiMe, and the Truth of the Theorem in all thefe Varieties 
will appear from one general Demonstration, was. The A» 
ABC, ACD, BCE, are fimiiar by the Conftroaion. v Com- 
paring the Triangles ACD, ABC, together, we have AC : AD 

# , Q3 *: AB': AC, v AC*»* AD X AB. Again, by the fimiiar 
AaBCE, ABC, we have BC '. BE :: AB : BC %• BC*« BR 
X AB. %• by Addition of Equals, AO + BC*= AD X AB 
+ BE X AB. Q. E. D. ' 

v . ft - 311. CoaoLUARY 1. When the Angle C is a Rt. Z., the 

Fig. 8. poinjfc £> anc | g vvill coincide (as in Fig* 8.) and hence if on 
- AB wo make a Square, k is tnanifeft that AD X AB + BE x 
AB = the Reclangie AG + the Reclangk BG, or, which is the 
fame, as the Square on AB, and •.• AC* + BC* = AB* ; which 
if the fwmou* Pythagorean Theorem in our 1 15 Article. 
• 312, Cor6llary 2. When the Z. C is = 6o°, the A it 

Fig* 9* fcnown to be equiangular jmd equilateral, and the Points A and 
fc, B and D, coincide ; and fa AD X AB + BE X. AB is the 

feme 
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fame as AB* + AB*$ or twice the Squire on AB. JBot this is 
abb known to be true from mother Principles j for as the three 
Sides are equal, it is msnifeft their Squares m oft be fo too, and 
confeqoently the. Sam of any two of them muft be =* twice the 
other. 

313. Corollary 3* From the ftrft Corollary it evidently t 
appears, that " If a Line be divided into any two Parts, the Red* ^ig. •• 
angles contained by the whole and each of the Parts are together = the 
Square of the Whole, viz. AG + BG = AH, or AB X AD 4- AB 

X BD = AB\ This is the 2d. of Euclid* $ fecoud Bock. 

314. Corollary 4 Hence alfo, if there be two right Lines, 
AB, AF, and one of them, AB, is divided into two or snore Parts, . 
the Rt&angle contained by the two Lines is = the Sum of the ReeJanglet 
contained by the undivided Line AF y and the fever at Parts of the divi- 
ded Line AB. Thus it is manifeft from the Figure that the Reel* 
angle AG + the Redaogle BG es Re&angle AH, or, which is 
the fame, ADxAP+DBx (BH, or its Equal) AF = AB X 
AF. 

This is the ift. of Euclid't fecond Book. 

315. Book 5. Art. 228. It fometimes happens in Practice, 

that the Point C is fo very near B, the End of the Line, that a *j* # VIII. 
fnmcient Diftaace cannot be fet from C towards B, nor the Line ^'S' 10 * 
by fome Circumftance admit of being produced longer ; as for 
Inftance, the Point C may be almoft clofe to the Edge of the 
Paper ; and confequently in fuch Cafe Euclid t Method is not eafy 
in Practice : Therefore it may be neceffary to give other Methods 
of Conftrodion peculiarly adapted to this Problem. To draw a- 
Perpendicutar to a- Line AB from any Point C, either in +r very near 
the End B of that Line, fo at to be imfraclicabk by the Euclidian 
Method. 

This may be done feveraJ, Ways. 

1 ft. From a Scale of equal Parts take off 3, and fet it from 
C to D ; then from the fame Scale take off 4, and placing one 
Point Of the Compaffes in C, with the other defcribe the Arc ab : 
Again, take off 5, and one Point of the Compaffes. being in D, 
wich the other defcribe the Arc cd, and through the Point of In- 
terferon £ draw a Line CF, and it will be the Perpendicular re- 
quired. For if D, E, be joined, the A DCE will be a Right Z. A, 
right-angled at C, by Art. 305. 

N. B. Any other Numbers having the fame Ratio to each 
other, will do the fame Thing , as for Example, 6, 8, and 10 ; 
or 30, 40, and 50, &c. 

Or thus. 

Above the Line AB affuroe ' any Point D at Pleafure, and PL Vllr* 
about it as a Center, with the Radius DC, defcribe a Circle (or Fig. ii, 
a fumcient Part of it,) and through the Point of Interfe&ion E, 
and Center D, draw the Diameter EF ; then through the Points 
C, F, draw the Line CG, and it will be the Perpendicular re- 
quired. For the /. ECF in a Semicircle is a Right, Angle by 
'Art. 148. 

Q^a There 
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There are many 6ther Methods, bat thefe are fufficient. 

316. Before we conclude our Notes on this Book, it may be of 
U(e to fome Perfons to Jbvu> one of the eafieft and heft Methods of 
trying whether a Carpenter* s Square is truly made ; vix. apply the 
Square to the ftraight Edge of a Plank AB, at reprefented by 

Pl.yill. the (haded Square, and by it draw the Line CD ; then taking it 

Fig* 12. off, turn it about, and apply it as (hewn by the unlhaded Square, 

and if, when brought to the Point C, it agrees with the Line CD 

before drawn, the Square is true, if not, the Difference will be 

double the Error of the Square. 

317. Book VI. Art. 289. It is a Maxim made Ufe of by 
fome modern Phpofophers, that Nature, or rather the God of 
Nature, does trery Thing in the fborttfi Way, and indeed it is a 
Principle which feems to follow from the very Idea of every 
Thing being ordered by Infinite Wifdom, and as far as it has been 
applied, has always been found agreeable to the Nature of 
Things. From this Principle, by a fluxionary Procefs, the late 
Writers on Optics ihew that the Angle of Incidence mufi be equal to 
the Angle of Reflexion, which was the Reafon of our faying, 
?• that it muft be taken for granted until we treat of that 
f • Science :•' But recollc&Jng that in reafoning on Hadleyt 
Qclant in 1752, we thought on a very eafy geometrical Way of 
demon ft rating it, we fhali here give it, with which we wall con- 
clude our Notes. 

Demonstration. Produce AB to F, making BF =BA, and 
join CF. By the Suppofition EC + CA is to be a Minimum. 
By the Conftrudion BF sp BA, the L.% ABC, FBC, each Rt. Z.8, 
and BC common, and therefore by Art. 58. the As are equal in 
all Refpcfts, -.• FC= CA. Hence, when EC + CA is s 
Minimum, its Equal EC + FC mull be fo too ; but it is evident 
that EC + CF is a Minimum when EF it a Right Line, the near eft 
Diftaoce to any two Points being a right Line. But when EF is a 
Ft. Line, the Z. ECD s* JL FCB by Art. 69. but the As ABC, 
FBC, have been (hewn to be equal in all Refpeds, v /. FCB 
p= Z.ACB ; v by Axiom i. Art. 45, Z. ECD sp ACB. 
Q^E. D. 

N Scholium. Hence it appears that Plane Geometry has in 
fome Cafes the Advantage over Fluxions, as this is very concife 
and evident, but the fluxionary Procefs fomething tedious and af- 
JFc&ed with Surds. 


As in this Eflay, for Convenfency of Demonftration, the The- 
orems (at in, Euclid) relating to the fame Subjects are fome in 
pne Place, fome in another ; and as they arc in continual Ufe in, 
almoft every Branch of the Mathematics, we (hall here, colled 
{hem together in a fhort View, or as it may be properly called, 
A Geometrical Speculum, which will be found of the; 
ereateft Ufe to all young Beginners. 
- ' ' ' * N.B. 


APPENDIX; «7 

N. B* The Number* prefixed refer to the Articles in which 
they are demanftrated* 

I. Of the Properties of Lines interfering of making 

Angles with each other. 

Theorem i. 

64. A Liiie (landing on another Line making Angles With it, 
t^e Sam of tapfe Angles is equal to two right Angles. 

2. 

65. If one of the Angles (in the laft Article) be aright one, 
the other is alfo a right Angle j bat if one be acute, the other i* 
obtufe. 

3» 

06. Jf feveral Lines ftand on the fame Line at the fame Point, 

the Angles which they make are together equal to two right 
Angles. 

4- 
67. Two Lines croffing each other make four Angles, which 

taken together are equal to four right Angles. 

£$. All the Angles made about a Point are m 4 Rt. 4+ m 

6, 
69. If two lines interfeft each other, the oppofite 4a are 
equal. 

289 If a Ray of Light, falling- on a reflecting Surface, is re* 
flecled to the Eye, the 4- of Incidence is *a the Angle of Re- 
flection. See Art. 317. 

II. Of Parallel Urns. 
1. 

72. If a Line crofles two Parallel Lines, the alternate JLi are 
es each other. 

a. 

73. If a Line, falling upon two other Lpes, makes the alter* 
. sate Us equal to each other, the Lines will be parallel. 

3- ' » 

74. If 2 Lines be each of them parallel to another Line, they 

are parallel to each other. - 

4- 

75 . If a Line is perpendicular to another Line, it is alfo per* 

pendicular to all the ||» of that other. 

5- 
96. Two II Lines, though infinitely continued, could neyer 

meet. 


to 

\ 


III. Of Rectangles of Lines ', or Tro&utts of Quantities. 

.« ■ • • * 

119. If a Line be divided Inn* atiy'two Part?, the Square on 
the whole Line is = the Squares on the two Parts + twice the 
Re&angle contained by the rafts. 

120. The Square- oil any Lhit it ±s 4 Times the Square on 
Half that Line. 

J- 
wi. A Re&angle made by the ?nm am) Difference of two 

Lines is = the Difference of the Squares on the faid Lines. 

313. If a Line be divided lata any two Parts, the Re&anglet 
contained by the Whole and* each of the Parts are together = 
the Square of the Whole, viz. PI. VIII. Fig. 8. ABXAD + 
AB x BD = AB*. 

314. If there be two. Rt.- Lines, AB, AF, and one of them, 
AB, is divided into two or more Parts, the Reclangle contained 
by the two Lines h = the Sam of the Rectangles contained by 
the whole Line AF and the feveral Parts of the divided Line 
AB. Thas, AD X AF -hBl>X AF = AB X AF. 

IV. Of the Properties, of Triangles with Refpeff to 

their Angles and Sides. 

i 

I. 

59. The jL% at the Bafe of an Ifofceles A and oppofite to the 
equal Sides are = each other ; and a Line bifelling the Angle 
oppofite the Bafe divides the Bafe into two equal Parts, and is 
perpendicular thereto. 

2. 

60. Every equilateral A is alio equiangular. 

3. 

62. If 2 /.s of a A be equa 1 , the Sides fabtending. the equal 
Angles will be equal. 

63. Every equiangular A is alio equilateral. 

5- 

70. Any two Sides of a. A are together greater than the third 

Side. 

6. 
. 76. If any Side of * A be produced, the external Z. is = the 
2 internal oppofite Zj. 

7- 
77. The external JL is r either of the internal oppofite /is. 

9. 
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8. 

78. The 1 interior Z.s of every £ a is =a 2 Rt. £j« 

79. The 3 /.s of f¥ery A taken together are** the 3 £v*f 

any o&<?i A #ken togejhjei. • 

*: --job. 

80. If in one A 2of k*Z.s,taken together are c* 2 z.s of ano- 
ther A taken JOg^ne^ <£e reflpunijDg Z. of one will be *=* the r«- 

- 8i/lf» As have one;,^. gfwe == one A rf the other^the 
Sum of the remaining Z.s or one = the Sum of the 2 renuusung 
Z-s of the other. 

- - ,2 ' ♦ • " 

82. If in atiy A one ofMts. Z.s is a Rti At^ Sum of the 

other ^isaNR*. # Z.. • • *•*-'«- •• ^ ; *♦ - 

13. ..:•.■:' ••% 

83. If in a Rt. Z. A one of the acute Z.s is given, the other is 
==c4e Difference between jtysgFven>Z. a*d a Rt. Z..\ , . r ' 

84. When (he Angle cWained between the equal Side; of.afi 
Ifofceles a is a Rt. Z., the othej 2 Z's are each half a Rt. JL. 

85. An equilateral A hat!*" each Z. <= J.of 2 Right Zaz* 
60 Degrees. * »....;.; •. -; . 

86. If in any ^A one of to 4-s is either a.Rjt,: q* an o^tufe^Z., 
the other twc will be each of them acute. ' '^, - ..» .s» 

*7- 

89. The greater Side of every A is oppofite to the greater ly> 

18. .'v' \'\' : -. 

90. In every A the greater Z. is oppofite to the greater Side. 

19. 

91 . If two A 8 have the fame comnlon Bafe, the 2 Sides of the 
inicribed A taken together arelefs than the two Sides of the cir- 
cumscribing A ; but the vet deal Z. of the inferibed greater than 
the vertical Z. of the circumicribing A. 

3D. 

92. If 2 As have 2 Sides pf one = 2 Sides of the other, each 
to each, bat- the contained Z. of one r the contained Z. of the 
other, that, which has the grtateft contained* Z., will have (he 
greateil Bafe. - * 

93. If 2 As have. -a SMes of ooe s= 2 Sides of the other, each 
to each* but the Safe of one r the Bafe of theothtr 7 the Z. con* 
tained by the equal Sides of that which has the greateft Safe lftatt 
be r the Z. contained by the equal Sides of the other. 

96. In any Right Z. A the Square upon die Snje fobkft&pg 
*^e Rt. Z. is= both the Squares upon the Sides containing the 
Rt. Z.. 

See another Dtmonftration in Note to Art. 2 n . 23. 
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3«). In any A ABC (PI. VIII. Fig. 6, 7, 8, and 9) (tkeZ, 
at the Vertex being the greateft, or at Jeaft = either of the 
Angles of the A) ir.ake the Z. ACO =* JL B, and Z. BCE » 
/. A ; then will the Sum of the Squares on the two Sides con* 
taining the vertical Z. C, be s£ the Sam of the Rectangles con- 
tained by that whole Side fabtending that Z., and Segment* AD, 
BE, that is, AC* 4- BC 1 *= AD X AB •+■ BE X AB. 

N. B. The Theorems relating to the letting fall a Perpendi- 
cular from the verticab Angle to the Bafe of any Triangle, being 
chiefly of Ufe hi Algebra, are; referred to our intended Eflay on 

that Art. 

« 

V. Of the Equality of As in every RefpeS ; viz. 
when all their, Angles and Sties are refpe&ively equal 
to each other. 

- 1. 

58. If 2 As have 2 Sides of the one = the 2 Sides of the other* 
each to each, and the Z.s contained by thofe equal Sides equal, 
the As will be equal in all Refpe&s. 

2. 
N 94* If 2 As have two jLs of one = 2 La of the other, each to 
each, and one Side of one equal to one Side of the other, the 
As are equal in all Refpe&s. 

95. If 2 As have the 3 Sides of one = the 3 Sides of the 
other, each to each, the As will be equal in alb Refpe&s. 

VI. Of the Similarity of Triangles, and Proportionality 

of their Sides, &c< 

1. 

191. If a Line be drawn || to one Side of a A, it (hall cnt the 
jPther Sides proportional. And if the Sides, or Sides produced, 
are cut proportionally, the Lane which joins the Points of Sec* 
tion fhall be parallel to the remaining Side of the A. 

2. . .' . -tr^. 

192. If the vertical Z.of a A be divided into 2 equal /»* by 
a Line cutting the Bafe, the Segments of the Bale will have the 
fame Ratio that the other two Sides of die A have to one another* 
And if the Segments of the Bafe have the fame Ratio which the 
Other Sides of the A have to one another, the Line drawn from 
the Vertex to the Point of cutting will divide the vertical Angle 
into 2 equal Parts. 

3. 
194. Equiangular As are finwlar, that is, the Sides about the 
equal Xs are proportional* 

4> 


o 
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4- _ 

195. If the outward Z.ota Aisbifecled by a Line cutting the 
fcafe produced, then the Segments between the dividing Line and 
the Extremities of the Safe have the fame Ratio which the other ' 
Sides of the A have to one ari6ther. And if the Segments of 
the Bsfe produced have the fame Ratio which the Other Sides of 
the A have, the Line drawn from the Vertex to the Point df 
Seclion divides the outward A of the A into 2 equal Parts. 

196. If 2 As have one Z. of one = one Z. of the other/ and 
the Sides containing the Z.s proportional, the As are equiangular 
and fimilar. 

6: 

197. If 2 As have their like Sides proportional; the As are 
fimilar to each other. v 

7- ' 

198. If in a Rt. JL A a Perpendicular be let fall from the Rf. 

JL to the oppofue Side, the As on each Side of it fhall be fimilar: 
to the whole A and to each other; 

VII. Of Parallelogtamsj and the Comparifon of As 
and Parallelograms, with Reffett to ibeir Areas % or 
Equality ofjitirface. 

, - 

97. The oppofite Sides and jL% of Parallelograms are as each 

6ther : and the Diameter (or Diagonal) bife&s them; that is, 
divides them into 2 equal Parts. - 

2. 
99. Figures which are between the fame Parallels' have equaf 
Altitudes. 

3- 
roa. Re&angtes contained under equal Sides are equal. 

4- 

10 1. If 2 Squares have the Side of one = the Side of the 

other ; the Squares are =^ each other. 

.' ' . 5* ■ . - . 

102. ' Parallelograms upon the fame Bafe, and between the 

fame ||s are equal. 

6. 

103. Parallelograms haying the fame Bafe and equal Altitudes 
are equal/ 

7- 

104. Every Parallelogram is as a Rc&angle having the fame 

Bafe and equal Altitudes. 

8. ....... , 

105. Parallelograms having equal Bafes and equal Altitudes 
a>e equal. 

9. , ■- . ,..'-'' 
• 106. Jf a A and Parallelogram ftand upon the fame Bafe and 

are between the fame Parallels, the A is | of the Parallelogram. 

R vo. 
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LO. 

107. If a Parallelogram and A have equal Bates and are.be- 
tween the fame |{s, or, which is the fame Thing, have equal 
Altitude*, the A ia half of the Parallelogram. 

if* 

108. If * A and Rectangle have equal Bafes and Altitudes, 
the a is Hal f of the RedangW. 

12. 

109. If 2 As have equal Bafes and Altitudes, they are equal 
to each other. 

111. The Area cf any Parallelogram is = the Product of the 
Number of Parts into which the Bafe is foppofed to be divided 
by the Number of like Parts contained in its Altitude. 

113.' The Complements of Parallelograms which are about 
the Diagonal of any Parallelogram are = each other. 

15- 

1 14. The Diagonals of any Parallelogram bifelt each other. 

16. 

1 89. Triangles and Parallelograms of the fame Altitude are to 
one another as their Bafes* 

17. 

190. Triangles and Parallelograms which have equal Alti- 
tudes are to one another a6 their 'Bafes. 

VIII. Of Polygons in general. 

87. All the interior Z.s of any rectilineal Figure are together 
with 4 Rt. Z.s = twice as many Rt. La as the Figure has Sides. 

2* 

88. All the exterior £s of any rectilineal Figure are together 
8=4 RtZ.. 

98. All quadrilateral Figures, whofe oppofite Sides are equal, 
have their oppofite £s equal. 

114. The Diagonals of any Parallelogram bj&& each other. 

IX. Of regular Polygons. 

1. 

270, Line* bMeding ffee Angles of "the Polygonum intcrfeft 
each other' in one Point within the Polygon, and »ay be called 
Radii, for they will be equal to dach other. 

271. Lines drawn from the Center of a Polygon to the Ex- 
tremities of each Side will divide the Polygon into as many Ifof- 
celcs As, equal to each other in all Respects; as the Figure has 
Sides. 


J 
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272. Bach /. at the Center is « 360 Degrees divided by the 
Number of Sides. 

4 < 

273. The JL of the Polygon it *= 1 80° — the 4. at the Center. 

See a Table of 2-s in Art. 274. , 

5- 
276. In a Hexagon the Side of the Polygon is = the Radios. 

X. Of the Properties of Circles. 

i. 

134. If a Line drawn through the Center of a Circle bifeft 
any Chord, it will cot it at Rt. JL% : And if the Diameter is at ' 
Re* L>\ to the Chord, it will bifed it. 

*i34« If any Point which is not the Center be taken in the 
Diameter of a Circle, -then of all the Lines that can be drawn 
from that Point to the Circumference, that in which the Center 
is, is the longeft, and the other Part of the Diameter is the lead : 
And of the others, that which is nearer to that in which the 
Center is, is longer than one more diftant. 

■J- 

135. If Lines drawn from any Point without a Circle to the 

Circumference ; then, of thofe which fall on the concave Part of 
the Circumference, the greateft will be that which panes through 
the Center, and the, nearer to it greater than the more remote : 
But of thofe which fall on the convex Part of the Circumference, , 

the leaft it that which coincides with the Diameter produced, and 
the nearer to it is ltfs than the more remote. 

.'4. 

136. If a Point be taken within a Circle from which there fall 
more than two equal Lines to the Circumference, that Point is * 
the Center of the Circle. 

5- 

137. One Circle cannot cut. another in more than two Points. 

6. 

1 3£. Equal Lines in a Circle are equally diftant from the Cen- 
ter : And thofe equally diftant from the Center ate equal to each 
other. 

# i 39. The Diameter is the greateft Line in a Circle ; and of 
any other, that which is nearer to the Center is always greater 
than that jnore remote. , 

8. 

140. A Line greater than the Diameter drawn from any Point 
wkhin the Circle muft cut the Circumference. 

9- 
. 141. A Line meeting a Circle in a Point atRt. Z*s to the Ra- 
dius, is a Tangent to the Circle at that Point. 

R z \o. 
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IO. 

142. If a Line touch a, Circle in any Paint, a Rt. Line drawn 

Srom the Center tojthat Point will be perpendicular to the touching 
uine. 

1?. 

1 43. If a Line touches a Circle, and from the Point of Contact 
a Line be drawn perpendicular to the touching Line,, the Center 
of the Circle fliali be in that Line. 

.12. 

145. The Z. at the Center of a Circle is double of the JL at 

She Circumference upon the fame Bale > that is, updn the fame 
'art of the Circ umference. 

146. The JLs in the fame Segment of a Circle are == one 
another. 

147. The oppofite Z.s of any quadrilateral Figure defcribed 
in a Circle are together = 2 Rt. Z.s. 

148. The Z. in a Semicircle is a Rt. Z- ; but the JL in a Seg- 
ment greater than a Semicircle is lefs than a Rt, Z. ; and the Z. iq 
a Segment lefs than a Semicircle is greater than a Rt. Z.. 

16. 

149. In an oblique A infcribed in a Circle,- the vertical Z. 
exceeds, or is lefs than a Rt. Z., by the Z. made by the Bafe and 
the Diameter drawn from either Extremity ot the Bafe. 

> 17- . ^ 

150. In equal Circles the Angles at the Circumference, and 
Handing upon equal Chords, are = each other : And if the Cir- 
cumferences are equal, the Chords on which they ftand will be 
equal alfo. 

IS. 

151. If a Line touches a Circle, and from the Point of Con. 
fact a Line be drawn cutting the Circle, the Z.s made by this 
Line with the Line touching the Circle, (hall be = cheZ.s which" 
are in the alternate Segment of the Circle. 

* 19. 

210. (See PI. IV. Fig. 13.) ift. As AB : BC :: AD : AC; 
3d. As BD : DA ;: DA : DC (this is all we mean when we 
fay AD is a geometric mean Proportional between BD and DC. 

20. 

at 1. Therefore ift. AB X AC==BC X AD; 2d. BD X DC 
==DA*; 3d. BC X BD=?AB* ; 4th. BC X DC == AC*. 

21. 

.212. If 2 Lines cut one another within a Circle, (as in 
Plate IV. Fig. 14.) the Rectangle of the Segments of one of 
them i* = the Rectangle of the Segments of the other, <cws. AB 
X EC = BE X ED. And if two Lines cutting a Circle, being 
prpduced, inter feet each other without the Circle, (as in ?\. IV. 
Fig. 15.) then alfo will AE X EC = BE X ED. 

• v 22 
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' 22. 

213. If from any Point C without a Circle, (PI. IV. Fig. 16.) 
2 Lines CA, CB, are drawn in fuch a Manner that CB touches 
the Circle, and CA cuts it, fhen will CA X CD =BC*. 

214. In equal Circles, Z.s f whether at the Centers or Circum? 
ferences, hare the fome Ratio with the Circumferences on which 
they ftano\ Thus, Jet G and H (pi. IV. F. 17.) be the Cen- 
ters of the twp Circles ; then we affirm, tbaf, as the Circum- 
ference BC : the Circumference EF :: the Z. BGC. : the 
Z.EHF* and :: Z.BAC : jLEDF. 

24. 

215. The Z. BGC in the Center : 4 Rt. As :: the Circum- 
ference or Arc BC on which it (lands : the whole Circumference 
of the Circle. 

25. 

216. Hence the Circumferences DE, BC, (PL IV. Fig. 18.) 
p£ unequal Circles, which fubtend e^ual Angles at the Centers, 
as Z.s DAE, BAG, are fimilar ; viz. As Arc DE : the whole 
Circumference of the Circle DEF :: BC ; the Circumference of 
the Circle BCG. And if they are fimilar, they will fubtend 
equal Angles. 

N. B. As to the Theorems relating to the Circumferences of 
Circles being as their Radii or Diameters. The Areas of 
fimilar Plane Figures being as the Squares of their like Sides* 
&c. we intend to give them in a more proper Place, viz. when 
we treat pn Menfuration. 

XL Of proportion. 

1. 

187. Magnitudes have the fame Ratio to one another which 
their Equimultiples have. ' 

2. 

188. If 4 Quantities are proportional, then any Equimultiples 
pf the 2 firft, will have the fame Ratio as any Equimultiples of 

the two lail. 

■ 

3- 
193. 1/4 Lines are proportional, the Rectangle contained by 

the Extremes is = the Rectangle contained by the Means. 

4- 

198. If 4 Quantities are proportional, they will alfo be Pro- 
portionals taken inverfely, was ./if a : h .: c : d ; then will b : a 
:: d : c. 

' - ' 5- 

199, 200, 201, 202, 203. If 4 Quantities are proportional, 

fhey will alfo be proportional when taken alternately, compound- 
edly, by Divifion, by Conversion, and mixtly, W*. if a : b :; 
c : d; then, 

199. a : : c :: b ; d. Alternately. 

900. a + b : b :: c + d 1 d. Compoundedly, 

20i« a— -£ : b :: c — d : d. By Divifion. fbU 
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. 202. a :.*■— b :; t : c — </r By Convetfion. 
203. * + £ : «— £ :: r + ^ : * — </. Mixtly. " 

ft. 

205. If 3 Lines ate proportional, the Re&angte under the Ex- 
tremes is = the Square on the Mean, viz. if a 1 b 1: i % : c 9 then 

* 

7- 

206. T%e Reclangles under proportional Lines are propor- 
tional. Thus, if a : b :: c : d $ and 4 : f :: g 1 t> ; then 
^X * : tX/x: c ycg : ^X.A. 

8. ' 
' 207. The Squares on 4 proportional Lilies are Proportionals, 
wiz. if a : b :: c : d *, then will a % : b* :: ** : d*. 

9- 
208. If 4 Squares are Proportionals, their Sides will be fo too, 

A List of the Problems. 

Prqbliu 1. \ 

lit and 112. To find the Areas of Parallelograms and Tri- 
angles^ 

2- 
zzi. To draw a Line from a given Point =» a given Line, 

3* 
222* From a greater Line to cut off a Part = a letter Line. 

4- 

223. About a given 'Point to defcribe 1 Circle whofe Radius 

{hall be = a given Line. 

5- 

224. To make a A whofe Sides (hall be refpe&ively = three 

riven Lines. 

, 6. 

225. To bife& a given /., that is, to divide it into two equal 
l Parts, 

226. To bifeft a given Line. » 

8. 
237. The laft Art. fcrves alio to raife a Perpendicular on the 
Middle of a Line. 

228. To draw a Perpendicular to a given Line from any Point 
in it.. See al£b Art. 315. 

229. To let fall a Perpendicular from a Point above to a Line 
. below. 

230. To make an Angle = a given /.. 

12. 

331. To cenftrnft and (hew the Ufe of a Frbtra&or. 
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13. 

234. To conftrnft and fliew the Ufe of a Line of Chords. 

236. To draw a Line parallel to a, given Line through a givtit 
Point. , - 

•• • 1,5. . , 

237. At any DifUnce to draw a Line || to another Line. 

16. 
239. To conilru£l a parallel Ruler. 

17. 

241. To trifedl an Angle. 

18. 

« 

242. To defcribe a Parallelogram that (hall be = a given A t 
and have one of its Z_* = a given /.. 

19. m 

243. To apply a Parallelogram to a given Line, which fhafl be 
= a given A, and have one of its Z.s == a given Z.. 

20. 

244. To defcribe a Parallelogram = a given re&ilineal Fu , 
gore, and having an /. «= a given re&ilineal Z., 

21. 

246. By this alfo rtiay be defcribed a Parallelogram = the Sum, 
or Difference, of any rwo given right-lined Figures. 

22. 

247. To defcribe a Re&angje whofe Sides fhifl be = fw* 
given Lines, 

23. 

248. Hence alfo to conftruft a Square. 

24. 

249. To make a Square =* any Number of given Squares* 

250. To make a Square = the Di&rence of two given Squares* 

26. 

251. To make a A = any given quadrilateral Figure. 

*7- 

252. To make a A = any given 5-fided Figure. 

28. 

253. To defcribe a Circle through 3 given Points. 

20. 

254. To find the Center of a Circle.— By having a Segment 
of a Circle to com pleat the Circle. — — And to defcribe a Circle 
about a given A. 

30. \ 

255. To draw a Tangent to a Circle from a given Point with- 
out it. 

256. To draw a Tangent from a given Point in the Circum- 
ference of the Circle. 

3*- 
2 57* Upon a given Line to defcribe a Segment 6f a Circle 

which fhall contain a given Angle. 

3*- 
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33- 
259. To cut off a Segment from a given Circle which mall 
contain a given Z., 

% • . 34-. 

266. To inferibe in a given Circle a Line = any given Lintf, 
left than the Diameter of the Circle* 

35- 

261. In a given Circle to inferibe a A equiangular to a given A. 

3 6 - 

262. About a given Circle to defcribe a A equiangular to 4 
given A. 

. -• - 37. 

% 263. To inferibe a Circle in a given A. 

38. 

264. To inferibe a Square in a given Circle. 

,39- 

265. To defcribe a Square about a given Circle*. 

266. To inferibe a Circle In a given Square. 

41. 

267* To defcribe a Circle about a given Square. 

4 2 - 

275. In a given Circle to inferibe a Polygon of a given Num- 
ber of Sides. 

43« 

277. From a given Line to cut off any aliquot Part. 

44- 

278. To divide a given Line into any Number of equal Parts. 

% Being of Ufe in making Scales of equal Parts. 

45- 

279. To find a third Proportional to two given Lines. 

46. 

280. To find a fourth Proportional to three given Lines. 

47- . 

281. To rind a mean Proportional to two given Lines. 

48. 
; 282. To divide a Line according to extreme and mean Propor- 

tion. 

49. 
283, To make a Square — any given right-line Figure. 

285. To find two Lines which (hall have the fame- Ratio to 
each other as any two given rectilineal Figures. 

Si- 

286. Upon a given Line to defcribe a rectilineal Figure, fitti*- 

lar, and fimilarly Jitoated, to a given rectilineal Figure. 

52. 
288 To find the Height of an acccffible Object by- Means of 
two Poles of . unequal Length* 

S3- 
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53- 
290. I'd find the Height of an acceffible Objeft by Means of 

any plane Refle&ing Surface, as a Looking-Glafs, or Bowl of 

Water. 

54- 
igfu To defcribe a Figure called an Oval. 

55. • ~ 

292. To defcribe a Figure failed by fome an Helix, Or Spiral 

Line. 

56. 

293. Having a round Table, to n\ake it into a fquareJTable,' 
and have a Hole in the Middle, without Wafte. 

^ 57- 

294. Having a round Table to change it into two oval-like 

Tables, and have a Hole in the Middle of each, without Wafte 
of Timber. x 

58. 
295;. To fill a Hole exactly a Foot fquare, with a Piece of Board 
in Length 16 Inches, and Breadth 9 Inches, by only cutting it 
into two Parts. 

59- 

296. To defcribe Circles of different Radii with the fame Ex- 
tent of the Compares. 

60. 

297. To defcribe an Oval-like Figure at, one Sweep of the 
Compares. , 

- . 61. 

298. To cut a Hole in a Card large enough for a Man to paf* 
through* 

62. 

299. To defcribe an Ellipfis of any given Length and 
Breadth. 

300. To defcribe a Fignre refembling a Hen's Egg. 

64. V 

305. Any two Sides of a right-angled A being given, to find 
the other Side. » 

As many valuable Authors in their Works frequently refer taf 
fome Proportions of Euclid, we have added the following Tables,' 
to (hew by Infpe&ioq what Articles in this Efifay anfwer to the 
moft ufeful Theorems in that Author* and the contrary. 
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A TABLE Jhewing by IofpeAion wbit Article in this EtsAY 
aniWers to its corrcfpondmg rropoiition in EurfiJ. 
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A TABLE {hewing what Propofition in Etc/id anfwert to its 
correfponding Article in this Essay. 
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HAVING already given the Elements of 
Geometry, we come now to treat of Plane 
Trigbnometry; -' ' ' • / 

It is by Trigonometry that we apply Geometry to 
find the Heights of Obje&s and Diftances of Places, 
both on Sea and Land, as is {hewn in this Eflay. 
Hence it appears, that, even in thenarfow Limits to 
which it is here confined, it is a Science of great Ufe 
in the common Affairs of Life ; and, if we include 
the Doftrine of fphcrical Triangles alfo, under the 
Term Trigonometry, it is that Science to which may 
be attributed whatever is effefted in Aftronomy, Ge- 
ography, and Navigation, agreeably to the Motto 
prefixed to this Volume, For by Trigonometry it is 
the* Aftronomer computes the Diftances of the Pla- 
nets> calculates the Eclipfes of the Sun and Moon, 
the Tranfits of Venus and Mercury, conflrufts Dials 
for (hewing the true Time of the Day, &c. By it the 
Geographer lays down the principal Places on- the 
terraqueous Globe in their true Pofitions and Diftan- 
ces : , And, laftly, by it the Navigator conducts his 
Ship, through the tracklefs Ocean, to his defired 
Port, though ever fo far diftant, by the uncertain 
Impulfe of the Wind.' - 

what we have attempted to do, in this Effay, is, 
to give the Elements of Plane Trigonometry in a 
clear Manner, with their Application to Altimetry 
md Longimetry, in a greater Variety of ufeful Prob- 
lems, both for Land and Maritime Surveying, than 
is given in any other Treat ife on this Subjeft. 

A 2 And 


PREFACE. 

And here it may not be improper to hint, that no 
Perfon, though ace u domed (9 qonftruft Plans -ef ' 
Gcntlemcns Eftates by the Theodolite, &?<\ ftxoutd 
attempt to furvcya County, or the Sca-Coafo or 
Channels of any Kingdom, till he has made himfelf 
Matter of thefe Problems, with as much of Naviga- 
tion er Aftronemy, at leaft, at teaqhes tp find the 
Latitudes and Lfcngitudes of Places ; whtth ctene, 
for his Encouragement, we will venture to affirm 
there will not arife any Difficulty, in Pr|£tfc«| which 
he may not eafily furmount. 

The Writers on this fubje& are numerous 1 asal- 
moft all Authors, who have treated of Sumyiflg, 
Navigation, &c. have written preparatory Traatifel 
on Plane Trigonometry : Some of them are, Pitiffcm* 
\xx the Year 1614* Ganfen, \^x%\ Briggs* *6$$t 
JVw/m, 1^58; Sttcrmy> 1667; Norwood* k6$i \ &£■ 
ler> 1669 ; Decbaks* 1674 ; PbilMpfs* i6y% 1 Sir J^* 
vas. Moore* 1681 \ Atkinjon* 1686 \ l^yhmrn* 1^9011 
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BOOK I., Cmap. L 
0/ Definitions, and the Nature of Sines, Tan* 

GENTS, &C. 




t. r— Br^RlGONOMETRY is the Science or 

Db&rine of the Properties of Tri- 
angles. 

2. A Triangle is a Figure contained 

under three Lines. 

4 

3. Trigonometry may be either Plane or Spherical* 
Plane Trigonometry is, when the three Lines which 
form the Triangle are Right Lines. It is called 
Plane, becaufe thefe Lines are in the fame Plane, or 
flat Surface. By fome Authors it is called Plain* 
becaufe the common Principles of Plane are Some- 
thing eafier to be underftood than thofe of Spherical 
Trigonometry. 

4. Spherical Trigonometry treats of the Properties 
of Triangles, formed, or conceived to be formed, 
On the Superficies of a Globe or Sphere ; which are 
therefore called Spherical Triangles. But this muft 
be the Subieft of fome future Effay. 

B • . Of 


^ Of Sines t tangents \ &c. x 

Of the Chord j Sine, Tangent, fcf c. of an Are. 

pl » p. '5 Let ADB be a Semicircle, C the Center, the 
. ' * lg * Arcs AD and DB each *go Degrees, or a Quarter of 
* 217. g. a Circle. 

-f>>/?. Aflume any Point, F, in thd Arc BD ; join 

B, F *, then the Line BF is called the Chord of the 

ArcBP. 

6. Secondly. From the Point F, let fall the Line 
FE, perpendicular to AB ; or (which is the lame) 
draw FE parallel to DC ; then is the Line FE cal- 
led the Sine, and EB the VerfidrSine, of the Arc BF. 

7. thirdly. At the Point B, on AC, raife the Per- 
pendicular BG 5 join the Points, C, F, by tfreLape 
CF ; which produce, to interfedt BG in G 5 then is 
BG called 'the tangent, and CG the Secant, of the 

. ArcBF. 

8. Fourthly. Any Arc, BF, lefs than a Quarter of 
a Circle^ being fubtrafted from 90 Degrees, or the 
Quarter of the Circle DB, the remaining Arc FD is 
called, the Complement oi the Arc BF. 

9. Fifthly. From the Point, F, draw FI, perpen- 
dicular to CD 4 which is eafieft done by drawing it 
parallel to AB: Alfo, from the Point D, DH pa- 
rallel to AB, (or, which is ,the fame,, perpendicular 
to DC,) till it mterfeas CG in H : Then is IF the 
Sine-Complement, DH the tangent-Complement, and 
C^ the Secant-Complement, of the Arc FB ; or 
(which is the lame Thing; the Sine, tangent, and 
Secant, of the Arc DF. 

io. Inftead of Sine- Complement, Tangent-Com- 
plement, and Secant-Complement, it is very com- 
mon to write Co-fine, Co-tangent, and Co-fecant. 

ii. By the Confirmation it appears that CE is al- 
ways equal to IF ? the Coftm of the Arc BF* 

1.2. Hence 

' • The Reference, 817. g. at this Mark in the Margin, Gg» 

nifies, Article 217, Elements of Geometry : And, in general, 
when g. i£ added to a Reference, it denotes the Elements of 
Geometry ; otherwife, the Article in this Effay. 


Explanation of Characters. : 

1 2. Hence it appears, that any Arc, BF, and its 
Supplement to 180 Degrees, (viz. the Arc ADF,) 
have the fame Sine FE, Tangent BG, and Secant 
GG, but not the fame Verfed-Sine ; BE being the 
Verfed-Sine of the Arc BF, and AE that of the Arc 
ADF. 

13. It appears, from Figure II. that, when the 
Arc BF is equal to 45 Degrees, the Radius CB is 
^qual to the Tangent BG. 

For, as the Triangle CBG is right-angled at B> 
and the Z.BC0* being 45 Degrees by the Hypothefis, 
the Angle CGB is alfo * 45 Degrees ; and therefore » g 
the Sides, CB, BG, being oppofice to equal Angles, 
muft be b equal. . * 62. g. 

14. £s Arcs are the Meafures of Angles, it isa$ 
cuftomary to fay, the Sine, Tangent, or Secant, of 
an Angle, as the Sine, Tangept, fef^ of an Arc. 

15. Before we proceed any farther, it may be ' 
proper to infert the Explanation of fuch Characters 

^s will be ufed in this Effay, which are not already 
explained in our Elements of Geomeiry. Viz, 

CHARACTERS. 
S. Sine. 
. S. C. Sine-Compjement. 
C. S. Cofine. 

T. Tangent. 
T.C. Tangent-Complement. x • 
Sec. Secant. 
V. S. Verfed-Sfne. 
Sup. Supplement to 180 Degrees, 
d. or? Degrees 1 as 3 iy' 14" is to be read 3 De- 
' Minutes > grees, 17 Minutes, 14 Se- 
* Seconds J conds. 
„ h. Hours, as gh. ip' 19 5 Hours, 10 Mi- 
nutes. ' * 

16. Before we proceed to the Solutions of the 
common Cafes of Plane Triangles, it is proper to 
explain, the Conftru&ion of the fcveral Lines gene- 

' B 2 rally 


% ' Conjiruflion of Scales. 

rally put on aPlotting-Scale, viz. Lines or Scales 
of fequal Parts, alfo of Chords, Sines, Tangents, 
and Secants, for the more readily conftru&ing Tri- 
angles, &c. 
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BOOK I. C ha p. II. 

Of the Conftruftion of Scales. 

x 7* A SCALE of 10 equal Parts in an Inch, as 
j£\, AD, may be conftrudled by a few Trials 
(or by Art. 278, of Geometry). 

18. If it be required to make any other Scale of 

equal Part$, ( as » for Example, 15 to an Inch,) it 

may be done thus. r 

Firft, Draw AC J- to AB, and, from any convc- 

t>i t t?- n ^ cnt Place, C, draw CF, making any convenient 

"• LFl S- Angle, atPleafure, with the Line CA; join C, D, 

and make CI r: AD ; then take from the Scale, AB, 

the Number of Parts into which the hew Scale is to 

be divided 5 viz. in this Example, extend the Com- 

pafles from E to a 9 and fet that Extent from C on 

theLineCA (produced if neceflary) to K, and join 

IK, and draw AL || to KI ; make CM = CL, and 

draw MN || AB j then will Mi be zz. one of the prU 

jnary Divisions, on the New Scale.* 

Then 

1 

* Demonstration. Since the Number of Divifions is to be 
greater in an Inch Length, in the Scale MN, than in the Scale 
AB, it is manifeft that the primary Divifions muft be decreased 
in that Proportion ; that is, AD muft be, in this Example, to 
Wib> as 15 to 10. 

That it is fo, in the above Conftru&ion, will eafily appear ; 
for CK was taken to CI in that Proportion ; and, ALbeing|| 
to IK, the As CIK and CLA are fimilar; v CL has. the fame 
* 191. g. Ratio to CA as a CI to CK. But CM is made = CL ; ••► CM : 
CA :: CI : CK. But, Mb being || AD, the As CM* and 
CAD are fimilar. •.• CM : CA 4 :: Mb : AD ; ••• by Equa- 
lity, Mb : AD as CI to CK, the given Proportion. Q^E.D. 

After this, that Mb, by drawing Lines from C to the feveral 
Divifions in AD, will be divided into 10 equal Parts; is too 
manifeft to need any Explanation. 


Conftruttion of Scales* ' 5 

Then Lines drawn from the Point C,, to the fe« 
vcral Divifions in AD, will divide Mb into 10 equal 
Parti, 

'1 . 

19. Tie Ufe of a Scale of equal Parts, as reprtfented 

by AB. 

The primary Divifion 1 may be confidered either 
as -^ i, or 10, or 100, fcf*. and then the Divir 
fion 2 muft be reckoned proportional j as, if 1 is. 
t^, 2 is T V ; if 1 be 1, 2 is 2 j if 1 (lands for 10, 
2 is for 20 5 if 1 for 100, 2 for 200, &V. And as 
the Divifion^on the Left, viz. AD, are divided into • 
10 equal parts, each is. T V of what the firft primary 
Divifion, DE, is fuppofed to be. 

For Example. Let it be required to take off T 5 ^ 
from the Scale, fuppofing each primary Divifion to ■ 
be 1. Place one Point of the Compafles on D •, then 
open the other to the fifth Divifion at a ; and the 
Compaffes will be opened to -~#. 

Again : Let it be required to take off 25, fuppo- 
fing the Divifion at E to denote 10. Extend the 
Compafles from B to 4, and it will be the Diftance 
required, ? 

The fame Extent, if 1 at E be cdnfidered as 100, 
will denote 250. 

20. But, when it is required to take off a Num- 
ber exprefied by three or more Figures pretty accu- ' 
ratcly, it is more convenient 4 to have a Diagonal 
Scale ; which is thus conftru&ed. 

For Example's Sake, let it be required to con- 
ftrudt a Scale for dividing an Inch into 100 equal 
Parts. 

Having drawn ab y xd, and made the primary Di- 
vifions, confider how many Parts you would have a PI. T. Fig 
primary Divifion, ae, divided into ; fuppofe, as in 4* 
the common Scales, 100 ; then the Number of Di- 
vifions in ce, x by the Number of Divifions in cm, 
muft be equal to 100 j and v each is- generally 

made 


6 CtnflrutHon of Scale*. 

made to contain jo Divifions, ie Titnes 10 being 
ioo. Through the feveral Divifions in cvt y and pa- 
rallel to ed 9 draw the 10 parallel Lines, as repre- 
x fenced in the Figure : Divide ce and mn each into 
io equal Parts, and join the Points by the Diagonal 
Lipes, as (hewn in the Figure* 

2 1 . An Example or two will explain the Ufe of 
this Scale. 

Fiift, fuppdfe it is required to take off 156 in the 
Compaffes, the primary Divifion being 100. 

Put one Point of the Compaffes at the Place where 
the 6th || Line interfe&s the vertical Line of the 
firft primary Divifion, viz. at 0, and extend the o- 
ther Leg to the Place where the 5th Diagonal Line 
cuts the fame Parallel ; and the Thing is done. 

22. Example 2. Suppofe it is required to take off 
4740, each primary Divifion being 1000. 

Place one Leg of the Compaffes at the Place where 
the 4th Parallel interfedh the 2dj>rimary Divifion, 
viz. at r, and extend the other on the fame Paral- 
lel, to the 7th Diagonal -, and the Extent of the 
Compaffes will be the Diftance required. 

Hence the Learner may obferve, that the paral- 
lel Divifions in the Diagonal Scale are considered 
But as T^ of the diagonal Divifions., 

23. Scholium. For other Purpofes, the Diagonal 
Scale muft be other wife divided. 

- * 

For Example, if to plot Diftances taken by a Per- 
ambulator, or Mcafuring- Wheel, which takes Miles, 
Half-Miles, and Poles, (which I have found to be 
beft for furveying Counties,) then a Mile containing 
320 Poles, I conftrudt it thus : Make ae'zz i a pri- 
mary Divifion, or Half a Mile % then divide it into 
16 equal Parts, and cm into 10 5 for 16 x 10 = 160 
= \- a Mile. ' . 

But if the Wheel takes Miles, Furlongs, and 
Poles, as fome are made, (which I would not recom- 
mend, for Reafons wjiich will appear in a more pro- 
pelf Place,) then I divide each primary Divifion 

- ' ' ' . into 


! , 

r 
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into 8 Parts, for Furlongs, and draw vertical Lines, 
as in the' primary Divifions •, after which I make a 
rz the Diftance for a Furlong* and divide it into 4 - 
equal Parts, and em into id •, becaufe 4x10 zz 40 
Poles ss 1 Furlong. 

In my Survey of Devon, I had both thefe Kinds 
of Wheels ; which occafioned my conftru&ing 
Scales on thefe two Methods ; and, as young Sur- 
vey c>rs might perhaps be at fi?me Lofs to con- 
trive them, I take this Opportunity to hint at them 
here, rather than wait till our Treatife of Survey- 
ing, as they are not conftru&ed in any Book on that 
Subjedt 

24. To conftruft States of Chords, Sines* Tangents > &c. 

1 ft. With a convenient Extent of the Compafles, « 
and one Point at C r defcribe a Semicircle, ADB> PL I. Fig* 
and raife the J- CD; then with the fame Extent of 5 * 
the Coqppafles, and one Point in D, with the other 
make a Mark, H, on the Arc DGHB ; then, with 
the fame Extent, one Leg being in B, the other will 
extend to G, and the Arc DB be divided into $ 
equal Parts - 9 and v DG, GH, and HR, are each 
rr a 30 Degrees •, then* by a Trial or two,, divide » 2 ^ m ~ 
each of thefe into three equal Parts, and fo the Qua-* 
drant will be divided into 9 equal Parts, each 19 
Degrees. 

2. Produce AB towards F at Pleafure, and draw 
E>E |( thereto ; then, turning a Ruler about C as a 
Center, draw Lines to touch the Tangent Line DE* 
viz. * 10,, b 20, G 30, £?V. then it is manifeft,. 
from Art. 7, that DE will be a Scale of Tangents. 

3. Then, one Leg of the Compaflfes being in C* * ' 
open the other to 10 on the Tangent-Line, and, 
turning it about, fweep an Arc, 10, 10, to cut the 
JLine GF; then fweep Arcs, 20, 20 5 3.0, 30 ; &c~ 
and CF becomes a Scale of Secants, 

' ' 4- Parallel 


$5 Confiruliion of Scales. 

4. Parallel to DC draw the Parallels, a id, b 20, 
&V. to cut the Line CB ; then is CB a Scale of 
Sines ; and, if the Numbers were counted from B 
towards C, a Scale of Yerfed Sines, by Art. (5. 

5. Place one Leg of the Compafles in D, and, 
extending the other to *,. defcribe the Arc a 10 ; in 
the ,fame Manner, b 20, &V. to cut the Line DB 5 
then will the Ljne DB be a Line of Chords, by 
Art. 5. 

6. Laftly. If A, D, be joined by a Line, AD, and 
the Arc AD divided into 8 equal Parts, denoting 
P x oints of the Compafs ufed in Navigation, and 
Arcs 1, 1 ; 2, 2 •, &c. be defcribed in the fame Man- 

; ner as in the Line of Chords ; the Line AD becomes s 
a Scale of Chords for Points, commonly called^ by 
Sailors, a Line of Rumbs. / N 

25. Though, in the above, we Jiave only divided 
the Arc DB into 9 Parts, denoting 10 Degrees each, 
(being fufficient for an Example,) it is eafy to con- 
ceive that each of thefe may be divided into 10 De- 

t grees, and fo the Arc divided into 90 Degrees, and 
confequently the Scales made to Degrees, &c. 

26. But, though the above Conftru&ion clearly, 
fliews the Nature of fuch Scales, yet, as. it requires 
very great Care to be accurate, it is not fo fit for 
Pra&ice as the conftrufting them by Means of Ta- 
bles, £sfr. as I fhall Ibew farther on, being unwil- 
ling to detain the young Student any longer in this 
Place, and defirous of making him acquainted with 
the Solution of the common . Cafes of Plane Tri- 
angles, as foon as conveniently may be. 

r 27. Having a Set qf Scales, accurately made, 
called Pattern-Scales, readily to make others by it. 
. For Example : Let it be required to transfer the 
PI. II- Graduations on the Scale AB, to the intended Scale 

Fi *-"'DC. 

ift. Draw the neceflary parallel Lines from D to 
C, by the (harp Poipt of a Gage, of the fame Na- 
ture as thofe ufed by the Cabinet-makers pr Joiners. 

2. Fix 


Chnfirattionaf Scales. \ r> 9 

(, a. Fix. the two Scales by the Side ; of each /othery 
on a Table or proper Board, fo that; they ttl*y.flpt(Jide.; . 

3. Then take a Square, abe, in which ab is a Ru- 
ler, or Piece of MaJTbgany or other proper Wood/ 
in the Middle of which is laid a EJrafs Square, cde. 

Its Ufe is : Slide ab along the Side of the Pattern- 
Scale. AB, till the Edge dr conies to VDfaifidn, 
fuppofc 2, to be transferred ta the other Scale ; 
which is readily done by ,only cutting with a Jfoarp- 
potnted Knife, by the Edge & of the Square ori the^ 
Scale DC ; and fo Aiding from one Graduation to .11 K 
another, thfe Divifions on AB are eafily cppietLoi^. c • '±- 
the intended Scale DC. As to 'the Figures; if on- 
Wood, they are marked by proper Stamps •, ifon ; 
Bra% they, ftiould be engraved. . : > - . ■ •* 

" v 28f. To make an z. r: any Number of Degrees. .. 

. This has been already done by a Lirfe'bf ^hot-ds/ 
and* may alfo he done by Scalea of Sines, Tangents, 
or Secants. ' : :...-./: r.-i i - 1 

For Example : Let it be required tQ mike an z. 1 - 
equal to 50 Degrees. . c 

lft'.'By the Line of Sines. T -;-- : ; 

On any Point, C, in the Line AB, raife the li ' ' - : 
CD = the Sine of 5bd. taken from the Scale ofpi, n. p # 
Sines 5 then, from the fame Scale, take the Radius*. r 
or Sine of 90 d. and, having one Point of the Com- 
paffes in D as a Center, with the other interfedt AB 1 
in E, by a little Sweep ; join ED ; and the Z.DEB. 
is manifeflly that required. ' ' : ' *' . 

2. By the Line of Tangents. , 

Tak6 AC = the Radius or Tangent of 45c!. from : 
the Scale of Tangents; raife the _L CD, which P1 - lL *• 
make zi the Tangent of 50 Degrees - 9 draw AD *** 
and the : Z DAB is that required. 

3. By the.Secants. 

Take, as before, AC n Radius, (rr Secant of Pi. II. Fi 
o Degrees — Sine of 60 d. z= Tangent of 45 ,) and V 
raife -LCE* then with the Secanrof 50 d.' and one' 
of the Compafies in A, wich the other fweep a 

C . . Tittle 
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little Ah:, interfering CE m D ; KfA #ii#i«feat 
the l DAB i* ** clfe H^tftf^d' ■£ . 
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BOOK I. Cha*. in. 

, Oftbt Solution oftbecmmm Cafes of Rigbt-kugkd 
1 Plate Triangles. 

29. JTsEjimtioii. In any right-angled Triangle, AtiC» 
pj^ | L -*-^ right-angled at B, the Side AB, on which 

Fig. 5. die Triangle may be fuppofed to ftand, is called the 
Bafe ; and the Side BC, from its Pofition, the Per- 
pendicular. The Side oppofite the Right- Angle, or 
the longed Side, AC, is named the Hypothenufe. 

30, By . attentively confiderjng Article 4, thefe 
PropoGtipps evidently follow \ biz. 

1 ft. If the Hypothenufe be made Radius* then U 
the Perpendicular BC the Sine of the oppofite, 
Angle A •, and the Bafe AB the Cofine of the Angle 
A ; or, which is the fame, the Sine of the A.ngle C. 
PL II. 2dly. If the Bafe be made Radio;, then is the 
Fig. 6. Perpendicular the Tangent of the Angle A, and the 
Hypothenufe the Secant of the Angle A. . 

sdly, If the Perpendicular be' lipade Radius* then 
is the Bafe the Tangent of the Angle C> and the 
Hypothenufe the Secant of the Angle C. 
^ 31. $cbplium. We have noted the above, as we 
intend to fKew hoW to folve right-angled Triangles 
by making each Side Radius, as fome may exped 
it ; but we (hou)d hint, that, in Fra&ice, Naviga- 
tors, Surveyors, 6iV. generally make the Hypothe- 
nufe Radius, when it can be done (which it may ah* 
tfays, excepting when the two (hort Sides or. 'Legs* 
viz. the Bafe and the Perpendicular* are given to 
find jthe Hypothenufe) r becaufe it is more eafily fc- 
m,embered v &c. as it comes under the following: 
univerfal Theorem,* viz. In any plane Triangle, if 

among 

• Which will be demonftrated In Oblique Triangles 


0/%^W%i%f^ if 

eoappg the Things given thete be a Side, and it* 

<*ppftfi» AogJe, fp find the Reft ; then %, As a 

given Side : the Sine of its opppfite Angle ;: any 

ptfcer Side : the Sine of it? oppofce Angle- 
Therefore, to find an Angle, hegin with % Side 

pppofue to a known Angle. Alio, w the Sine of a 

given Angle : it* Qppofite Side :: the Sine pf any 

other Angle : it* pppofite $i£e. 

Therefore, to find a Side, begin with an Angle 

fppofijte *p a knospn Side. 

3a. Corollary i. Henc*, if the oppofile Sides are . 

equal, the.pppofite Angles are equal'* and the con* 

»wy. 

S3- Cmlhry %- Hen^e alfo the greater Atjgle is 
oppofite to the greater Side, and the contrary'; a- 
grceaWy tQ Thepr^m the £th» in the Introduction. ' 

34. The fix Cafes of Right-angled Trigonometry 
-may be eafily folved, by obferving the following Df- 
rc&ions: Viz. ' l '^ ' 

i. Either make a Draught of the Triangle by 
Geometry, or (which may be fufficient) only 'a Re- 
prefentation, drawn in a rough Manner by '{jane}* 

2. Let fuch Parts of the Triangle as are given in 
tlie Queftion be marked with a Dam ( — ); and thojfe 
which are to be found, with a Cypher (O). 

3. If one of the Acute-Angles is given, the orhejr 
is alfo looked on as known ; being found by only 
fubtrafting the given one from go d. This appears 
from Art. 83, Elements of Geometry. 

4. Compare the given Things together, and 
thereby determine which of the preceding Rules p 
beft adapted to folye the Problem. 

§. Then write the Canon as the Theorem dire&t* N 
and, if you ufe a Table of Natural Sines, Tan- 
gents, and Secants, work the Proportion as in thp 
JR.ule of Three in common Arithmetic $ feut, if a 
Table of the Logarithms of thefe Natural Sines, 
Tangents, 6f* . place the Canon in four Lines tin- 
der one another > and, taking out of the proper Ta~ 

C 2< bles 
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blcs the Logarithms of the given Quantities, add 
the Logarithms of the fecond and third Terms to- 1 
gether, and fubtraA the Logarithm of the firft from 
the Sum; and the Remainder will be the Logarithm 
of the fourth Term, 

For Logarithms are Numbers artificially "con- 
trived, in fuch a Manner, that their Addition ans- 
wers to Multiplication,* and Subtra&idn of them to 
Divifion of Natural Numbers. 

35. N. B. The Index of the Logarithm of any 
Number is always one lefs than the Number of In- 
tegral-Places in the given Number * and, confe- 
quently, the Number of Integral- Places of Figures 
,£n any Number is always one more than the Index of 
i<s Logarithm. \ ' 

. If the young Student is inclined to fee the Doc ; 
trine of Logarithms more fully treated of, he may 
confult our Effay on that Subject. The Tables of 
Logarithms are too voluminous to be given in this 
.Volume, as they cannot conveniently be comprized 
in lefs than 135 Pages ; therefore, if the young Stu- 
dent has not a good Set already by him/ we muft 
refer him to our Britijb Mariner's Affiftant, juft pub- 
lifhed, (Price Six Shillings,) where, amongft 40 
Tables adapted to the feveral Purpofes of Trigono- 
metry and Navigation, he will find very accurate 
Tables of Logarithms to feven Places of Decimals. 
However, as we may perhaps frequently have Occa- 
fion to folve fome practical Problem in Trigonor 
metry, when Tables of Logarithms are not at Hand, 
I have added,_ at the End of this Eflay, a Table of - 
Natural Sines, Tangents, and Secants, to 4 Fi- 
gures ; and, if we have Occafion to folve a com- 
mon Queftion in the Abfcnce of any Books, (which 
.may fometimes be the Cafe,) I have contrived a 
Nautical tocket- Piece, about the Size of a Cwwn, 
(hewing the Natural Sines and Tangents to 3 Places, 
which is fufficicntly exact for molt Ujes at Sea, &?<v 

to 


/ 


Of Rigkt-angted Plane Triangles: t i 

to be^ had of the Eublilflicr of this Effay, Price Six- 
pence. ' ' 

30. The common Cafes of right-angled As are : 
. Cafe 1. Given the Angle at the Bale, and the 
Hypothenufe, to find the Bafe and the Perpendicular. 
: Example. Let the Angle at A be 40 c!. 15', and PI. II. 
the Hypothenufe 130 Feet: Quaere the other two Kg- 8. 
Sides ? * 

. Conftrufiion 1. Draw a Line, AB, at Pleafure. 

2. Make an z. A zz the given L. 40 d. 15', and 
draw AC, which make equal to the Hypothenufe, 
130 Feet<> 

3. From C let fall the Perpendicular CB ; then 
it ■ isrmanifeft that the : right-angled Triangle ABC 
is tharrequired. 

37. If AB and BC be meafured on the fame Scale 
x>f equal Parts as AC was fet off from, you will have 
nearly the Lengths of the Bafe and Perpendicular 1 
but more accurately by Calculation, as follows. 

CANONS. 

1 

38. ift. Making the Hypothemife Radius. 
ToJind : the Bafe. J To find the Perpendicular. 

As Radius 90 10.0000000 


As Rad. or S. of 90 10.0000000 

Is to AC 1 30 Feet 2.1 1 39433: 

So is S. jLJC 49*45' 9.8826568 

in — i ^ 

ToAB 99.22 Feet/i. 9966001 
By Natural Sines thus. 


I* to AC 130' Feet a. 1 139433 
SoisS. Z.A 40*1 5' 9.8 103 159 


■ * » 


■ ■»' ■!■ 


To BC 84 Feet /1.9242592 - 
By the Table, at the End 


of this Effay, the Sine of 49 45' is .7632, and the 
Sine of 40 15' is .6461 ; [therefore fa,y, by the Gol- 
den Rule, As Radius 1 : 130 :: .7632 : .7632 X 
.130 = 99.2, nearly, the reqoired Bale; and^s 1 : 
130 :: .6461 x 130= 84, nearly, the. Perpendicu- 
lar which was to be fouhd. 

39. Note, Z.C 49 d. 45 / was fouhd by fubtradl- 
ing c A 40 d. 15' from 90 d. if the Learner is in*- 

.. > • • . clined, 


|4 Of ftight-aagUd Phm¥ria*gks. % 

cftftp4* frt may fore bimfelf the Trouble of fob- 
trading, by taking out the Cofinc of 40 d. 15' ; 
beawfej the Angles A. and C being always =2 90 d. 
$he C«fine pf the Z. A iqnft be equal to the Sine of 
the Angle C. 

, 40. In the above Canons, the firft Logarithm is 
y*\>e fofajtrafibed from the Sum of the two middle Lo- 
garithms ; which, as the firft Logarithm is 10, is 
her? 49PC* by only cutting off 1, in the Place of 
T$n% ip .the Sqip. 

41* 2. Making the Bafe Radius. 


$!&$.£ A*4pri5'fo.i 17343* 

1$ to^AC 130 Feet 2.1139433 
So is Radios 90° 10.0000000 

" ' ■ ■ ' j 

« a. 1 139*33 
»°»i'73+3 2 

To AB 99.22 Feet 1.996600 1 


As S. Z>A 40 1$' IO.M7343* 

Is to AC i3oFeet 2.1139433 
SoTan./.A40 6 i5 / 9.9276590 

* * 

- 12.0416023 
10.117343? 

To BC 84 Feet 1.9242591 


Or thus, by the Table of Natural Secants* &c. 

9f the Table, the Natura} Secant of 40 1 5' zz 1.309 
Jifid tlie Natural T> Rgeot jof 40 15 = .8466 

Jh«iu as 1.309 : *30*'4 1 : ^5^ = 99-3? 
-nearly, -the Bafe required. 

A • « ^ 0.84,^6X1 ?<> 

Again, as 1.309 : 130 :: 0.8465 : • \ 

zz ^4, npjirfy, = the required Perpendicular, 

V 

• If the Table of Logarithms we arc ufjng iaji nq{ a Table: 
0/ Secants* take out the Log. Cbfineof 40 15/, w^s. 9.^8 2656$, 
and, fubtra&ing it from $0, we readily 'get 10^17*4.32, 
the required Log. Secant of 40° j 5'. And in the fame fiCtaner 
the Secant for any other Number of Degrees may be founi 


0/ flfcWto&JW Pkm fW»$fl£ fcj 

££. 3. Making tlie ^erperidSfcutar Jtadilw 


AiSec.zX 49*45' 10.1896841 

... " . •■ 

It.tfc AQji 30 Feet svi 139435 
SoTan.^. €49*45' 10.0723410 

I2.I86|84J 

10. 1 896&4I 


To AB 99.22 Feet 1.9966002 


A?Sec.z.C49°45 / 10.1896841 

fc tj> AC ijoFeel i.l f *94?3 

So is Radius 90 10.0000000 

* 6. 1890841 


» .» » /§ . * . r .« r *> A 


■rita 


To Be 64 fleet t >fc*4« J 9* 


>«M«aaHP» 


1 1 


I 
1 ^ 


Or /ito*. 

thfe Natural Sfeca&t of 4$°-45'teifl& fv$4? 
And the Natural Tangent of 49 45 being 1.1 81 

We have, As 1.54*7 : 130 :: 1.181 1 ^ . - - ■ ? > , 

, . J *547 
r: 99.2, nearly, z: the required Bafe. 

f tt) V r 

And, htftly, As 1.547 : iya r: 1 ; . . ■■ = 
- . ,, 54-7 

*4, iftfctfiy, fc t§fc Pfcrpfehdicnfatr wMdi Vis 1%^ 



^ i 

43. 4ft 5 ike Manner may the following Cafes be fol ved 
by Ntoiraf Sti**, Tangents, &c. *fc wtHMty^Ld- 
gTrlfKms ; but as, in Order 16 Be very nearly accu- 
rate, Tables muft be given, calculated to every 
Miniftfc of tfite Quadrant or 90 Degrees; ir Would 
take ujp more Room than we could (bare ; and, *& 
they muft 5t computed to 6 or 7 Places of bed- 
mats, the OptfrittStftfe of multiplying and dieting 
Wduld befcomfe irtofc tfcdious than by LbgSrithr&s t 
We fhall, therefore, for ihe Future, give only the 
Solution by Logarithms, it being Tufficicnt to have 
dbewn the Method of Sdhmen by Natural Num- 
Bc*s. 

N. B. The Natural Sines are given to 7 Places of 
Figures, for every Minute of the Quadrant, in our 
Bttiijb Mariner's JJJiJtant. 

44- C*fc 


** 


f 


44 ; Cafe 2. Given the Angle at the Bafe, and the 
Bafe, 'to jind the Perpendicular and Ifypotheriufe. 


\ . 


1 i 


• ■» » 


A r 


. Example. Let the Ancle at A he 50 d. and the* 

• Bafe 86 Yards ; to find the Perpendicular -arid H/- 

lig.9. Pothenufe. '.■'•-- ' 

: Conftruftion. Make jl A=5od. AB zz Bafe, 86 
Yards : On the Point B ereft the Perpendicular BC, 
to interfeft AC in C : Then is ABG the. Triangle 
required, . - 


Calculation. 


i. Making the Hyporiienufe AC 

Radius. 


1 

45. To find the Perpen- 
dicular. 

As S. JL C 40 9.8080675 

Is to AB 86 Yards '1.9344984 
So is S. JL A 50 9.8842540 

. 11. 8187524 
9.8080675 

ToBC 102.5 Yard* 2.0106849 


To find the Hypothe- / 
nufe. 

As S. 2.C 40 ' 9^8080675 

Is to AB 86 Yards 1-9344984. 
So is Radius 90 io.opopooa 

11.9344984.' 

9.8080675 
To AC 1 33.8 Yards 2,1 264309* 


46. 2. Making the Perpendicular Radius. 


As Tang. Z. C 40 9.9238135 

111 » 

Is to AB 86 Yards 1.9344984 
So is Radius 90° 10.0000000 

11.9344984 
9.9238135 

ToBC 102.5 Yards 2.0106849 


As Tang. z. C 40 9.9238135 

■ ■ ■ ■ ■ ■ i» 

Is to AB 86 Yatfd* 1,9344984; 
So is Sec. 2. C 40° 10.1157460. 

/ ;' 12.050244^ 

9-9 2 3 gl 3S* 
T0AC133.8Yards2.j264.3o9j 


••\ 


* * 


47« 




Of Right-angled Pldhe Triangles. 




47. 3. Making. the Bafe Radius/ 

A$ Radiu* 90 16.00000&0 


fsiaABia6- Yards 1.9344984 I* -to Afe-£6 Yards j.93 
So is Tai.4LA.fO* 10.Q76JW5 J Sob Sec. jlA 5*10; ^931 


p 4 k |y 


* 4b */ * * « 


A* Radiorgb* *i<5.^ooocfoo 



ToBC 102.5 Yds /2.0106849 • To AC 1 3 3.8 Yd* /2. 1264309 




..48L..&/* 3. Given thfe Perpendicular and the 
Angle ai the Bafe, tcfifirid the Bafe and Hjrpbtheitti& 

Ex am p l e. Let the z. ir P± be JTd. 45^ and the 
iL 75 ; PWt ; required the '^fe ihd ^Pypothehufe. 


PL II. 
Fig. 40« 



cainEerfca AD in C.; fijmC let^ll^^.QP : 
*Thtri Ic is evident the, A ABC is tiiat raju|r^ v ' , 1 

•. Oth«rwifev ift, By fu&teafetag the £.-4&3$to V 
frota 90 d. find the' l G >:'^d. '15'. • fcl "Af»to£ 
a JPoint, B, in the Line AG, and raife th£^B(Fz£ 
h F*«- & Make! 2TG4=^6d/i5 , > rf«d^aWSE?A, 

toe interfcA KG in A ;"&rid the A is conftKiAeti. 

• • » , 

.Cakulaiidik * iiv Matting tire Hy$btfte#ufe 

Radius. .>.... 


49. To find the Bafe. 1 To find fteHjfpotr^ufe 


As 8..Z.A 33° 45' 9,7447390 

Is to BC 75 Feet 1.8756613 

SoisS. ZlC56 i5 / 9.9198464 

1 — u* 

t • »»-79 2 f9°77 

9-744739 


To AB flj;3 Feet 2.0501687 j To AC 135 Feet 2.1303223 


Aa S> Z. A 33 4$' 9*74473$° 

Is to ^C 75 tfeet '1.8750(^13 
So is Radius 90 ioqoqqqoo 

* ^1.^750013 

9-744739° 


M .hi 


D 


50. 


t8 


TT ' 


~( 
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Of Right-angled Plane Triangle^ 
50. 2. Making the Perpendicular Radius.* 

As Radiui 90 10.0000000 I Ai Radios 90* 1 0.00c 0000 

«MOT> ^ III—.! 

Isto BC 75 Feer \&j$c&\$ 
Sa-Scc.-/.G50 i5 / > 10.255-2610 


btoBC75Fect 1. 875061 3 
6oTau./.Cj;6 i5'io.i75io74 : 


m m * 


To A? 1 12.3 Feet 12.0501687 


«*w 


To AC 135 Feet/2.1363223 


51. 3. Making the Bafe Radius. 


As Tan. /.A 33°45'9. 82489*6 


* ii ■ 


Is to BC 75 Feet 1.8750613 
So if Radius 90 10.0000000 


*+*—* 


**m 


I!,87506l3 
9.8248926 


.*» 


To AB 112.3 Feet 2.0501687 


As Tan./. A 33*45' 9.8248926 


■^VMMfeMffci 


Is to BC 75 Feet 1*8750613 
So Sec. /.A 33*45' 10.0801536 


mmm 


11.9552149 
9.8248926 

To AC 135 Feel 2.1303223 


52. Car/? 4. Given the Bafe and HypOthenufe, to 
find the Angles and Perpendicular. 

Example. JLet the Bafe be 300 Fcet % and the 
Hypothenufe 500 Feet : Quaere the Angles and Per- 
pendicular. 

Cenftruffio*. Make AB =5 300 Feet, and raife JL 
BD i then, with an Extent in the Compaflcs ~ 500 
Feet, and one Point in A, with the other defcribc 
an Arc, to interred BD in C 1 join A, C, and A 
ABC is that required. 

Calculation. — 1. Making the HypOthenufe Radius. 


53, To find the Angles. 
As AC 500 Feet 2.6989700 

Is to Radius go 10.0000000 
80 is AB 300 Feet 2.4771212 

1**4771212 
H 2.6989700 

•toS.^.C36*S2'i2^9 7781512 


To find the Perpendicular. 

As Radius 90 1 o.ooooooo 

Is to AC 500 Feet 2.6989700 
Sois$.<£A53 7'4&*9*9<>3o«9$ 

To BC 400 Feet /2.602059c, 


*■•* 


■*»*. 


» \ 
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Of Right angled Plane Triangles: 

£4. 2. If the Perpendicular be Radius, there U 
no Angle given, related to a given Side ; and there- 
fore this Cafe cannot be folved by making the Per- 

^peodicular Radius, 

» 

59* 3. Making the Bafe Radius* 


As AB 300 Fctt 2.4771212 

h toRtdtfii i 0.0000000 
\ SoieAC 500 ifeet 2.6989700 


tmm 


I2.69897OO 
2*4771212 


— '■ 


As Radius 90° io.qoooooo 


*m 


Is to AB 300 Feet 2.4771114 
SoT.^A^^S* 10.1249372 


«MM 


mmmmm 


To BC 400 Feet /2.60205S4 


To Sec' JL A1 lft „ lUJI 
53° f 48* J 10 ' 22y 3 4 88 

56, Scholium* When the Perpendicular is requi- 
red, and the Angles are riot required, it may be 
found more expeditioufly thus. Add tbe Loga- 
rithms of the Sum and Difference of the Hypothe- 
nqfe and Bafe together 5 Half that Sum will be the 
Logarithm of the Perpendicular, Thus, in the a- 
bove Example, the Sum of the Hypothenufe and 
Bafe zz 800 ; the r Difference zz 200. 
.Logarithm of 800 zz 2,9030900 
Ditto of 200 zz 2.301030Q 


«9 


5.2041200 

■ " ■'■■■ ' i M i a ^— ^^g| 

i 2*6020600 This anfwers in 
the Table to 4c o, the 1 required. 
. The Reafon of this is evident from the Nature <of 
Logarithms, and Art. 305, Elements of Geometry, 

57> Cafe 5. Given the Perpendicular and Hypo- 
thenufe, to find the Angles and Bafe. 

Example, Let the Perpendicular be 80 Yards, 
and the Hypdthenufe 100 Yards : Quaere the 
Angles and JBafe. 
. Cenftruftlon. Draw & Line, DB, and at B raife the £V "• 
J- BC = 80 Yards j then, with the Extent of the * l * lu 

D z Hypothenufe, 


tl Of Right-angled flake ^triangles. 

64. 3. Making the Bafe Radius. 


As AB 1 20 Fret 2.079181* 

h to Radius 90^10 0000000 
So is BC 90 Feet 1*9542425 

i' ■ ■ 

1 1.9542425 


• * 


r As Radius 90° io«ooooooo 
Is toAfi 120 Feet 2.0791812 


MSMMM** 


2.0791812 ^To AC 1 50 Feet 12*1760917 


ToT.^A36°52 / i 2^9.87506 13 


65. N. B. We may find the Angle as above, 
and then the Hypothenufe may be found by this 
Canon. As S. z. A ; BC :: Radius : the Hypo- 
thenufe. 

66. Scholium. The common Cafes of right-angled 
Triangles might have been reduced to a much 
{mailer Number, but thefe will not be foynd too 
jnany for the Pupil's Inftru&ion. 


BOOK II. 

x Of Oblique triangles. 

/6j. T\Efitiition. Every Triangle which has not ft 
if -^ Right-Angle is called an Oblique TrU 

angle. 

68. fcefore we proceed jo the Cafes of Oblique 
Triangles if is proper to premife a few Theorems, 
* by Way of Lemmata, as the Solutions of the feve* 
fal Cafes depend on them. ; 

Theorem u In all Plane Triangles the Sides are 
proportional to the Sines of their oppofite Angles *+ 

-etMnlro*. ... 

Note^ 

PL If. * Dtmonjlration. Take AF ss BC, and let fall the JLs CD. 
Fig. 14* f fi ; let BC be made Radius, then is alio AF Radius : Then, 

by 


0/ Oblique Trtingks. ^j 

Note, this is. the fame as is (hore largely cxprefled 

in Art io.' ■'."'.. 

69. ^theorem 2. If, from the Half Sum of wf 
two Numbers be taken their Half Difference, the 
Remainder will be the lefier Quantity ; but the Half 
Sour* added to die Half Difference, gifes the 
greater Number.f 

->••;• '70. 



aogifs AEF, ADC, are firajlar. Hence, as AF : P£:: AC 
: CD. But AP ~ BC by the, Conftrttflion, FE ttcSweof v 
the Angle A, arid CD. the Sine of the Angle B ; .%• the above 
Analogy becomes, BGi S.Z.A :: AC : S. Z. B. QJ5*D. 
CtroUaty 1. Hence it follows, that, if two As have one Z. 
in one =2 one Z. in the other, and the Sides oppofite to thole 
equal Angles are .equal, that will have the greateft Bafe whoft 
4p^ofite Angle is neareft to a Right- Angle. 
. For, by this Theorem, as S. JL A : BC :: S. £ C : AB. 
Hence, as A and BC are conftant, the greater tlje §. /* C is» 
Ae.greater will AB be ; but the S, JL C is greateft when tb« 
2. C it a Right. Angle ; •.• AB will be greateft when the ^ C 
is a Right-Angle. 

. Corollary 2. Hence alfo, if the Angles A and C are equal, 
their oppofite Sides mull be equal ; and the contrary, 

f Dem<mjlr*lic9. Let zx represent the greater, and zy the 
leffier, Number.' Then their Sum is zx + zy* or their Half 
Sum x +j i and their Difference zx — zy, or their Half Dif- 
ference * —jr. 

To x+j Frdm x+y 

Add *— -y Sub. *— ; y 

m ■■* ■ ii 1 ■ 

zx. Q^E, D. Remains + a». Q^tt, D. 
That x added to * is zx, and that 7 being to be added to*, 
and fubtracled from *, will deftroy each other, and fo that zx 
is the Sum of x+y and *— -jp, is fufficiently clear ; but, per- 
haps, to fuch as b*ve not learnt Algebra, it may not be fo evi- 
dent that*— jr, fub traced from x+j 9 mould leave ay. If fo, 
let it be considered that wfi .are only to and the Difference be. 
tsvixt x+y and x—y ; now *+.* denotes a Quantity, which isjr, 
greater than x ; and *— ^ a Quantity, js lefs than x 1 conie- 

J neatly, as one is y greater and the other j left, their Dif. 
xence muft be zu 

*"'"* K GtrndricMty 
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'■' >fd; tJrMfy. Frdto hence it follows,' J that, if 
from, the greater of any ty^o Quantities ^ tajcen 
tWfr Wdff Sum, 'the Remainder will be eqwl to 
frrir<Half Different 


> • .• » 


i > 

M 


s :7 1 1 3*fgoryfr8* J fl My PlttSe fTjjiangle> as the Sam 
of any two Sides is to their Difference* »fo fcshe 
T^agent of Half the Sum of the two oppofite 
Angles to the Tangent of Half their Difference. J 

'^itfjfeffi 1 !* f . Af the Iciftr Siac'w to tfogrWcr. 
to. fs^Radiijflto, the, Tangent of an< Arigle t £tim 
that lAatle flAtraa 45*, and fiote rfteV Rertikift^ft, 
Then, * :r Tangent of 45* (or Radids) >..#> tfie 
T^giiift'bf 'that ftemaintter, fo is the Tangent ©£ 
"*'".'.■. • - : -r- •- Half 


- t «■ 


--QkMefrftatifitos. Let thegreafer Quantity be reprefented by 
PI. II. AC, the leffer by CB ; then is AB their Sum ; wh^ch' biffed: id' 
fig. 15. If'/ife Js~AD or DB equal- to Half their Sum. Take AE = 
Qiithenr a* AC h one Quantity, and AE the other, EC i* 
Aanifcftry t** Difference, and ••;• ED = DC, the ttajit)'^ 
ftr«*c*4>f 4toe Quantities. *- fiettce ir phunly appears, 'tnat~tft£ 
Half Sum AD, + the Half Difference DC, i« equal to -the 
gr«**er Quantity At ; and that the Half Sum, — DC the Half 
Difference, Js 2: BC, the leffer Quantity. Q^E. D: -• 

'% TkmtmftrAtbm. Let AB'C v bVthe Triangle, About C, "a* 
4 •Center* -with the* Radius CB, d'efcribe the r Circle jftfrE ; 
p*adufcekG toD; antTjoin EB arid BD. ' 'Abbut%, as a 
.5 ^ Center, with the Radius EB, defcribe the Arc Bd f . andf with 
*>g. 16. tne f ame Radius; kboot'B 4 , as a Center, tfie* Ark* E* ; and 
draw EF ± to BE. * Then is AD = AC -f CB, t$e Sum of 
the two Sides, and AE == AC-r-CB» (or UJ£,) the Difference 
of the -tw£ Sides by the Conftruaiotf. Th'e^.BAC. + ^ 
* 76. g. JWC =: : Z> BCD*. But t BED - ' ± £. B^D, by >rt. 14? . 
of-our ■£*&»**? ? ' *•• Z. BED r: f Sum of the ^ngfes A and 
ABC- -Now, the /. EBP, : being* iti a Semicircle, is a Jtight- 
Angle* : by J AH* 1 48 of our Geometry ; and y BD,' the. Tan- 
gent ©f the JL CEB, by Arc. 'jr.'' 

- Again : L C»A- — Z CB% '(or «B») = A EB A, . the £ 
• 3&fife*cri€e\>$ the Angles ABC and A, by Art. j6 ; of wliick E^ 
is the Tangent. But, hy Voiita- ^Tnafigles, AD 'the Sum of 
tte Sides : ABth^*Di«feret±e^of*thVSlde4>; frfo; the Tangent 
of Half the Sum of the Angles at the Bafe : EiF tlie TTangent o? 
Ifetfthek-Difference. Q^E.D. 


Of Okliqae Sfrtagftr. 2fi 

Half the Sum of the two t^ppcrfke AtfgUs to thfc 
Taogcm Of JHUlf thfiir.jaiffierqnqc.* „.;, ... . 

73, This Theorem ferves for the fame Furpofe; 
as the third; on?y .whe/a wchaye the tyogarkh^s 
pf the : Sides giy«jvJn/Watf erf thf^ Na&i&i frufti". 
bersi ^fi.is the Cafe in calpuUtipg the Places of the. 
Planets from aftronotaica} Tables, it is Something, 
r,eacierjn Prafticc. ' /■■.,. 
, 74. Theorems/ In ady Plane Triangle as the 
Bale is to the Sum of the other two Sides, fo is their 
Difference, to the Difference of the Segipems of the' 

Bafe.f 

r - E 75. 

* Dtmonftration. Let AC* be a right-angled Triangle, right- 
angled atC,* and havin| two Sides, AC, C£, refpeftively :± PI- IT- 
the twe Sides, AC, CB, of the Triangle ABC. Thca, by Fig* »6- 
Theorem 3d* in the right-angled Triangle ACi, As AC + ' 

€i : AC - Cb :: (T, ^ A ^ + Z. CAf = ^^ ^ ^ 

AC* is a Right- Angle)" T, 45* : T, f A ^° ^ * CA * 


3 
(bmi-90 ^- Z. A£C =X CAJ, •'.• fubftitutkig for GA£> we 

^ ^ A^C-Z.CA^ rp 2 JL A3C — 9 o<\ 
get, T, *« — ■ — =P T, r- 2_) = T, 


Z. A4C — 4^°. Alfo, by Theorem 3d, in thfi Triangle AB€?i 

As AC + CB : AC-CB :: T, ^ ABC + ACAB : T, 

3 


*. ABC CAB . _ fey Equality> ^ T> ^ . ^/^ A ^C— 4S f 

-" ' JL ABC + JL CAB „, A ABC — > Zk GAB ,. v 

;♦ X, ^ i' ■ ■ fa ■ ■ > » . :T, '" ' ■ '■ > i » > ■ ■ ;»wlncjl 

is thfi fecaad Part of the Theorem. Q^E, D. 

« 

t^ffry, 'by the 6th Cafe of Trigonometry? As £C (CB) 1 
,A'C :i Radius : Tangent of Z. Ai€ ; which- is the ill Paft 
of" the Theorem. Q.E;D. l 

» t Dmonftrafion. Let ABC be the Triangk, AB the Bafc. f\ m IL 
About C 7 as a Center, with the Radios CB, de&ribe the Cir- Fig., 17. 

•- de 


26 Of Oblique triangles. 

75. Corollary. This Theorem gives alio twice the 
Diftance of the Perpendicular from the Middle of 
, the Bafe. '\s 

For, if we p\it m to reprefent the Middle of the 
Bafe, and b Half the Bafe *, then AE rr b + j»E, 
and BE zz b — iwE ; and, confequently, the Dif- 
ference of the Segments zz imE. 

j 6. The common Cafes of oblique Triangles are, 

Cafe ift. Given two Angles and one Side, to find 
the other Sides, This is telved by "Theorem 1 . 
PI III Example. Let the Bafe A B be 150 Yards, the 
Fig. 1." 4- A 30 d. and z. B 40 d. Quaere AC and BC. 

Con/lruflion. Make AB =150 Yards, JL A = 30 d. 
Z. B = 40 d. and draw AC and BC to interfed in 
C ; then is the Triangle ABC that required. 

Calculation. The t. A 30 d. + l. B 40 d. = 70 d. 
and i8od. —70 c!. = nod. = z. C. 


To find BC. it 

1 

As S. 1C1 io° 9.97*9858 

Is to AB 150 Yards 2.1760913 
So is S. A A 30 9.6989700 

II. 87506I3 

9.9729858 


To find AC. 

As Sup. Z. C 70 9.9^9858 

Is to AB 150 Yards 2.1760913 
So is S. Z B 4b 9.808067$ 

ll.984l$88 
9.9729858 


T0BC79.81 Yards 1.9020755 I To AC 102. 6 Yards 2.01 117 30 

■ * . " " • ' ' • 77* 

de Gt BDG ; join C, F ; bifea FB by the Line CE ; then, 
CB being = CF, FE = EB, by ConftrucVion, and CE com- 
mon, the Triangles FEC and BEC are equal in every Re- 
fpeel, by our Geometry, Art. 95. Therefore Z. FEC = 
/L CEB ; or, in other Words, CE X to AB. The two Parts,, 
into which the Bafe is cut by the JL CE, are called Segment /. 
In our Eflay on Geometry, Art. 212, it n demonftrateds, 

5 hat AB X AF = AD X AG. » Hence this Analogy, As AB : 
ID :: AG : AF. But AB is the Bafct and it is plain* ffooi 
the Cohftruclion, that AD is =: the Sum of (he Sides AC and 
CB ; AG = their Difference, viz. = AC — CG (or CB) r 
and AF n AE — EF (or EB) = the Difference of the Segment*. 

The above Analogy, expreffed in Words, will be as in tbe 
.Theorem. . » 
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77. Cafe 2. Given two Sider, and. an Angle op- 
polite to one of them, to find the other Side and 
Angles. 

Example, Let AB rz 82 Feet, AC zz. 66 Feet, 
the £. B zr 49 d. 30' ; * quaere the Side BC, and Tl. in. 
Angles A, and C. ' Fi *- *• J 

Conftruftion. Make AB r 82 Feet ; *- B =; 
49 d. 30' : then, taking a Diftance of 66 Feet be- 
tween the CompafTes, place one Leg on A, and turn 
the other about to interfed the Line BD, which it 
will do in two Places, C and E ; fo. that this Cafe 
admits of two Solutions ; for either of the Triangles, 
ABC or ABE* has the Condition; required in the 1 
Queftion, and therefore this is called the doubtful 
Cafe, unlefs it is known, from fome Circumftance, 
whether the Angle oppofite AB is obtufe or acute. 
If acute, Theorem ift finds the Angle E ; if ob- 
tufe, its Supplement to 180 d. is the Angle C : for 
it has been already obferved, that any Arc and its 
Supplement to 180 Degrees have the fame Sine. 

In the following Solution we will fuppofe the 
Angle oppofite to AB to be obtufe, and fo ABC to ■' 
be our Triangle. 

CANONS. 
To find the z.sC and A. To find BC. 

As AC 66 Feet 1. 8195439 


Is to S../3 49°3o / 9.8810455 
So is Afl.82 beet 1.9138139 

\ 

To Sup. Z.C7o°5 2' 1 1.7948594 

Hence ^.C = 1 8o° — 70 5 2 7 

== I09°8' ; and /L A — l8o° 
— ic9°8 / — 49°3o / = 2i°22 . 


As S. Z. B 49 30' 9.8810455 

Is to AC 66 Feet 1.8195439 
SoisS. jL A2i°22 ; 9 561^010 

m' 1 "»— i<— « 

U. 3810449 
9.8810455 

To CB 31.62 Feet 1.4999994 


78. Cafe 3. Given two Sides and the Angle con* 
tained between them, to find the other Angles and 
Side. ' ... 

E 2 * The 


r 
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T|ie Angles arc found by Theorems 3d and 2d •, 
then the other Side by Theorem jft. 
PI III. Example. Let the Angle A rr 22 d. 30', AC m 
jF^. j* 300 Yards, and AB sr 400 Yards : , Quaere the 
Angles at B and C, and Side BC. 

ConjiruElion. Make AB =; 400 Yard*, jl A 3: 
*2d. 30', AC = 300 Yards ; join B, C \ and- the 
Triangle ABC is that required. 

d. > 
To and from AB 400 j From 180 o 

' Add and fubtrad AC 300 


Gives Sum of Sides 700 
Their Difference 100 


Subtract l. A 2 2 30 


dives JL.B + 4.C 157 30 
Half Sum of the l * 7 8 45 


«M 


■Ml* 


CANONS, 
To find the Angles, i To find BC. 


As S./.B 43 4' 9.8343246 

Is to AC 300 Yards 2.477 1213. 
So is S. z. A 22 30' 9.5828397 

12*0599610 
9.834.3246 


To BC 168.12 Yds 2.2256364 


As Sumo? Sides) o o~ 
700 Yank. I 2.84S0980 

Is to tkcirDif. 1 00 Y. 2.0000000 
So is Tan. g Sam 1 • 

unknown Z.s £ 10.7013382 

78° 4S' • 3 

12.7013382 

2.8450980 

ToTan.offtheirl « o < 
Diff. 35 V j 9.8 5 6»4<» 

1 

To and from 78°45 ; 
Add and fubtrad 35 41 

Gives Z.C 114 26 
AB 43 4 

This . Cafe may alfo be folved by Theorem 4th, 
and by letting fall a Perpendicular, as in PI. III. 
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Fig. 4, independently of either of thefe Theorems ; 
for in the right-angled Triingle ADC will be given* 
the Hypothenofe AC, and Angle A, to find, by 
Right- Angle Trigonometry, the Bafe AD, and 
Perpendicular DC. Then AB — AD ^ BP i . 
*nd therefore, in the right-angled Triartgle BDC, 
are given BD and DC, to find the Hyppthfcnufc 
BC. 


/ 


j $. Cafe 4. Given the three Sides, to find the 
Angles. :. 

Method ef Calculation, from the greater Angle let £*• in - 
fall the Perpendicular DC •, with the Radius CD ** * 
defcribe the Arc BE ; then are BD and AD called 
Segments •, and, BD being zz DE, AE is the Dif- 
ference of the Segments, which is found by Theo- 
rem 4th : T*hen from AB fubtradfc AE, and the Re- 
mainder is n EB ; Half of which is ED, or its E- 
"qual DB f the (hort Segment., . 

Now, the Triangle is divided into two right- , 
angled Triangles -, in each of which are given the 
Hypothenufe and Bafe, to find the Angles, by 
^afe 4th . of right-angled Triangles, or by Theo- 
rem ift. Laftly, the Z.ACD, added to the. ^DC8, 
will give the -whale z_ ACB -, or the /ls A. and B, 
added together* and fubtraded from 180, are zz- 
the £.A£B. 

Example. Given AB 2=350 fleet, AC = 240 
Feet, BC = 200 Feet ; to find the Angles. 
^ The Triangle is conftru6ted by the Method fiaewn 
in Art. 224* of the Effay on Geometry. 

The Operation by the abqve Directions will be as 
underi " ■ 

AC + BC = 440, and AC — BC = 40. 

CANONS. 


3° 
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CANONS. 

To find the Difference of die Segments* 


As AB 350 Feet 2.4540680 

\ m in 

I«toAC+BC44oF. 2.6434527 
So is AC— BC 40 F. 1 .6020600 

4.2455127 
2.5440680 


To AE Diff.l 
of Segment!} > 1 .70 1 4447 

50.29 Fact . 3 


To find the Angles A 
and ACD. 

As AC 240 Feet 2.38021 12 

Is to Radios 90° 10.0000000 
SoisADzoo.i4Feet 2.301 3339 

12.3013339 
2-38021X2 
1 \ 

To S. Z. ACD ? 

And 90 — c6° 30' (jL ACD) 
= 33 30' = the Z.A. 


From AB ±z 350 
Subtrtft AE = 50.29 

EB =: 299.71 

ED or DB f the (hort 1 ft 
Segment . . . J '4° *5 

Add AE =z 50.29 

* 

Gives AD long Segment 200. 1 4 


To find the Angles B 
x and BCD. 

As CB 200 Feet 2.3010300 

Is to Radius 90 10.0000000 
SoisDBi49.^5 Feet 2.1756567 

I2.I756567 
2.3010300 

• . 

To S. z. DCB 1 - ,. , 
4 3« 32/ . . J 9-87+6*67 

And 90 — +8° jz' (/.DCB) 

= 41 28' tz the Z. B. 


To find the Angle C. 

The l. A 33 30' +,iB 41 28' = 74 58' ; 
and 180 — 74" 58' = 105° %' = l. C. 

Or, £.ACD $6° 30' + Z.DCB 48°32' = 105 a' 
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Of the improved Navigation* Scale. 

80. T TAVING, in toany Years Teaching, obferved^ 
JL X that the Navigation- Scale, commonly called, 
by Sailors, Guntfr's Scale* was generally inaccurately 
made, and very deficient in Lines of equal Parts,. 
I )ong wifhed for an Improvement thereon 5 and, 
in the Year 1764, being in London* I took that Op-* 
portunicy to have fome more accurately made, with 
fome Improvements of my own j and, in the Be- 
ginning of the Year 1772, being again in Town, I 
readily embraced that Opportunity to make fome 
farther Improvements, and a new Pattern, with the 
Affiftance of a good Workman •, , fo that I flatter 
xnyfelf, if compared with the common Scales, they 
will, be found more generally ufeful and accurate. 
Several incorred pirated Copies, made in a very, 
Unworkmanlike Manner, and fome with even the 
Diagonals drawn wrong, having been fold in London 
and Brifioly and perhaps in fome other Places, as my 
improved Scales •, to prevent as much as poffible 
my own Charadter from being injured thereby, and 
the Public from being impofed on, I hereby defire 
that any of the principal Shops, inclined to fell 
them, will apply to me to know with whom I have 
left the Pattern for the Trade, and to put, under 
Improved by E. Bonn, their own Names as Makers : 
and the PubHc may be allured, that, whoever fhall 
offer to Sale the Scale without my Pamphlet of its 
XJfe, is felling a pirated Copy of the Scale, and there* 
fore not to be depended on. 

81. The feverai Particulars, in which this Scale, 
as now improved, excels the. common Scales, will 
plainly. appear,, from the following Defcription and 

... j the, 
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Ufe, to thofc who will take the Trou ble to com - 
pare it with the common Scales. ~ " 

82. The Plane or Plotting Side, viz. that which 
has the Bevil Edge, contains the following Scales. 

i. A S&le of Inches, divided into Tenths of 
an Inch. On the Left, or at the Beginning of the ' 
Idchetfv are Several Braft Pins, with Figures annexed* 
which ffrew the Weight of the Ball co any pia'me- 
ttr of the Gun. For Example : If the Diameter 
of ilit j^orc of a Gun , be 5 Inches and 4 Tenths, 
it (hew* by Infpe&ron that fuch a Bore wilt carry 
r8 Pound Shot. This Addition is made, as it may 
be ufefbl to Numbers of Sailors ; for whole Ufe it 
may be proper to hint, that the Weight of Powder 
for Service is generally about Half the Weight of 
Che Shot. 

* i. Under the Line of Inches, a Foot is divided 
into 100 equal Parts, (b as by Infpe&ion to turn 
readily Inches into the Decimal of a Foot, or the 
contrary. Its Ufe is known to fuch as are acquaint- 
ed with Mensuration. Dimenfions may: alfo be 
taken in Feet and decimal Parts, inftead of Feet 
and Inches, &c. and fc the Content of any Piece 
of Timber, &c. found by common Multiplica- 
tion* For Example : Supprfe a Plank is 20 Feet 
" long, 3nd 1 Foot 50 Hundredths broad; then i.fio, 
multiplied by 20, gives 30 Feet, the Content re-r 
quired. This Line is riot on she common Stales* 
'• j. The common Scales contain but few Scales 
bf equal Parts-; by which Means the young Navi- 
gator and Surveyor was frequently at a Lofs for a 
prober Scale to cortftrud his Scheme witk To 
remedy this, I have feen - feme Scales made, by 
thfe Dilution of an!» ingenious Gmtlpman, which 
contained more Scales - of equal Facte than the 
common ones •, bat, m Order * to make Room for 
them, *he Diagonal Scales were omitted. But, in 
Cafes which require particular Accuracy in con- 
.ftnt&ing, the Diagonal Scales are ncccflary -, there- 
fore 
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fore I have contrived to give even two more Stales, 
and yet retained the Diagonal-Scales^ by difpofing of 
the Lines in different Order. The Scales of equal 
Parts are 10^ 15, 20, 25, 30, 35, 40, 45, 5O, 
and 60, to, an Inch. 

4. This Side contains likewife Lines of Itumbs, 
Chords, Sines, Tangents, &c* as on thecpjcnmoa 
Scales ; alfotwo Lines/ correfpondiog to each other, 
one marked M. Lent, the other Chord* by which are 
ihewn, by Infpedtiori, how. many Miles/make a 
Degree of Longitude in any Latitude. For Exam* 
pie, againft 60 Degrees pf Longitude, on the 
Chordy you will find, on the M. Lotti that 30 Miles y 

make a Degree of Longitude in that Latitude. 

I fhall now proceed to deferibe the Contents of the 
other Side* viz. that which is commonly called 
Gunter's, from the Logarithms pf Numbers, Sines, 
and Tangents, being firft laid thereon by Mr. Ed- 
ward Gunter. 

83. For the Sake of the young Student, it may be 
proper toobferve, that, tp work a Canon or Propor- 
tion* on Gunter* s Scale, we have only to extend the, 
Compaflcs from the firft Term to the fecond, on the 
proper Line, then will the fame Extent, laid the 
feme Way from the third Term, (viz. from the 
Left to the Right, or from the Right to the Left, 
according as the fecond Term lay from the firft,) give, 
on its proper Line, the fourth or required Number. 

84. As, in the common Rule of Three, it is no 
Matter which of the two middle Terms is placed 
firft, fince the Produft is the fame, fo, in working 
on' the Gunter's Scale, if at any Time it is found 
more convenient, we may extend the Compaffes from 
the firft Term of the Proportion to the third Term, 
then will that Diftance extend from the fecond Term 
to the fourth or required Tefrm. 

85. In counting on the Line of Numbers, it may 
be proper to obferve, that the Numbers *, 2, 3, 4, 
£sf*. reprefent not only 1, 2, 3,4, &fc. but to, 20, 


30, &c. Thus, if the Canoii you arc workiiig of 
requires you to call th6 1, in the Middle of the LUra> 
of Nufhbers, ioo, then ihuft the 2, 3, 4, 5, 6, 7, 
8, 9, 10, <?n the Right-Hand, be called 2co> 300* 
400, 500, 6oo, 700, 800, 900, iot>o-, the 9, 8,7^ 
6> 5> 4* 3* 2 > ** on the Lett, be called 90s, 80,. .70, 
60, 50* 40, 30, 20, 10* 

If the t in the Middle be called 1 000, the Fi- 
gures 2/ 3, 4, &V. on the Right, will be 2000, 3000, 
" s 40&6, 6?r. and 9, 8, 7, 6, Csfir. on the Left, 90a, 
8ocs 700, 600, &V. 

Again, if the 1, in the Middle of the Line of 
Numbers, be called 10, the Figures 2, 3, 4, fcfr. on 
the Right-Harid, muft be 20, 30, 40, Qc. and, on 
* the Left, 9, 8, 7, &V. will be only 9, 8, 7, &c. 

Alfo, if the 1 in the Middle be called 1, then 
2, 3,4, £s?*v on the Right-Hand, will ftand for 
*> 3>*4> & c - but 9, 8; 7, &V. oil the Left, will be 
only T V, A, tV> &?*. GV. ." , • • 

86. For the young Student^ the Canons, in com- 
mon Ufe in working a Day's Work, are ftamped on 
the Scale. Thus R 2 Dift. :: SC : Dcp, 5: SCC : 
D. L&t. fignifies, that, as Radius is to the Diftance, 
fo is Sine of the Courfe to the Departure, dnd fo is 
Sihe-Complement of the Courfe to the Difference oif 
Latitude* ■ 

Again, D. Lat. : Dep. :: Tan. 45 : T. Courfe, 
is, as- Difference of Latitude is to the Peparturo, 
fo is Tangent of 45 Degrees to the Tangent of the 
Courfe. 
, .Alfo, SC mid. Lat. : Dep. :: R : D.Long, is to 

be read, as Sine-Complemenc of middle Latitude is 
to the. Departure, fo is Radius 90 Degrees to the 
'Difference of Longitude, Or, to find the Diffe- 
rence of Longitude by meridional Parts, D. Lat. : 
Dep. :: M.D. Lat. : D.Long, which is to be read, 
as Difference of Latitude is to the Departure, fo is 
meridional Difference of Latitude to the Difference 
of Longitude* 

' Laflly, 


* \ 
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: l*aft]y, SCL, : SoDec. 2: & : S^Amp. i$ tp 
ije read* as Sine-Complement of Latitude is to the . 
Sine of the' Sun's Declination, fo is Racjiiis, or Sine 
pf 90 Degrees, to the Sine of the Sun's Amplitude. 

87. Th* firfi Line on the Gunhr x $ Side is masked 
S. Rumb, that is, Sines of Rumttf orCpyrfes. 

88, The fecond Line is marked Nm*b. Sqr.< and is y 
the common Line qf Numbers intended tp be ufexj 
flpith the Sine* or Tangents, &c. in ,wo?kiiig the ufual 
Canons in Trigonometry or Naviga^n. It \% m^rk* 
ed Numb, Sqr. beqaufe, with the Line marked j&w/ t 
U will ferve for fquaring Numbers, &e. pi which far-* > 
jher Notice will be takfcn prefcntly. 

. .89, Tfee tfcri Iaw % plapfeed S ] £S \ Sec. is th* 
common Line pf Sines, with the Addition of being 
^umbered- backward by fmall Figures*-, by which 
Addition it now ferves th$ feveral Purpofes of a Line 
$f Hints* Qo*Jine$i and Secants. A Notion has pretty 
f*«0eraJIy prevailed, amongfi: Teachers of Trigono- 
metry and Navigation, that the Canons, in which 
^Secants are concerned, could not be folved by &mter\ 
Sc^le ; and alfo amongft fome Writers on Naviga- 
tion ; for Mr. K — — v, in his Navigator's Tutor, 

*nd Mr. M y. in his Rudiments of Navigation, * 

% bo:h pofuively affirm, that, If thre is a Secant in the 
Proportion the Operation cannot 'be performed by the 
Scale. But that they are miftaken may be readily 
/hewn, by only working one Example. Let us fup- 
pofe the Angle A, or Angle at the. Bale of a Rt. , 
Z. A to be given, equal to 59 Degrees, and the Bafe 
H$ Yards, to find the Hypathenufe. If the Bafe be 
ma ic Radius, ths Canon is, as Radius is to the 
JBafe 86, fo is Secant- Angle, A 50 Degrees, to the 
iiypothenufe. 

This may be' worked on the Scale thus : Extend 
the Compares from Radius, or Sign of 90 Degrees, 
jto 50 Degrees, on the fame Line, counting back- 
ward from Radius* by the fmall Figures, for the Se- 
jcant ; then, one Leg of the CompaiTcs being fet at 

F 2 86, 
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86, on the Line of Numbers, that Extent will, turned 
, the contrary Way, (becaufc the Secants mull be con- 
ceived to run beyond the Scale,) • reach to 134, the 
Pittance which was required, 

90. The fourth and fifth Lines are the verfed Sines 
and Tangents, as pn common Scales. 
f 91. The Jixth is th£ Meridian-Line, which, on 
the common Scale, is too fhort to be of much Service, 
but, by making it on two Lines, we are enabled to 
go to 80 Degrees of Latitude, and yet have the De- 
grees fufficiently large to divide the Meridian of 
Wright's Chart into every 10 .Minutes, or lefs 
Parts. — The Length of the Degree of the Equator^ 
correfponding to thefe of the Meridian, is annexed 
on the Left-Hand, and marked Eq. Deg. 

92* The Meridian-Lines being conftru&ed by the 
diagonal Scale of 20, if, at any Time, in the Ab- 
fence of Tables, we are inclined to know nearly the 
Meridional-Difference of Latitude between any two 
Places, we have only to take the Diftance between 
the two Latitudes from the Meridian-Line, then, 
meafuring the Diftance on the diagonal Scale of 20, 
we fhall have nearly the meridional Miles required. 
Thus, for Example, if it were required to find the 
' meridional Diff. of Lat. between the Latitudes of 
20 and 30 Degrees, the Diftance between thefe 
Degrees, taken from the Meridian-Line, will, on the 
Jeffer diagonal Scale, meafure 663 (reckoning each 
primary Division, or Half-Inch, 100 Miles) for the 
Meridional- Difference of Latitude. 
. 93. The f event h and eighth \ or two remaining 
Lines of this Scale, area fihgle and triple Line of 
Numbers, marked Numb. Root, Numb. Cube, which, 
# - togerher with the' fecpnd Line, or double Line of 
Numbers, -marked Numb. Sqr: are for fquaring or cu- 
bing Number?, or for extracting the Square and Cube 
Root, or for working Proportions- wherein Squares and 
Cubes, or the Square and Cube Roots, are concerned, of 

great 
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Seat Ufe in various Parts of. the Mathematics'. We 
all give a few Examples of their Ufe. 

94. Example i. What is the Square-Root of 
144 ? .or, which is the fame Thing, what is the Side 
of a Square whofe Area is 144 Feet ? 

Solution. ; Call the 1, at the Beginning of the Line 
of Numbers, (marked Numb. Sqr.) iqo, and extend 
the Cotnpaffes from that Point to 144 ; then, calling 
the i v at the Beginning of the Line of Numbers, 
(marked 'Numb. Root,) 10, and putting one Point of 
the Compaffcs in that Point, the other will extend to 
12, the required Root. 

95. Example 2. The drear of Circles being as the 
Squares of their Circumferences, let us fuppofe the 
Weight of Cables, of unequal Circumferences but 
of equal Lengths, to be in the .fame Proportion. 
On this Suppofition, let it be required to find the 
Weight of a Cable whofe Circumference is 8 Inches; 
the Weight o( one, of equal Length, of 10 Inches 
Circumference, being 25 Hundred. Here, v by the 
Suppofition, the Proportion is, as the Square of 10 
is to the Square of 8, fo is 25 to the required Weight* 

To folve this on the Scale, extend the Compares* 
on the Line Numb. Root, from 10 to 8, then, on the 
Line Numb. Sqr. will that Extent reach from 25 to 16 
Hundred, the Weight of the Cable of 8 Inches. 

96. Example 3, What is the Cube-Root of 
1728 ? or, which is the fame Thing, if a Cube or * 
Die contains 1728 folid Inches, what is the Side of 
the Cube ? 

This may be folved by a bare Infpe&ion ; for, 
calling the 1, at the Beginning of the Lioe Numb. 
Cube, i oco, and the 1 correfponding to it, on the Line 
Numb, Root, 10,- then, againft 1728, on Numb. 
Cube, you will fee 12, the required Root, on Numb. 
Root. 

07. Example 4. Suppofe a Ship of 300 Tons 
to be y$ Feet by the Keel, it is required to find the 

, Length 
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length *£ the Keel of a fitnilar Ship of 560 Tens 
' Burthen. 

5 Sdtylin. Similar' Solids being in Proportion as x tbe 
Ottes of their kke Sides, we have, a* 300 is to 500, fo 
is the Cube of 75 to the Cube of the require*) Keel. 
Thdrribr*, extend th« Compares, on the Lme Numb. 
Cetbe, from 300 to .500, (or from 3 tt> 5,) then will 
|J*at Extent*, on the Line Numb. Root, reach from 75 
CO 89 Feet nearly, the Length of the Keel required. 
This Inftance of a pfeful but troublefome QutJiion, 
if performed by Arithmetic, being fo expeditioofly 
. folved on the Scale, by the Addition of thcfe Lines, 
is a fuJScieiit Recommendation of their Ufe. 
' 9$. What we fcave faid on the Ufe of the ap- 
proved Scale is fuffident for thofc who arie ac- 
' quainted with the Ufe of the common Scalers ; as for 
ethers, k would be advifeable for them to apply to a 
proper Matter for Jnftru&ions. However, I intend 
thereat More 'fully of the Ufes of the feveral Lines, 
*rith their Cenftru&ions, in my Treatjfc of Naviga- 
tion, to which the Subjedl more naturally belongs* 
• . 99. To prevent the Public being impofedon, by 
*he Sale of pirated Seajes, it may be proper to ac- 
quaint them that I have appointed the following 
Mathematical- 1 nftrument-IVIakers, in London, to 
vend them, viz. Meffieurs Adams, Heath and Wing* 
Lincoln y Martin, Name, Wathtis, and IFhitfard : 
As th«y will not fell any without the Pamphlet of 
theW Ufe, -and their own Names, as Makers, damp- 
ed on the Scales, confequently, their own Reputation 
will ndt permit them to fcii any .made in an inaccurate 
or unworkmanlike Manner. 


BOOK 


1 


E & 3 


•i * 


BOOK IV. Ofjiltinietty and Lttigbtetr). 

• * * * f • 

Chap. I. Of AUitoMy, / 


f. • * 

> 

' / * * *. 


iob. A LtIMETRY:is . tfe • A^icMfai *£ Jhe 
£\ Doty'me of Triangles to-fiiK* cbtf HpghM 
of Obje&s, whether aeceffibfte or not* . ..mi: , 

/ 101. If an Objeft fta»ds «tl « tftene, fi[ J&hat* 
Line may be mtiiuttd from thd Qbfervtft t<*$he\&>ot 
of t^eOhjcK^ it is faid to be arfttffiblle* #&*Wifenot# 

ioz, Prvp. ik Tb.fin4:att4*aghtwf; afi AQcCffi* f 
bleQbjaSL ' t - - j. u."- 

Tlq^hay te jctaifc foml.Wajsfc a&ift thfcfeUfflp 
ingCafes. - ... t ,:|| 

Uaftu To fihd the Height ^honfckoS^i(or 
Moon) lbincs« ..,/*,.* ^ .♦'[ 

Example. Let it be required t# find tfo/Hright 
of a Tower* the Length of, whofd Shad6Jv f sril-|^ ' 
horizontal Plarit, was 90 Feet, at 4 Time Wh^a; cj)f ?}*U% 
Shadow of an upright Polt* of ib Fort Hffigtoxfros £*& i- 
o reet. v h . •- (i 

Conftrufiicn. Let AB r<prefeit the Platfe; Suit? 
AD n 9 Fefct, and i. DE ±2 10 sFeet : Alto A5 = ' . 
90 Feet; and raife thc-LBF; produce AEctQJiftof- 
fed it in C ; then it is plain BG mud be the H ajght 
of the required Tower. ; 

Solution. It is rqanifcft, the As ADE, ABO,' are 
fimilar: v as AD, the Shadow of the Pole* ^PS§ 
the Height of the Pole, :: AB, the Shadow tff the 
Tower, : BC, the Hdight of the Tower. In %\m 
Example* as 9 : io :: 90 moo, the Height of the 
required Tower. % ; 

. 103. Cafe 1. To firtdthe Height, by a Walkingr 
Stick orpole, when the Sun does not ibine* 

Example, Suppofe I want to t find the Height of 
the Tret CE, above the horizontal Plane AC* by 
Means of a Pole of 1 5 Feet in Length* 

Stick 


40 AMmtry. 

PI. HI. St ^ * c ^ c ^F -"■ t0 the p * ane AC, at a con- 
Fi& 6." venient Place ; then walk^ackwards'fromlt to A, 
till you fee the Points F and £ in a right Line : This 
done, meafure from A to B, alfo from A to C. Lee 
us fuppofe AB = 10 Feet, AQ= 20 Feet, and the 
Height of the Obfcrvcr's Eye, AH, rr 5 Feet. 

ConftrutHo*. Make AB zz 10 F6ct and the ± BF 
= 15, alfo AC = 20 Feet, and ered JL CI, which 
interfeft by HF produced in E; then is CE evidently 
rr the Height of the Tree required. 

Solution. Draw HD || to AC; then it is mariifeft 
the As HGFand HDE are fimilar. Therefore, as 
HG ( AB) : GF (BF-BG) :: HD (AC) : DE. In 
our Example, as 10 : 10 :: 20 : 20 = DE. Then 
DE+DC (AH) = 20+5=25 Feet, the Height of 
the Tree required. 

104. Cafe 3. To find the Height by Means of a 
Bowl of Water, or other horizontal reflecting Surface. 

Method. Let A reprefent the Plane of the refte&ing 

Surface, DB the horizontal Plane : Walk backwards 

Pi. III. to D, till your Eye, at E, fees the Refle&ion of the 

Fif • 7* Top of the Objed BC in the Bafon A 5 then meafure 

DA, which fuppofe = 7 Feet, and AB == 70 Feet, 

■ the Height of the Eye, DE, = 5Feeti 

CinftruSion. Make AD= 7 Feet* AB= 7oFeet> 
and ereft Xs. Make DE = 5 Feet, and z. BAC 
= Z.DAE, then will BC be the Height of the Objeft 
required ; becaufe, by the Nature of Reflection, the 
/.sDAE and BAC muft be always zz each other. 
See Art. 3 1 7 in our Effay on Geometry. 

Solution. The £s ADE f ABC, being manifeftly = 
each other, we have, as AD : DE :: AB : BC, that 
4s, in the above Example, as 7 : 5 t: 70 : 50 = BC, 
the Height of the Objed required. 
1 \ 105. Cafe 4. To find the Height, by Means of a 
Quadrant or other proper Inftrument to take the 
Angle of Elevation, of the Top of the Object. 

Example. Suppofe, fianding at A, the Eye at D, 
the Angle of Elevation EDC is taken :r 40 Degrees; 

and 


Altimttry. 4» 

and from A to B *he Foot of the Obje& meafures 
100 Feet: Quaere the Height of the Objeft BC, 
the Eye D being 5 Feet above the horizontal Plane 
AB. 

Confiruftiott* Make AB z= 100 Feet, the JL AD pi. m. 
= 5 Feet ; alfo ered the -L BF, and draw DC, ma- Fig. 8. 
king an Angle EDC, = 40 d Then is BC evidently 
zz. the Height of the ObjeA required. 

Solution. By Trigonometry, as Cofine jl D, or 
Sine Z.C, : DE=AB :: SiiD : EC: Then EC 
+EB (DA) = BC, the required Height. 

Operation by Logarithms. 
As Cofine 40 d. 9.8542540 

Is to 100 Feet 2.0000000 

So is Sine 40 d. 9.8080675 EC zz 83.91 Feet 

II.8080675 

9.8842540 EB zz 5 Feet 

To EC 83.91 Fect J -9 2 3 8l 35 Bc = 88.91 Feet 

v 106. Scholium. As, perhaps, fome of our Read- 
ers may. not be acquainted with the Nature of a 
Quadrant, it may be proper to delcribe that com- 
monly made Ufe of in Altimetry. 

ConftruSlion. On a Piece of Brafs, or dry Board 
that will not eafily warp, make a Quadrant,.or Quar-?ee thcF. 
ter of a Circle, ABC. Draw ab \ | to AB. About in PL 1V ' ' 
a % as a Center, defcribe the Arc be •, and, fince the 
Radius is n the Chord of 60 Degrees, with the fame 
Extent, and one Point of the Compafies in b 9 with 
the other, make a Mark in the Arc at e ; then bifedt 
the Arc be in d ; take the Diftance bd and fet from e to 
c and join ac ; then is bdzzdezzeczz^o Degrees $ and 
therefore the whole Arc bdec zz 90 Degrees, or a, 
Quarter of a Circle. 

G By 


££ Jl time try. 

By a Trial or two, divide the Arc U 9 <&, and ec % 
each into 3 equal Parts, or every 10 Degrees ; then 
bifedt each of thefe into every 5 Degrees 5 laftly, by 
a few Trials, into every Degree ; which, iftheQpa- 
dranfbefufficiently large, as a Foot Radius, maybfe 
fubdivided into Halves, Quarters, or lefier Di.viftons, 
viz. into e*efy Minute, 'by Diagonals, as will be 
explained when we defcribe the Quadrants vrfed at 
Sea. Make £&*/ = /. fac ~ 4.5 d. draw fb \\ ag And 
%f\\abj then will agfh be a Square, by the Construc- 
tion. Divide £/, fb> each into 100 or 1 000 equal . 
Parts. % From the Center a hang a Plumb-Lirie 
dD \ the finer the Line is the better, a -j-Horfe-Hair 
will do very well ; the Weight may be either Lead 
or Brafs ; and, if the Line be hung by a little Bow, 
on a Pin at a, in (lead of being run through a Hole* 
it will play better. 

It only remains to fix two tronventetit Sights, ik % 
on the Edge of the Quadrant, AC, or on any Line 
]| thereto. Thefe are commonly made only of two 
Bits of Brafs, with a little Hole in each, of the fame 
Height : But as, by thefe Means, it is very difficult 
to fee the Objedt through the fartheft Sight, by Means 
of the fmall Aperture or Opening of the Hole, I 
generally make them in the Manner reprefented by 
the Figures i and k in the Plate. The large Aper- 
tures are made fufficiently open to take in a large 
Field of View, and have Crofs-H&irs or fine Silver 
Wires interfering each other at right £s, fo that 
each Interferon is exactly of the fame Height as the 
Hole in the Sight next-the Eye. 

If the Quadrartt be too large to hold fteady by 
Hand, it may be fixed to a Ball and Socket, and fup- 
ported by the Legs of a common Surveying-Table^ 
(generally called a Plain-Table,) or to a Pole like 
that of a Barbels Block. 

107. The Manner of ufing this Quadrant, to. 
take an Angle of Altitudp of any Objeft, is thus : 

Holding 

i Or fine Silver Wire* 


>. * 
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Holding the Quadrapt upright in, your Hand!, ft| jffc. 
look through the Sights to the Top of theObje£G, 'ttg«g t# 
then will the Number of Degrees, qu{ by the PUunb- 
Line, viz. the Arc GH, exprefs the Angle of Alti- 
tude. • ' - ..«,.. -, •" ,:T - 1 

Demonftratio*. Draw DE || A& Jhto, DE.being c * *- J * 
l| to the Horizon, by the Nature of a Flypb, the 
Z.DJF muft be a Right 4., and ft) the A.DIF a 
right-angled one 5 therefore, (by £3 qf Geometry.) the 
^EDF(IDF) tf ^HFD (IFE>) - a Right £ •, and 
4 GFD being alfp^.Righ^AngJe^ the £ GFH+ 
JL HFD =: a Right l. . Therefore, taking away the 
il HFD, common to both, the /. Et)F (the Aj?gle 
of Elevation)* is z= 4-GFIJ tz the Number of de- 
grees in the Arc Gtt. Q. '£, D. • */ ,< 

The Angle of Depreffion of an Objeffc^L, viz* , 
the Z.LFK, (FK being fj BA,) is foundln rfearly the 
farap fanner, by only placing the Eye £t the. Center 
of the Quadrant, F, (inftead of *t;D t ) and looking 
through the Sights FU to L. Then is the jl GFH 
zitfie L of Depreffion, LFK.' 
.., joiL Cafe 5. To find the Height of an accefli- 
tile Objcdt by M^ans of the Quadrat, which js of 
gre^t Ule when abfent from Tables or proper Inftru- 
.njent&for calculating 

. The Method i& this. JLook at the Top of the pl H ^ 
Objeft through the Sights of the Quadrant, as before g-' lc ^ 
explained ; then, inftead of looking the Degrees 
on/he Arc, count the Divifions between c and d cue 
by the Plumb-Line •, which referve. Conceive a Line, 
~|E, Jj to AB, and„BC ± to both : Then, the z.s 

>£C, Jcby being Right z.s, artd L. , cbd. 3 A of 
elevation. EDC, (as has been already (hewn, in the 
njfc of the Quadrant,) it follows, edb . muft.be ac 
'4.DCE, by Art. 83 Geometry. Hence the. As hd 9 
JDEC, are fimilar ; •.• As be : ed :: J)E : EC. 
This is when the 4. qf Elevation is lefs than 45 d. or 
the Plumb falls between- c and e 9 or on the Side of 
the Quadrat called Siniftra (or Lefc-Hand). Bur, 

G 2 when 
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when the L of Elevation is more than 45 d. or the 
PL III. Plumb-Line falls between a and e 9 on the Side called 
Fig.ii. D cxtraj or Right-Hand, then, by fimilar Triangles, 

as ad : ah :: DE : EC. 

109. Example. Standing at A,- my Eye being 

*!• III# at D, 5 Feet above the horizontal Plane AB, I found, 

*' I0 ' by the Quadrat, that be being divided into 1600 

Parts, cd was zz 500 •, and from A to the Middle of 

the Bafc of the Obelifk mcafurcd 80 Feet. Quaere 

the Height of the Obelifk. 

By the above, as cb : cd :: DE (AB) : EC. %• 
in this Example, by the Golden-Rule, As 1000 : 
500 : 80 : 40 Feet. 

To EC =40 Feet, 

Add BE = 5 = AD, the Height of the Eye, 

Gives 45 Feet, the Height required. 

no. Prop. 2. To find the Height of an inac* 
celfible Object, CE, Handing ere& on an horizontal 
.Plane. 

Cafe 1. By the Quadrant. 
Suppofing a River, Ditch, or fome other Obftruc-r 
PI III. ** on ' between the Foot of the Object and the Ob- 
Fig. 12. ferver, fo that the Di (lance BC cannot be meafured 
on the Ground : Therefore, at B he can only tajre 
v . . the Z- DGE 50 d. and, walking backwards, mea- 
. fure a convenient Diftance, BA, (luppofe 6y Feet,) 
and then take the l. of Elevation, DFE rr 3 5 d. 
Hence it is required to find the Height of the Ob- 
ject CE. » 

ConfiruHion. Make a Line FG =z 67 Feer, and 
produce, it towards D at Pleafure ; make jl DGB 
= 50 d. z.DFE= 35 d. then will the Point of 
Jnterfe&ion be the Top of the Objeft; and, letting 
.fall the J- DE, produce it to C, fo that DC be made 
.= . the Height of the Eye, which we fuppofe 5 
Feet ; then it is manifeft CE is the Height required* 

Calculation* 
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Calculation. Firft, i8Qd.~z,DGE=^EQE,.Mi \ 

our Example, = 130 c!. and L DFE+2.TGE = 
^65 d. wfiich, fubtrafted from ifitod.' gives /.FE^ 
22 1$ d f . Hence, by Trig, as $.£££& 15 d. :. £ 
67 Feet :: S.Z- GFE $£ d. : GE 1= 148,57^. 
Now, in the : Rightz.d A GDE, .we have, ^s Radius 
god, : GEc=i48.5 Feet :: S/Z-PGEzzijo d, : £>E 
2=113:7 Feet; to which' adding DCzzg Feer, we 
have CE — the HeighE of the Objedt required, zz 
118,7 Feet. / x 

If the young Student is inclined, he may find the 
Side EFby faying, as S.Z.FEG : FG :: S.Z.FGE 
: FE. Then, as Radius : FE :: S./.DFE : DE. 
Which coming-out the fame as before will be a Proof 
of the whole. Work. 

If BC be required, As Radius : GE :: Cofint 
Z.DGE : GD = BC. 

111. Cafe 2. But, if no Tables are at Hand, then 
the Height may be found by the' Quadrat. 

Thus, fuppofe the Plumb cuts, on the Dextra- 
Side, 845 at B, and at A, on the Siniftra~Side, 700, 
counting each Side of the Quadrat 1000, *nd AB 67 
Feet; Quaere the Height. 

Rds,* From the Square of the Number, into 
which each Side of the Quadrat is divided, (that i*, 
from 1 0000, if the Side is divided into 100 Parts, 
or from iocoooo, if into 1000 Parts,) fubtradt the 
Produft of the Numbers cut by the Plumb, on both 

the 

• Demonjfrfxtion. Let azz each Side of the Quadrat, t zz the 
Number cut by the Plumb- Line on the Siniftra-Side, d zz the 
Number oir the Dextra-Side, m zz FG, x =z GD ; then FD =3 
FG + GDzzm+x. Now, by Propofnion I, Cafe 5* A? a 2 x 

:: m+x : "" • » ■ zz DE : Alfo, As** 2 a :i x : ^ = P£: 

a d 

» 

Therefore, -<-= ~ — -, Hence, a*xzzsmd+sdx. And v 

. A 
S9ttt ^ ^ J ** »* 

« s— — -. £. *• X». 
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. th* Dexp* and $iniftra Side*, and rdervt 'ifc.Jta» 
jnainder. Laftly, divide the continued Ptoduft <jf 
the Numbers cup on the Qextra-Side, the Siniftca- 
"Side, and Length FG, by the referved Nurftber.* 
tBe IQNAdttent Will be 55 to GD ; Then, by Propos- 
ition 1, Cafe 5, find DE. 

In the above Example, we have, by this Rule, 
the nunVericaJ Operation thus : 

Multiply 845 From 1 000000 
By 700 Subtract 591500 

m< m ■« h i t |- ■ j 11 1 n ii ■ ■ 

591500 408500 

Multiply 591500 4085)396305(97 nearly, =GD. 
' By 67 


28655 
4140500 . 1 

3549000 60 


* 1 11 


39^0500 


jw»W— ■! w«iM 


Now, by Prdp. 1, Cafe 5, As 845 : 1000 *: 
,97 Feet : 114.8 Feet, nearly, = DE, to which ad- 
ding the; Height of the Eye; 5 Feet, we have the 
whole Height CE= 1 i 9 c8 Feet. 

112. tyfeg* 1/ the Numbers, cut by the Plumb* 
Line, are both on the Siniftra-Side, then the Rule is, 
multiply * the lead Number cut on the Quadrat by 
aFG^ ami divide the Produft by the Difference of the v 

two 

' fDtmpnflration. I*ct r; each Side of the Quadrat, / zz the 
lefler, £ z: the greater Number cut on the Siniitra-Side of the 
<Jt^dat, «r == FG* *.=c GD j then FD=s«+jc. By ?ropu », 

Cafe 5, As a : 7 :: i»+* : -^£ — z= DP; Again, * : g :: 

* J ^=DE. •.•^?— — iiL, Hence^* =>»+&• There- 
fore, * = — r , P, £. />. 
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two Numbers found oh the Quadrat; the Quotient 
will be equal to <3£>. Then find E)E by Propofi- 
ttart i,: Gafc 5. 

•fejtAMPLE, Let the Numbers, cat on the Sinlfc 
tra-Side 6t &it Quadrat* be 49 and 74, counting the 
Side of the Quadrat 100, and I*G 5s 78 Feet. 

Solution. Proceeding by the above Rutet r 

fc • 

Multiply 78, From 74 *s)$8 2 2(15^88 ' 
By 49 Subtra# 49 ■■ 

— 13a 


3" — v 7* 


*-4 


3822 220 


200 

■MM' 


Now, by Prop. i,,Cafe5, As 100 : 74 :: 152.88 
Feet : 113.1 Feet = DE* to which adding the 
Height of the Eye, it gives CE. Or wc may fay* 
As 160 : 49 ;: 78 + 152.88 : DE t as above, 

V 

113. Cafe 4. But if the Numbers, cut by the 
£lumb-Line, are both on the Dextra- Side, the Rule * 
19 the fame as in the laft Cafe. 

Example. Let FG rr 54* the Numbers lur on 
the Dextra-Side of the Quadrat 82 and 3 1, count- 
ing the Side 100. 

s. • ■ • • Numerical 

■ 

* Demon/truth*, tct a if eathf Side of the Qtradfet, /'i Aid 
Jeflfer j ac the. greater Number cut on the Dextott-Side of the 
Qqadmt, *r:FG t *5=QD* then *+*=*FI>. ty'hoyMr 

fcaft £» As f hi 4: x : -y ==£)&; and, Asg ; a :: * + * ; 

t * 7 1 ... . .*-/ ^ 


\ 


« • * % 


\ • 


i « 
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Numerical Operation. 

Multiply 54 From 82' 5i)i6j4($t.fazi 

9y. 31 Subtract 31 GD. N 

144. 


54 Diyifor 51 

162 - ' — 420 


Dividend 1674 120 


« >y » - 


18 


By Cafe 5, As 31 : 100 :: 32*82 Feet : 106 
Feet, nearly, = DE. Or, As 82 : 100 :: 54+ 
32.82 3- DE, as before. 

114. Proportion 3. To find the Height of an 
acceffible Objeft, AD, when the Ground rifes from 
it. 
. Method. Let F be the Place of the Eye of a Per- 

Fig. i\. ** on ^ anc ^ in S at an 7 convenient Plac^, G, on the Hill* 
then, fuppofing FC an horizontal Line, by a Qua- 
drant, take the /. of Altitude of the Top at D, 
which will be equal to z. CFD, which, for Example- 
Sake, we will fuppofc zz *20 d. and at the fame Place 
take the z. of Depreflion zz 40 d. =' BFC, 'of a 
Mark B, fet up from A on the Side of the Objedt 

AD, = the Height of the Eye FGj) then mealure 
from. G to A, fuppbfe = 1 00 Feet ; This done, the 
- Conjiruftion is, Draw a Line AH, and credfc a JL 

AE. Take AB = Height of the Eye, fuppofc 5 
Feet* make Z.FBE = Qod. — 4od. and BF;= 100 
Feet: Laftly, make /. BFD = 4od.+2od.=:6od. 
then is AD the Height of the Objeft required. 

Calculation. Firft pod.— Z.DFC 2od. =xFDC 
7od. Hence, by Trigonometry, As S. Z-FDB 70 d. 
: BF 100 Feet :: S./.BED = 60 d. : % BD=92.i6 
Feet; to which adding AB, the HeigHt of the Eye, 
£ Feet, gives AD, the Height of the Objeft requi- : 
ted, =97.16 feett ~ ' x . 

-> 115. 


r 1 5 Pfcpofithn 4. Ttt find • the Weight of an 
acccffible Objelt on the Top of a rifing Ground* as 

Suppofe, wanting to fiftd the Height of the Qb- p] rlI 
je£t BD* ftandihg at A, the Eye at E, 5 Feet highi p^. ,^. 
I take the l of Elevation FEDb:50 d. and (BC be- 
ing fet off = AE zz 5 Feet) the L of Elevation FEC 
'sioi then, meafuring from A to R, I found AB 
= £C =: 60 Fefct. 

Conjlrueiion. Make z. FEC = 10 d. arid EC qp 
€0 Feet : Through' Clet faM the Jl 6F f and produce 
FC upwards at Pleafure v make jl FED =; 50 .4. 
their is ,BD manifeftly the Height of the Objeft re- 
quired* 

Calculation. Firfc, 90 dy — ^FED 50 d; =5 40& 
= z. D; and Z.FED50 d.-s- z.FECiod.= 4od. 
= ^.CED. By Trigonometry, As S. l I>40d. : 
EC 60 Feet :: S.£CED4<>d. : CD = 60 Feet; 
to which adding the Height of the Eye BC 5 Feet; 
k gives the Objedt's Height BD r: 65 Feet. 

iH>. Proportion 5* To find the Height of ait 
Objeft on the Top of a Hill which is inaccelTible. , 

Suppofe, Wanting tx* find the Height of an Object, 
DE, on a HilU CD, which is of too fteep an Afcent JJ' n * 
to be conveniently mounted, I therefore ftood at a. * '** 
convenient Place on the horizontal Plane, viz. the 
Eye being at B, I took Angles of Altitude CBE =2 
61 dvCBD zz 39 d. then, meafuring backwards, took 
the Diftance BA = 50 Feet •, and, the Eye being at 
A, the Angles of Altitude CAE = \% d. and CAD 
zsz 22 d. i^ence it is required to find the Height of 
the Objeft DE. 

N. B. The Hdght of the Eye is of no Confequencc 
in this Proportion. , 

ConfiruSion. Draw a horizontal Line ABC, and 
makez.CAD=22d. CAE=4*d. fet offABzs 
50 Feet, and make die jl CBE r: 61 d. Z.CBD =5 
39 d. join the Points of interferon DE, then isDE 
the Height of the Objedt required. 

H Solution. 


£d Altimetry. 

Solution. The jl ABE s= 180 d. — L CBE 61 d. 
rr ii9d. and z.BAE4^dt.+ z.ABE ii9d.m6id. 
therefore z.AEBrri8od.— -161 d. rz 19 d. 

Or fliorter thus : Producing ED to C, the A AEC 
.; 1 . ' Is right- z.d by Suppofitibn i and therefore the Z-S 
AEC and BEC are Complements of thk Z.s CAE, 
CBE % v the z. AEB being the Difference of thefe 
Complements muft be alfo^is Difference of thefe 
As; v z.CBE6id.— ^CAE 4 2d.=zz. AEB =s 
19 d. as before. 

Hehce, in A ABE, As S z. AEB 19 &. >. AB 50 
Feet :: S.z.BAE42d. : BErrr 102.8 Ftet. 
- Now the z_CBE6id. -- z.CBD39d. = Z.DBE 
r=22 d. and, the A BCD being right-angled at C; 
*he L BDErrgo d. — z. CBD 39 d. rr '51 d. and 
Z.BDE= 1 80 d. -- ZiBDC 5 1 d. = 129 d. Hence* 
As S.Z.BDE 129 d. or Sine of its Supplement 5 id. 
: BE 102.8 Feet :: S. Z.DBE 22 d. : DEpzr^-s 
Feet, which was to be found. 

1 1 7. Profojttion 64 To find the Height of an 
irtacceffible Objeft, when we can only meafure on 
the Side of a Hill on which it (lands. 
, . Example. Wanting to find the Height of an in- 
5l , # accefiible Objeft, CD* at a convenient Place, B, I 
fet up a Pole or Mark, BE, equal to the Height of 
my Eye, AF, fuppofe 5 Feet. Conceiving FG and 
EH H tothe Horizon, itanding firft at A, the Eye 
at F, I took the z. of Altitude GFD rr 46 30' and 
GFE rz 33 d. then meafuring from A to B (or F to 
E) I- found that Diftance := 38 Feet ; then, with the 
Eye* at E, I took the aHED rz^i° 30',. and the £. 
to the Foot of the Object, viz. HEC, zr i8d. 
Henee it is required to find the Height CD. 

Ccnftruftion. Draw a Line, FG, to represent a ho- 
rizontal one; make L G£,E:=33 d. GFD rr 46 d. 
30'; fet off FE rr 38 Feet 5 draw EH || FG ; then 
make c HECrr i8d. and HED rr 61 d. 30' * v from 
th^ Point of Interfc&ion, D, of the Lines FD, ED, 

let 
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Jtrt fajl the X DC, and it is evidently the Height of 
the required Objcdt above the HilU • ; K ,: ; . 

. Calculation. The I GFD 46 d. 30'— ?z.GFE 3*3 d.< 
=3 13 d> 30' rr Z.EFD; , and, for the.Reafon:(hes*nL 
in the laft Propofition, the z.HED$i-d 3o'.~+-*z. 
GFD 4 6d. 3o 7 =:^FDE=i5d. Hencei in! AFDE* 
we have,- As S £.FDE 15 d. ; FE 38 Feet .:: ~S*& 
EFD 13 d. 30' : ED =34.27 Feet. Now, Z.HED 
6id. 30 / -»-z.HEG i^d.r: z.CEDi=43dj30 / j and .7 ,r»r 
the AEHC being right-angled at fi> the z.EGHz3 • •;.••. 
90 d.— Z.HEC 18 d. =7id. But Z.ECH is, the 
Supplement of z. ECD. / : .'•' 

Hence, by Trig. As S. Z.ECD, or, which is equals 
the Sine of its Supplement, ECH72CI. .: ED :: S.Z. 
CED43d. 30 / -. CD 24.88 Feet. $. E, L 

11 8. Proportion 7. To find the Height of art 
inacceffible Object at the Foot of a Hill, , when w>d 
can only meafure down the Hill towards it. ■ : . ' 

Example. Wanting "to find the Height, of the pj t y 
Obje&CF, the Eye being at A, I took the L. of ,Ak Fig. t. 
titude.EAF := i8£d. and the A of Depreifion E AB 
=,2i£d. then, meafaring towards the F!oot of th4 
Objeft C, the Diftance AB = 38 Feet; my Eye 
being then at B, I took the z. of Altitude DBF — 
48 d. and of Depreffion DBC = 31 d. Quaere the 
Height of the Objeft FC. • 
. Conftrufiion. Draw a horizontal Line AE r make 
£EAF=i8i.d. and Z-EAB±i2iid. thenfetoff 
AB = 38 Feet : Through B draw BD \\ AE, make 
JL DBF =z 48 d. and Z.DBC = 3 id. From the Point 
of Interferon, F, let fall the 1 FE, which produce 
to.C, to interfedt the Line BC, then is CF the Height , 
of the required Objeft. 

r: Calculation. The Z-EAF 18* d.+.Z.EAB.2i4.d. 
c:z.FAB=:4od. and, for the Reafon (hewn in , 
Prop. 5, the ADBF48d.^z.EAFi8id.r:ilAFB 
d29i r d. Now, by Trigonometry, AsS./.AFB 
*9l -d. : AB 38 Feet :; S, L FAB 4 od. : BF zz 
49.61 Feet. > ^ 

H 2 > The ' 
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The L¥VD^A. + Z.DBC 3 id. = Z.FBC79 d 
and 90 d. — Z.DBC 3iil.= z.BCD = 59<i frfcace, 
by Trigonometry, Aa 5. z. BCD 59 dl : BF 49.6 1 
Feet :: S.Z.CBF79d. : FC =2 56.8 Feet. ^£./- 
/ 119. Propofitioh 8. To find the Height of an 
ipaccef&ble Objedt, CD, ftaoding on a horizontal 
Plane, BC, when X can only meafure on the Side of 
an oppofUe Hill, BA. 
PI. y a Example. Standing at A, I took the z.s of De- 
Fig. 3. preflion E AD ^ 7 d. EACzzigd. EAB = 3id. 
and, by measuring, < found fi.B = 87 Feet. Quaere 
the Height of the Objeft CD, and BC the Diftancc 
\ from the Foot of the Hill. 

Conftruffion. Draw a horizontal Line AE, make 

4LEAD=7d. z.EAC=iod. and z.EAB=3id. 

fee off AB = 87 Feet, and draw BC It AE ; at the 

> Imerfc&ion C raife CD ± to BC * then is CD the 

Height required. 

Calculation. The z.BCA = Z-EAC = 19 d. and 
Z.FBA being = EAB = 3 1 d. and the z. FBA be- 
ing the Supplement of z. ABC, we have, by Trigo- 
nometry, As S.Z.BCA 19 d. : AB 87 Feet :: S.of 
JL ABC or Sine of the fupplemental H il FBA 3 id. : 
AC = 137.6 Feet. 

. Thcz.EAC19d.~z. EAD7d. = z.DAC = 
12 d. and 90 d. — z. E AD 7d. zz ADE '= 83 d. 
Hence, As S. z. ADC or Sine of its Supplement 83 d. 
: AGi37.6Feet :: S.z.DACi2d. : DC = 28.83 
Feet. §>. $, I. 

If the Diftance BC be required, then z. EAB 3 1 d. 
*- Z.EAC 19 d. =Z-BAC=i2d. Hence, As S.z. 
BCA 19 d. : AB 87 Feet :: S. z. BAG 12 d. : BC 
55.56 Feet. Q.E.I. 

120. Proportion 9. To find the Height of an 
Objeft oppofitc a Houfe or Tower, by Angles taken 
at the Windows of the Houfe, or at Top and Bottom 
of the Tower. 

. Example. From a Window at G, my Eye being 
5 Feet above the horizontal Plane AB, I took the z. ' 
•* • .. - . . of 


.\ 
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of Altitude CGErr 4id. io'> then, going up to 
another Window, F, 15 Feet higher, I took the L 
of Altitude DFE = 27id. Quaere the Height of 
theObjeftBE. 

Confauttion. Draw a horizontal Line AB, and 
crcft the JL AF = 15+5 = 20 Feet; make AG rr P}. V. 
5 Feet; draw FDandGC M toABj make the L Fi 2' *■ 
CGE= 4id. 10', and JL DF£ = 27 d. 30' * then 
is the Point of Interferon E the Top of the Objeft: 
v let fall the JL EB, and it is manifeftly the Height 
required. 

Calculation. The JL CGE 4fd. !</— Z-DFE 27d. 
3c/=i3d. 40 / =z.FEG: and l EFD 27d. 30' + 
^od.-=ziiyd. $dzz ^EFG. Hence we have, As 
S. L FEG 13d. 40' : GF 15 Feet :: S. £. GFE 
xi7d. 30 / : GE 56.32 Feet. And, As Sine of god. 
: GE56.3$Feet :: S.z.CGE4id. io' : CE 37.07 
Feet. Hence BE sr 37*07+5 =: 42.07 Feet, the 
Height which was required. 
. If the Diftance AB (GC) be required, As Radius 
90 d. : GE 56.32 Feet :: Cpfine Z.CGE 4id. 10^ 
(or S.Z.GEC 48 d. 50') : GCrr AB*=42.39 Feet. 

121. Propofuion 10. To find the Height of an 
Objeft by the Barometer. 

We think we cannot oblige our Readers more than 
by giving them the following Paper (from the Philof. 
Tranf. Vol 64, Part 1, 1774) as a Solution to this 
Proportion, viz. 

][f. De LucV Rule* for meafuring Heights by the Ba- 
rometer y reduced to Afe'Engliflli Meafyre of Lengthy and 
adapted to Fahrenheit'* thermometer and other Scales 
of Heat, and reduced to a more convenient Exprejfton. 
< By the Aftronomer-Royal. 

M. De Luc 9 F. R- S. in a large and valuable 
Treatife upon the Barometer and Thermometer, 
lately publilhed at Geneva, the Refult of many Years 
Labour and Study, has given a • Rule for the 
Meafuremcnt of Heights by the Barometer, deduced . 

from* 


*i 


* 
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from his Experiments, and far more accurate than 
any publilhed before ; fince it appears that he could 
determine Heights by it generally to id or 15 Feet* 
and that the Error feldom, if ever, amounted td 
double that Quantity. This valuable Degree of Ex- 
, adnefs he has obtained principally by detecting the k 
Faults of the common Barometer, and, in Confe- 
quence, improving the Conftru6Hori of it*, and by 
introducing the Ufe of the mercurial Thermometer, 
to accompany that of the Barometer. The principal 
Faults, which he found in the common Barometers, 
arofe from the Repulfioh of the Quickfilver by the 
Glafs Tube, from Air andMoifture admitted into the 
Tube, and from the Variations of the Denfity of - 
Quickfilver by Heat and Cold ; another Very ccmfi-. 
derable Error arofe, in calculating Heights from the 
Barometer, by not allowing for the Changes of the 
Denfity of the Air, whofe Gravity affords us this 
Meafure of Heights, owing to Heated Cold. The 
firft Caufc of Error (that of the Repulfion of -the 
Tubes) he remedied by fubftituting a Syphon-Baro- 
meter inftead of the fimple upright Tube, the Re- 
pulfion of the two Legs of the Syphon counteracting 
itfelf : The Error, arifing from Air and Moifturc in 
the Tube, he cured by boiling the Quickfilver after 
it was put into the Tube, and other Precautions t 
The Errors, in the Eft imation of the Heights, arifing . 
from the Changes of the Denfity of the Quickfilver 
and Denfity of the Air, by Heat and Cold* he fhews 

* How to correft by Allowances, depending on two 

Thermometers, one attached to the Frame of the 
Barometer itfelf, ^nd the other made to be expofed 
to the open Air, to (hew its Degree of Heat ; which 
Thermometers are to be noted both at the Top and 
Bottom of the Hill Laftly, by a "great Number of 
Experiments, made with accurate Barometers and 
Thermometers of his own ConftruAion, he has de- 
duced a Rule for calculating the Heights of Places, 
thg Exaftnefs of whiQh. iie £as fufficiently proved by 
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.$ large. Table.of Experiments. . But this Rule is ex- 
prefled in French Meafure, and is adapted either toa ! 
Thermometer, whofe freezing Point is o, and that 
of boiling Water 80, or to Thcrtaometersof parti- 
cular Scales. It may be therefore ufeful to reduce 
',M< JDe Luc's Rule to Engliffi Meafure, and to adapt 
it to the Thermometer of Fabn*bei?& Scale* which 
is generally ufed in this Country. 

. , - • ■ »■ » » • > 

' 122, * t ty.foLuc, in the Winder. Seafoa, heated the Air of 
Ms Room to as great a Degree as he could, and noted the Rifc 
pf the Barometer,, owing to the Diminution of i(s Denfity, or 
Specific Gravity, by Heat; he alio noted the Height of the 
Thermometer* both, before and after the Room was heaped. 
Hence he deduced a Rule, that, when the Barometer is at 27 
French Indies, which was the Cafe in this Experiment, an In* 
creafe of Heat, from freezing to that of boiling Water, will raife 
the Barometer 6 Lines, or ^th Part of the Whole. Jt is eaiy 
to fee, that,"when the Barometer- is higher than 27 French In- 
ches, this Variation will increafe in the fame Proportion, or will 
be always T ^th of the Height of the Barometer; therefore, if 
the Height, of t.heBarometer be called B, the Rife of the BarQ* 
meter, for an increafe of Heat, from freezing to boiling Water, 

• • . B ■ ■ 

will be — ; and, as it will be lefs for a lefs Difference 0/ Heat, 

54 
therefore, if the Number of Degrees, marked on the Thermo- 
meter, between freezing and boiling Water, be called. K, and 
the Rife of the Thermometer, from any given Point, be called 

B H 

H, the correfpondent Rife oFthe Barometer will be — x— , by 

54 l£ #i 
the Increafe of Heat from the given Point, by the Number of 
Degree* H. If the Heat, in Head of increasing, was to decreafe, 
then H would fignify fo many Degrees Decreafe of Heat, and . 

B ' H 
$e Barometer would fink by'— x— . The fixed Tempera* 

ture of Heat, to which M. De Luc thought beft to reduce his 
Obfervations of the Barometer, is |th of the Interval, from free r 
sting to boiling Water, above the former Point ; and, if the 
Thermometer was higher than this Degree, he fubtradted 

' fc B 

*t For the Sakc t of fucb of our Readers, a* do not underftahd algebraic Ezprrf- 
$Ons, we have printed the greater .Part of this EfTay of Mr. Masker YKf '» onji 
lefs Type, that they may not be deterred* from reading the practical Part, which 
it printed on a larger Type, and may be eaflly undcrftood. 
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X*— ; if it was lower, he added it to the obferved Height of 

.54 * ** 

the Baromettr ; and dins he obtained the exafib Height of the 
Barometer, fitch at it would have been if the Denfity of its 

§uic&filver had been the fame as anfwers to the fixed Degree of 
iemperature. tic thus correded the Height of both his Baro- 
&*{&$, (that at the Bottom and thfet it the Top of the HH1,) 
ifot the psatfcular D*g*e* of Heat* indicated by a Thermometer 
attached to the Barometer, at each Station ; for kt might and 
would commonly happen; that the Degree of 4 Heat woufd be 
.different at the two Stations, The Heights of the, Barometers, 
thuVeofWcW, were what he made tlfe of in his futtfeque*nt taU 
<td!atfbns\ Calling thefe cwo Altitttdes of the Bftomeferft and 
i>, pitting Lo]g. B and Log. b for* the Logarithm)! of B and B 9 
ttkiti% only the four fif ft Places of Figures 4 , afttfr the ehaYaaetf- 
■ifffc; 6r eotffideringthe rerilaittirtg Figures as Decimals, and put- 
tfag 1 € for the mean ftcight of a Thermometer, expofed to die 
Air af Top and' Bottom of the Hill, the freezing Poirit beitog d, 
arolthfe Point of boiling Water at 8b, he finds, by his Experi- 
ments, that the Height of the Hill will be given in French Tof- 
fts, when € ft i6|, oy firnply taking the Difference of thfe 
togaritiims of the Heights of the Barometer, or will be equal 
Log,~# — Logf. Br; and ill anj other Degree of Heat will bte 
greater or led, in Proportion as the Rarity of the Air is greater 
<Jf left than the^ fixed Temperature; or greater or lefs by *i T th 
, Part of the Whole, for every Degree of the Thermometer reck- 
oned* from the fixed Temperature i6| ; and confequently thfe 
Height of the Place will be exprefied generally, in French Toi- 

fe*, by this tornhtla y Log. B — Log * + Log.B— £og.£ * 

C — 16I ■ ~ C" — 16I 

* ■■ > » *: = Log, B -r Log.£ x v + . To reduce this 

215 ^ & ^215 

Formula to Englifh Meafure, and to the Scale of Fahrenheit 9 % 
Ttiermometer, We ihould firft premife fome Particulars. The 
French Foot is to the Englijh Foot as 1.06575 to x, as was found 
by a very accurate Experiment :* See Phil. Tranf. Vol. tVIIL 
for 1768* P. 326 : And' it is well known, that the Point of free* 
zing, On Fahrenheit's Thermometer, is at 32, and tnat of boill 
ing Water at 212, or the Interval between them 180- Degrees, 
> But M. t>e Luc's Point of boiling Water,* 80, was marked when 

' the' Barometer was at 27 French Inches ; and it is the Cuftom of 
our principal Englijh Workmen to mark the Point of boiling 
Water, 212, on Fahrenheit's Thermometer, when the Baiometer 
frands at 30 Inches, which is equal to 28 Inches 1 .8 Lines French 
Meafure; or 13.8 Lines higher than M. De £uc f & Barometer, 
when he fet off the Point of boiling Water on his Thermometers ; 
and it is well known, that the Heat of boiling Water varies with 

the 


3 

the Weight of the Ath&lfiltcre. M. Di Luc finds, by his Expe- 
riments, $& flute, ; that *irlncreafe of i Line, in the Height 
of the Barometer, raifts "the Quickfilver of the Thermometer, 
placed in boiling Water, by j T W n Part of the Interval bet ween 
the frfee«i»g Poirrt ,anil tfcat^^oHiagr' Wdwr : : «e ttftctwarcts, 
indeed, found that this Rule would not anfwer for fuch large 
Variations of the Barometer as take*Pl*ee£* afceodfngio very 
grOat fffeigtittffctWVe the B*r$b*r SUrfa** ; fwJ. tifatjTur Us^ari- 
ktitmsdu ebakur tie I* torn bvWKt>\) 4>ut ft is actum** enough far' 
any faall Variation of tne^a'ron^et, on o*e Side or other of 
-ks mean Height, in thfefe ioweft Regions of the Atmosphere. 
The Change, therefore, 6f tfc* Boll in £- Point, on fabretbeieis 
Scafe, tor * ChSn]g% of i Lft* in the 1 <B*roi»e«er, will be iV&V= 
fc.16; therefore r 3. 8 Lines wiM caufe 0.16x13. 82a.* Dbgrets 
of Fztbnnbeit's Scale ; and a Tfetermomete*, whofc Point Of 
boiling Wtter was marked *fcr, when the Barometer itood at 
30 2«|#j& facfces, (=± a$Inchesl.£Line ftto** Meafuft^wffl, 
when the fiAroktieter defcenda to tfFrvktb Inches* fink 2.1 D*- 
gnees in boiling Water, or td 269.8; of, in round Numbers, to 
2io Degrees, whieh is diffcmt only -178 front 32, the Point nf 
freezing. Hence, art Extent of 8b 4. of M. De Lie's Ther- 
mometer anfwers to *n Extent trf ' 1 7 8 of our Fahrenheit's Ther- 
mometer : and, putting P for the Degrees of this Thermometer, 
{coA-off>ondin£ to C of M. Be Lttc%) we (hall have* C : F — 


32 i: 80 : 178, tad C :=*'*•»» 3? XfVs» ***<*> fubfthuted in 

« ■■■■ »«— —— — — W—» 

M. &<r £*A Formula, gives Log. B — Log. 4 x 1 -f " ~ * 


■* Tim* 


"S 


=D>g.B-lLog.& X 1 £ P-^K^-161 = Log.B-I*g.* 
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nm . .. 1 , ■ , i > ■ ■!■■ i . 1 < mi 


* * + -t^^V^J*-^* 6 ^ - Log-B -Log. * K 


\i 


£ — 69.27 


T 4/8-38 6 ~-'r 47»-3 8 

Where tlfe Ah*werwill 1H11 comfe out in French Toifes,. though 
adapted to Ftbrenbeit's Thermometer, To bring it out in Engbjb 
Fathdms; (orMeafure of 6 feet,) Multiply thekbove fixpteffian 


by 1*0657*, and we (ball have Logarithm B — Logarithm b X 
, + *'~ J* 9 ' 27 x 1 .065 7 5 = Log. B — Log. b X 409. 1 1 + F 

x i4^ = Ioi^=l^x42^^ or, in round 

I Numbers, 


r 


j£ .AZtimtfty. 

; Numbers, 22 Log. B — Log. 4x T 7 - ■ — := Log* B — Log.* 
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F — 4.0 
, X 1 + ■ *i which wilt ejrpreis the Height between the two 

Stations in E*rliJbF*thom$. 

123. In the foregoing Expreffioos, B and\ £ # as has been 
mentioned before, fignify Heights of the Barometer at the lower 
and higher Stations, both corre&ed , according to M. Dt Luc'% 
.Directions; for the Difference of Heat between a fixed Temper- 
ature (namely, {th of the Interval between freezing and boiling 
Water) and the prefent Heat, indicated by the Thermometer 
attached to the Barometer at each Station ; bat it is not.necefiary 
to corrtd both Barometers for the Effect of Heat* but only one, 
-forthfcDU&renceofHeat.of the two; which will be .more con- 
. renient, alfo, on another Account, becaufe the Difference of 
Heat, at the two Stations, wjl) be generally froall, and the Cor- 
rection, to reduce <>ne Baronieter to the Heat of the other, will 
confequently be'fmall alfo; whereas, the Difference of the pre. 
fent Heat and the fixed .Temperature, and confequently the Cor- 
rection of both Barometers, may be frequently very considerable. 

.This is evident: Becaufe, if the Heat or the Barometers, at. both 
Stations, wasthe fame, (however different from the fixed Tem- 
perature chofen by M. Dt Luc f Y no Correction would be necef- 
fary; the Mercury in the Barometer, in both Stations, being 

"expanded in the fame Proportion, and confequently the Differ- 
ence "of the Logarithms of its Height, at both Stations, being 
the Tame as if the Heat of both Barometers had agreed with that 
of the fixed Temperature; 4 (h*M now, therefore, fuppofe the 

' upper Barometer is to be cor reded, H? reduce it to the Temper- 
ature bf the lower one, and that b' Signifies the Height of this 
Barometer, as obferved, andnot yet corrected ; The Correction K 

• from what has been faid above, calling D the Difference of 
Height of the Thermometer attached to the, Barometer' at the 

• two Stations, willbQ±-^~, according as the Thermometer 

• ftanda higheil at the lower or upper Station ; and the upper 

D b 
Barometer, .corrected, inftead of b 9 will be b :£ — ~ t which, 
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fubftituted in the Formula, gives Log. B — Log. (&b~~ 1 x . 
. >• 54*/ 

l 4. i-> But the Correction, on Account of the Differ- 

449 

ence of Heat of the Barometer at the two Stations,, may be re- 
duced 
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duced toaiKH eafier fixpreffion, in which the variable Quantify," 
b f the Height of the upper Barometer, ihall hot appear. The? 
Fluxion of a Logarithm is, to the Fluxion of its natural Num- 
ber, ar the Modulus of the Syftem to the natural Number ; and' 
4343 is the Modulus of the common Logarithms, when the four 
Places* next following the Characlerifhc, are taken as whole 
Numbers inftead of f)eci,mals, which is meant to be done in the 

Db * 
Ufe of the foregoing Formula. Therefore — ■— . being very 

St ^* 

fmall, with Refpeft to b, we {hall have, Variation of Log. b i 
Variation of b (= — ~) :: 4343 : b t very nearly; and thence 

Variation of Log. * = zfc'ilixliii = ± «+i?. Which ^ 

. . / p 54 K b 54 K 

(putring Es 17S) rs ± 0.452 D. {fence Log. {b 3fc •*— -» ) 

= Log. £ it 0.45 2 D ; which, being ftfbffituted in the Formula* 
above, will give the Difference of Height of the two Stations in 
Englljb Fathoms, in a more convenient Expreflibn; namely i 


>**.. r-i 1 . -, 

F — 40 


Log. B «- Log. b qp cr. 45 2 D X 1 + . — 5 where, the u^pcr , 

449 : * : c ! 

Sign, *—, is to be ufed when the Thermometer of the Barome- 
ter is higheft at the lower Station, and the lower Sign, +,' is td 
be ufed when the (aid Thermometer is loweft at the lower Sta- 
tion. The firTT Cafe will be m oft common ; efpecially where 
the Difference of Height of the two Stations is confide* able. It 
fhquld alio be obferved, that when F, the Height of Fahrenheit** 

p j * 

Thermometer, is lefs than 40 d. + — becoming negative 

449 

or fubtra&ive, it muft be applied in the Calculation accordingly. 
1 24. It may perhaps be convenient to repeat here the Mean, 
ing of the algebraic Terms ufed in the foregoing Formula, that 
any Perfon may make Ufe of it/*without having Occafion to re- 
cur to the 'foregoing Inveftigation. B figniftes the obferved 
Altitude of the Barometer at the lower Station, and b that at the 
upper Station : Log. Band Log. £iignify their Logarithms, ta- 
ken out of *he common Tables, by attaining the four firft 
Figures next following the Chara&eriitic as .whole Numbers, and 

i'confidering-th^thteeretnaining figures, to the Right- Hand, as 
Decimals: D figniftes the Difference of Height of Farenhei?% 
Thermometer, attached ,to' the Barometer at' the Top and Bot- 

: torn of the Hill : and F.figaifies the Mean of she two Heights of 
...-;.-' . •- v.:-v. v ~" L* .-. •- Fahrenheit** 


6a Jfiimt^ 

Fiknnbtit* Th^mowter, <xpflfed freely far a. iew Minwtes to 
tie open Air in the Shade, at tye Top and Bottom of the Hill. 

1 35 • The Faxmul* ip* the hfe^fiire of sHeijhts may, aifo be 
changed* and adapted to jteuaomcte^of particular Scales, for 
the Convenience of ^al^aupa* a* M. Dt Luc Jiaa done ; bat 
thefe Scales wifl be differeat fcoip If is. The Thermometer, 
attached to the Barometer, had better be divided with the la* 
, terval between freezing and boiling Water, confiihng of 81.4 d. 
(s= 180 X .452^; the freezing-Point may be marked o, and 
the Point of bowing Water will be 8 1 .4 ; for, then, if the Dif- 
ference of Height of \his Thermometer, qt the two Stations, be 
called V, we fhall have </ = 0.452 xD; for d: D :: 81^4 : 180 
# 0,^,5.2 : I, and t^e Number of Degrees, exprefled by d* will 
fhew immediately the Correction for the Difference of Heat of 
the two Barometers. If the Thermometer, defigned to ihew* 
the Temperature of the Air* be divided, with the Interval bev 
tween freezing and boiling Water rr 200, and the Freezing- 
Point be marked —9, and the Boiling-Point +191, and the 
Heights of ^his Thermometer, at the two Stations, be called 

' " ' ' T ' - „ • F — 40 G 4 I G + f r 
Gand I, we mail have ■ ■■ = ■- ■ > * i = — — ■ — » For 

449 2x500 1000 

F— • 4q:=F-t32-~8 is the Height of Fqbnnjbait'* Thermometer, 
reckoned from 8 Degrees above freezing, and 449 : 500 :: 180 

* •• * F ■"• 22 «•»$ » 
z iod'::'8": 0; and the Fraction , it both the 

'449 
Numerator and denominator be iacreafed in the Ratio/of 449 to 

F-*-s* — fl v 5 °° F" si s°° -— rk 

coo, will become = ,. * a 8 *,**? = ■■ 3 * ** g 9 
■* 500 500 

*" G + I G + I. .G + I ■■ • ■» ■■ 

= „ = — ■ L — , becaufe — 2— + 9 = F — 32 X Jff. 

2XCOO 10QO 2 y J 44S> 

y Therefore, if the Thermometer of the Barometer has the free- 

Btng-Point marked o, and the Point of boding Water 8 1.4, and 
•he Difference of its Height, at the two Stations, be called d\ 
and if the Thermometer, for roeafuring the Temperature of the 
Air, be divided with the Interml of 200, between the Freezing- 
Point and that of boiling. Water, and the firft be marked —9 
and the latter +191, and the Degrees, fliewn by (his at the two 
Stations, be called G and I; the Formula* that^ will give the 
.Height of the upper Station above the lower 00,5, in EngtiJbBz- 


ip+l 


thorns, will be Log. B — *• Log, ^ + ixu + * .. ■ «? v ■ . *;• which 


♦.< ♦ 


confequently, multiplied by 6, will give the Height in. £u$Mfb 
Feet. It u to. be .obferved, as jbefbru, AhxL-rd or + d i& to be 
a/ed, according as the Thermometer^ attached to the Barometer, 

is 


u higtaft ** the lowcr or *PP e * Statioa ; «&4> U-G fnd X .flxauld 
happen to fall below o of the, Scafe, or to be futtractiye, they 
muft be applied accordingly in the Calculation; " 

- " ' ' ' .. . " y : i ' :■ * •.■!.- : . *v 

*£& I ftmllnOiVaddNprfMagnjcK^ bntrgtw 
tfee Rtfle far ftn4i?g Heights fey tfc $tfjo«tf te^; #>. 
CQKfog to tbe Fornwi* delivered gibcra > iMottwn 
LapgJ#gfl; firft^ a* adapted na Ftfmhet 9 * Ther- 
HXMftetqr, aqd> ncxp, a^0dapo^i,<q)C'hewoTh^f5niH 
metera Qf p«Eti¥»l*F;.S9a4cs. Tate *he J>i&b*ertr of 
the tabular JLiOgarithtW of like >&\tf&wd'Me\febt*. of 
tbe Bbipaqgeb. *p tbt &fc §**«pns* €fmftd*fihg life 
4 ferft Figure^ ex^fiyeo^ th* Inctety ^jwhcJ* 
Numbers, and the 2 i^nwnjfig Figures* 0* tfce R igbt, 
as Dccirn^lsn a^&bfwft or add i*b!&tb of the Uifr 
ffrl^&ofxbe Afcfwd^ ><tf Fahrenheit's Thermometer, 
attached to the Barometer at the two Stations, ao 
owft&g 3? & w*s higheft at the lower ".or upper 
Station ; ikw yw «ill have the Height -of (be 
Mpfefi* S&wri ^y$ tbp tevcf» W E*glj/h Fatbom*, 
newly ;- w&ch is, to W oorre&pd as foJUkw* * Make 
this JPropQrtioa : As- 449 is to the Pifiercnce ef tbe, 
meaft {AftiwJc of Fahrenheit?* Theroioroefief, -(exfta- 
Jfed to the Air at the. two Stations, ftom 40%) fo is 
thg Height of tbe upf^ir Station* found nearly to 
theCorrcdi^n of tbe fame k wbteh irtldfed or fcibcia&- 
ed» accord ipg a& cbe itpb Altwacje erf Fahrenheit's 
Thermometer was higher or lower than 40% willgiroe 
tbe true Height «f tbe tjfjper Sutton *faave th«. low- 
er,; i^&ngtijb Fstboflp* #id,. multiplied 4y 6, <wfll 
gwe : itiji^/^Feet., i *,,•;:./■;: 
*. wjb.. :Tbe.jGw^,$i*k> adapted: te'theThermo- 

flieitef a qf J*rtifiMferrS«ak«fc. . W tW* : ., r : . 

TiakM^Difffirw^e of the cajbmlajr Logarithms ef 
tbf>^J8erv«|'|^j^|i|R.Qf..tlM JSacOflWCcr, at the two 
jSWbnfci^o^fidfiik^; «bQ:4. firft: Figures (exclufive 
^ftato4fXj.tf vtel0 Wu»b(5», and tbe jremata- 
J^^^res^tp tte^j^t^ ^SrD^iffl^ls; and fcibtraft 
<<oi ad$ J^'JO^^tyoef'jSk avlThertooineter of a parti- 
cular ^fc^»«ft^e4 <!W^ 
\z\:.l'jl?\ Stations, 


6i AltifHetry. 

Stations, according as it was higheft at the lower of 
upper Station, and you will have the Height of the 
upper Station above the lower one, in Englijb Fa- 
thoms, nearly ; which is to be corrected as follows : 
Make this Proportion : As 1000 is to the Sum of 
the Altitudes of a Thermometer of a particular Scafcy 
expofed to the Air at both Stations, fo is the Height 
of the upper Station above the lower, found nearly, 
to the Corre&ion of the fame •, which added or fub- 
tra&ed, according as the Sum of the Altitudes of 
the Thermometer, expofed to the Air, is pofirive or 
negative, will give the true Height of the upper 
Station above the lower, in Englijb Fathoms * and, 
multiplied by 6, will give it in Englijb Feet. 

NEVIL MASKELYNE. 

1 28. As we could not abridge this Paper without 
injuring it, we doubt not but that the ingenious 
Author would rather fee it printed here entire. 
Samuel Hcrjlty, L. L. D. has alio, in the fame Tranf- 
a&ions, a very curious Paper on this Subject, on 
M. De Luc's Principles ; but Room will only permit 
' us to give fome of the Tables he has calculated, (to 
render the Pra&ice eafier,) and to illuftrate their Ufe 
in a different Manner, which, perhaps, may be more 
eafily understood by the practical Surveyor than that 
of the learned Author. 

1 20. The Heights of Hills may be eafily compu- 
ted, by Means of the following Tables, by thefe 
Rules : ' Firft, take out the Logarithms of the 
Heights of the Barometer, at Top and Bottom of the 
Hill, from a Table which has them to 7 decimal 
Places ; but the Index and all the decimal Places are 
' here to be confrdercd as whole Numbers. < Subtrad 
the leffer Logarithm from the greater, and divide 
the Remainder by 1060, wHicfe is readily cfatoe; fey 
cutting off 3 Figures oh the Right-Hand ; the C^O- 
tient will give a Number of Englijb Fathoms, (each 
6 feet,) which we will <All th*Gr<tfs- Height, " ■> 

Example. 


*. 
k 


AUivUtry. 6$ 

, Example. Let the lower Barometer be fupppied 
,tQ ftand at 29.68 Inches, the upper at 25.28 Inches: 

}' The Log. of 49.6? rr 14724639? taken as whole 
W Log. of 25.28 — 14027771 J Numbers, 

TheirDiff. 4 by 1600 rr 696.868 rrGrofs-Height* 

[of the Hill, in Fathoms. 


'\ ~ > •• * ♦ 


v iyi ^ M What is hcre;q$ed the Graft-Height of the 
.Hijfliis fljq true Height ;phenthcThermopieter ftands 
#t ^9° both at Topjmd Bottom -of the Hill v but, if 
ja<& j^w^U^^ as will be ex- 

plained in the following Rules. 

t^ ;Seq)ndly» With the Difference of the Tem- 
: peratpres of t|ieQiwckfilver,(as fl^ewnby the Thermo- 
meters in the Cafes of your portable Barometers,) take 
out; of Table I, from thp Column of Fathoms, the 
£qp^rion corresponding thereto, which call the Eqifa- 
jfap oftbeMereqry 1 Buc,,if the Thermometer, in the 
higher - Staff 0^ gives 3 warmer Air than in the -/raw 
Station, then we muft <?<&/ this Equation to, otherwife 
JubtraS it frm % the Grofs-Heigbt* and the Sum, or 
Remainder, will be the Approximttr Height. 
I £Lxampi<b, r Let the Grofs-Height of a Hill, found 
by the laft Article, -be 696.868, and let us fuppofe 
the Thermometer, at fhe Bottom of the Hill, ftood 
at +579 and, at the Top of the Hill, at +43, their 
Difference is 1 4. 

+■ * 

Againft 10, in the 3d Column of Table I. is 4.518 

• . 4 — "-*. • — '-' ■ 1.807 

The Sum is the Equation of the Mercury 6.325 


**. 


From the Grofs-Hejght of the Hill 696.868 
Subcraft the Equation of Mercury 6.3 25 


Gives the Apprqxioijaje-tLight 690.543 


131 


tf* 


tgi. Thirdly, AW together thfc TWftpWatAres 
<of the Afcy IheWl* ,1^ the Thffrfickneters (ifi<$fch 
Ajr) undcrtbeir proper. Sims,t%wd.«^ Half thq^tmi 
thtJt^mfercturt fif the Jin, leing . thc r .mean State of 
the Air.' With this t'emperatih-e, frdm' Table IL 
find Part of the Equation mr^thf Air thpsrt. Look ^: 
Top for the Number of Decades (o* Tens) next lels 
than the Temperature of the Air* and from that 
Column tifock (by rfe^eitefl Entries, W ' ntte&ry ) 
the Cotte&ibfr* for^Uftib; Tens* ah# Hundreds, 
fcf Fathorts, 4A <he A^foKim«^Hfelght i {A&H if 
you lhould want for Thotifartds bf Ffathohw, it fe 
only removing the Deirimai-PMttt in fcltihdreds otf 
Fathom's,* by the«utes of Efecitaatei) Fittd rife Sum 
irf thefe fevfctel Parts of the Chelation, Aria c4M tt 
N. •-"'■ 

-To fifyd t'Hat Part of thJSEquatibn, caffled », Which 
torrefponds tx> thtt Degrees in the T>ttip6niture of 
tfcfe Air j *hich are bver and above the fetedfcdes, ol>- 
Terve, thitthe Correfttpn for 1 Fathom^ ESttd'fcftN 
*AlI*gteeS, fe ftefc fcrfntked. 




Degrees. J' : i 


Equation for 
1 Patbom.* 

;T J * 


Aa*^. 


rO€>i 


? k 3,1. 4. 1 ,5. i <> 1,2 I. 8 I 9 


" ■ ■* l 1 'J 


.004 -bb^ 


*^^ i* 


.■ i - fed ■ ■ 1 


0*3 


.015 


mrVji i 


ibi8 020 


Therefore, to find », we* havte Only to multiply *hfe 
'Equation for 1 Fithsm, :taker*ftom this lktle Table, 
by the Number of Fathoms in th* iApprbfcitoate- 
Hpight, and the Prpduft will give ». : , 

If {he; .Sign 6i the Cprre&ianiJtf, fbuncl by Tabic 
II. is + 9 add the Sum N+» to the Approximate- 
Height j but, if the Sign of Gprredtipn, N, is -~, 
(libtiaft their Difference, vizi, N— », from the Ap- 
proximate-Height, for the corredt Height of the 
Objeft, which was requited;' : - -' ' 

fex ample. Let^ ; App#^im*t*-HHght be, as 
found by the laft Article, 690.54.3, and the Height 
of Mercury in the Tlfcrtodtpfct'crs, 6w of Doors, 
42 md 57; required, the true Height of the Hill. 

Thermometers 


AlHmtry. 

y " ' ' j ' " *?'"•' ? 4.2 " : 

Thermometers Heights \ S!~ 


- Vrf 


r -\ • 


Sym : 99 


•/• 


t < 


The Temperature of Air 49t = 4o°+9t d. 


> i 


_. la Table II. in Column 40+, the Equation is o; 
^ber^fore N;=+pj. In the little Table, in tjj^s Art, 
the ^qyation for 1 Fathom, correfj^ot^djng to 1 De- 
gree, iazi.ooi j and therefore to 4 a <teg- — .00 1^ ; 

;• \ \j • " ,. r: Under-9 d. z: .020 

~ " Hence 9^ d. =: .02 1 this 

1 

X by Number of -Fathoms, 690, gives 14.49 rr ». 
v the. -whole Equation N+» =: 0+14.49 = *4-49 
Fathoms. .;.-.* 

, - - Fathoms, 

• To the approxirhate Height ^9°-543 

Add Equation for the Air N+» rz- :>i 4.490 . 


*+* 


The Sum is the required Height =: 705 03 3 

132. Example 2. Let the Heighti of the Mercury 
in the Barometers and Tfrermometers.be as under 1 





arometer. 


Lower 2 9.45 
Upper 26. 8 2 


Therm, 
in. 


DifF. 


rberm. 
out. r 


+ 3* 

+ 4< 


Temp. 

of Air. 


+3 1 
+ 35' 


33- 


^ t * < 


Log. of 29.45 14690853 

Log. of upper 26.82 14295908 


Their DifF. divided by 1000 == 

DifF.. of Therm, in being 3 Deg. 1 

gives Equation of Mercury, > 

by Table I. J 

Approximate Height 

K 


394.945 the grofs 

Height in 

+ 1.356 Fathom*. 


396.301 Fathoms. 

Now, 


ft 


C6 Jtomhj. 

Now, to find N* wc have giy$n the Temperature 
of the Airz: 33°=30 <> 4-j . 

By Table II. 3<Jd. upon 300 Fathoms give 6.683 

• Upon 90 2.005 

Upon 6 ■ 0.134 

:. - - 

Sum is N = 8.822 


To find n.. By the little Table in Art. i 3-1, under 
2 Degrees, we liave for 1 Fathom .007, this xd by 
396 l gives» zz 2.772. Now, N being — and n ak 
ways +, the Equation is the Difference of thefe 

Numbers, (ws.J8.822 — 2.772=6.050. 

From the approximate Height 396.301 Fath. 

Subtract Equation for Air N~/i zz 6.050 

• 1, « . 

Gives the correft Height in Fathoms 390.25 1 


P*W« 


133, Example 3. Let the Heights of the Ba- 
rometers; be jao and 29.9 laches* and the Heights 
of the Thermometers each +40 of Fahrenheit's Scale. 

. Log. of 30.0 =: 1477 1 2 12 
Log, of 29.9 zz 14756712 

• Their PifE'r^ by 1000 == 14500 Fathoms ; this, 
multiplied by 6, gives 87 Feet ; the Height flnfwer- 
ing to T V of an Inch Fall of the Mercury, in a mean 
State of the *AU » viz, when the Thermometer ftands 
at 40 d. and the Barometer at 30 Inches* 


13* 


j •*».»* 1 


« v 


z 54* TABLE I. 




o y> 


Put 


I 

2 

3 
4 

6 
7 

9. 

20 

"JO 

40 

J 59 

60- 

1° 


1 „. 


45? 
904 

■355 

1807 

2259 
27.11 

: 3 *&j 
3614 
4066 

. 4S i« 
9036 


^►3 


O.452 

0.904' 

1*355 

1.807 

2.259 
2.711 

3- 6 *4 

4.066 

4.518 
19.036 


, 35?4 I 3-554 
18072 18.072 

22590 22.590 

2710827.108 
3162S31.626 


AHimetty. v 

TABLE H, 


\ 


4> 


40 + 


1 

2 

3 

4 

5 
6 

7 
8 

10 
"20 

30 

40 

5° 
60 

70 

80 
90 

lOO 

200 

300 
400 
500 
600 
- 700 
800 
100 


o 
o 
o 
o 
o 

Q 


o 

1 - 

o 

9 



o 


5°+ I 

3°— 


50+ J do+ 

20-t- 


o 

o 

o 

o 

o 

o 

o 

o 

o 

o: 

o 

o 


0.022 
O.O44 
O.067 
O.O89 
O.I I 1 

o- , 34 
0.156 

0.178 

0.200 

0.123 

.0.445 

0.668 

0.891 


7#+ 
to~- 


1. 114 2.228 


1.337 


^•559 3'«»."!4#78 


1.782 

2.00*5 


4-455] 
6.683 

8.91 1 

11.139 
13.36; 

'5-5941 

17.822 

20.050 


0*04.4 

o.o?o 
0.134 
0.178 
0.223 
0.267 

0.3*6 

0.401 

<M4S 
0.891 

1-337 
1.782 


804- 


2.673 


' *'5 6 4 
4.010 


2.228 4.4JJ 

8.9 LI 

l hl 6 7 
17.822 

22.278 

26.733 


40^00 


0.0,67 
/5.134 

0.2P0 
t>*.207 

0.J534 

q, 

0.468 

°'£35 
0.601 

0.666 

1-347 

2,005 

3-342 
4.610 


S--J47 


6:6 15* 8.0*0 


£683 

! 3^7 
20.05(0 

20 -733 

334 l 7 
40.100 


31; 189146.783 

3S- 6 45 


*s*. 


0.089 

0.17a. 
6.26y" 
0.35% 
0.445 r 

J>-535 
0.624 

6.713 

b.802 

0.&91 

1.782 

2.673 

3-5 6 4 

4'4$S 

*-*47 
6.238 

7. 1 *9 


8.011 
17.82* 

*&73J 

^5-645, 

44.556 

53-4^7 
62.37$ 


3.46y 71.289 
0.1 co 80.200 

frill f .1 Hi n il f » j 


^ 


'.r 
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Langtmitry. 

*35-T ONGIMETRY Ihcws how toapplyth* 
I j Do&rine of Triaagles to find the Drftaiv 

' Prop.\. SttfhdiugenanObjt^of aknownHcighc^ 
to find its Di (lance from another Object.. 

K % Example* 




6$ x , Longimetry. 

Example. The Eye being at the Window of the 

*!• v " Houfe C, 20 Feet above the horizontal Plane AB, 

lg * *' and the z. of Depreffion ACD (DC being conceived 

tb be |J to AB) 25 d.< required the Diftance of the 

Tree from the Hpdfe, viz. AB. 

Conjirutiion. ~ Make z. BAC~25d. (for z. BAG 
— Z.DCA,by the Nature of \\s % ) andconftruift the 
A as in Cafe 3 of right-angled 4 s. Then, by that 
Cafe, we have, . v 

j Calculation, As Sine of z. A 25d. : BC 20 Feet 
:: Cofiiie of z. A : AB h: 42.89 Feet, QE.J. 

.136. Scholium 1. In a finiilar Manner may be 

found the Depth of a Well, which is of the fame 

Pl.V. Bigneft at Top and Bottjofn. 5 For,: meafuring AB* 

Fig. 6. the Iffilidth: of the Well,; and taking the z. of De-i 

prefiiop BAG, we have, AjS Cofipe of JL CAB :; AB 

:: S.Z..CAB 1: BC, the Depth which was required. 

137. Stbolium 2. In Order to take the horizon- 
tal Z-s, %he Quadrant may be fppported by aiBall 
and Socket, fixed to the Middle of the under Side, 
and the Whole Supported by the Legs of a common 
. Surveying-Table. But as, in Pra&ree, it may fre- 
quently happen, that the z. to be taken may bo 
obtufe, it will be better to make Ufe of a Semicircle, 
inftead of a Quadrant, which may be thus made. 
p. v Let ADB be a Semicircle of Brafs, of a Radius 
E* * fufficient to be divided into Degrees and Minutes ; 
which being carefully done," and numbered both 
Ways* viz. from A, towards B, and from B towards 
A, (by the Method fhewn in Geometry \ Art. 211,) 
on the Center C place a ftrait Ryle to move round 
the Center, and at the End E a perpendicular open 
Sight, with a vertical Catgut-String or HorferHair • 
and at the End F an Eye-Sight, having a vertical 
Slit for the Eye to look .through :. At G may be 
placed a Compafs ; .-but, if theJPofitioi* with Refpedt 
to the Meridian be not required, and it is' only re r 
,quired to find the Distances of Obj^fctfc* the Cftffipafe 
is not abfolutely neceffary. >.-:' : • •• '•-'•- : 


138* rXhis : Jnftrument tyring properly fupported 
on the t{vee4egged Staff, the Manner of ufing it, to 
take air z., is very eafy: .Viz* jf it is required to 
take an z. ICH,~ lay the Index, or Rule, fo that the 
middle Line of the Iadcic\rnay cprrefoond with the 
line AB, ,apd. through tfi^Sight you teeth? Obje& 
I ; then, turning the Inches atjppt till, through the. ^ 
Sights, you fee the Objeft' H, the Number of De- 
grees,, in the Arc BE, is raanifeftly n the z. required. 
In like Manner, the oblique Angle KCH may be 
taken, and the Number of Degrees, in the Arc AE, 
lliews the required Z. . 

1 39. , If the Obje&s are at a confiderable Diftance, 
it would be proper to have a Telefcope inftead of 
plain Sights, alio a Spirit-Level, 6JV. But as, when 
we treat of Surveying, we {hall be obliged fully to 
d.efcribe a Theodolite, an Inftrument much better 
adapted to this Purpofe, when properly conftru&ed, 
we judge it improper to fay any Thing farther on * 
this Subjeft here, and therefore pafs on to 
. 140. Proportion 2. To find the Diftance of twa 
Objects, which are inacceffible from each other, but 
both acceflible from another Place, A. 

Example. Wanting to find the Diftance of. two 
Towers, B, C, at a convenient Diftance A. I took th$ pi. v. 
JL contained BAC — 40 d. then I meafured AC, Fig- 8. 
which was 2.72 Miles, and AB 2.5 Miles: Requi- 
red the Diftance afunder of the Towers, B, C. 
' This is the fame as Cafe 3 of pblique Triangles ; 
by which BC will be found zz 1.797 Mile.. 
9 144. Propofition 3. To find the Diftance of an 
(nacceilible Objedt, or Breadth of a' River. 
\ Example. Wanting to find the Breadth of aRt- 
ver, I obferved a Tree clofe to the oth?r Side : At a p , v 
coqtenient Station A, by the Bank of the River, I Fig. 9. 
took the Z.CAB — 50 d., then meafuring AB =: 100 
Yards, I took the JL CBA = 6od%- Quaere ih,e X 
Breadth of the R i ver. . V " » 

CopjtruHion. 


% 


jo Longtmttry. 

Conftruffidn. Draw AB = too Yards, make l A 
iz 50 d. and Z.B rr <5o d. then h the Place of Inter- 
feron, C, that of the Tree on the oppofite Bank of 
the River. 

Calculation: Firft 50°+ 66°=ri 10% and r 8o°— 1 io # 
=70°:= £C Then, As S.aC;o : AB 100 Yards 
:; S.Z.B 6o° : ACo2.i£Yards, theDiftamfc of the 
Object C from the Place A, required. - 

Again, letting fall the -L CD, we have, in the 
ght-anglrd A ADC* As Radius 90* t AC 92.16 

arcis, :: S.Z.A 50 t: bC =r 70.59 Yards. Q.E.I. 

143. Scholium. By this Pro pofuion it \* that the 
Trees, where Bees hive, af e difcovered in New-Eng- 
tah$. Fpr, in the Pbikfopbical TranfaSions^ Number 
3*67, ^*»* 1721* Paul Dudley, Efq. remarks to this 
Purport. The Hunter, in a clear fun-ihiny Day, takes 
a Place or Trencher, with a little Sugar, Honey, or 
Mdafles, fpread on it, and, when got into the Woods, 
fets it down on a Rock or Stump there ; this the 
Bees foon find out ? for it is generally fuppofed a Bee 
Will fcent Honey or Wafc above a Mile's Diftance •, 
and it is obferved, when one Bee goes Home front 
the Sugar-Plate, he returns with a considerable Num- 
ber from the Hive. The Hunter fecures in a Box, 
or other Conveniency, fome of them, as they fill 
themfelves, and, after a little Time, lets one of them 
go T obferving very carefully the Courfe it fteers, by 
a pocket Compafs ; for, after if rifes in the* Air, it 
flics diredMy to the Tree where the Hive is. Then 
the Hunter walks away fas nearly a* he can at 
Right- Angles to the CouHe of the Bee) a convenient 
Diftaqce,, which he meafures ; then he lets another 
Bee fly away, and obferves, by the Compafs, his 
Courfe toward* the Tree alfo : Hence he knows, by 
this Propofiticm, the Diftance the Tree is from hi/n, 
sjnd, confequently, the Courfe being alio known, lie 
can find whereabouts the Tree is, and fo come at the 
Hooey, . 




. 14 j. Propofition 4. To find theDiftance of two 
inacxcflifcxle Objeds. 

Example. Wanting to find theDiftance of twd 
Churches v feparated from me by a River, I fix on p!' V# v » 
two convenient Stations A, B : Thea* at A, I take u £# ,0 * 
BAD = iio^and c BAC = 59% then meafutbg. 
AB s i MiU,atB, I take the Z.ABC = 106° and 4 

ABDzzs* 3?'- ' : • -_ ..:,.. 'v 

Copjtruftijn* Draw ABs: x Mile; make the 4* 

as in the Example ; then will the Places of tnterfeo- 

tion, Pa^4^,-be the Places erf the two Cburches, 

whole pitiftpc£ plunder- ie required. , , . 

Calculation. The^DAB ho^lABD ^^jp 
i&?30^sndi f p?-» 1 64*3p / =i 5? jofe^ADB., Np^ 
asS,z.ADB 15*30^ : A? « Mfc :: ^A^D : $1° 
$& :: AD 3 P4$i^4il?s*v, Agi^n,, the <L &$C tvlr 
+ iLBA$j 5 j :i^:.i6fl . ; r v ^AgB^/iSQ -!^^ 
*5°. ,. Hence^vbjr T«ftonpiji«rx,: AsSLzcACfi : * 3 * 
: ABf MU*.::-<S<AAflS w6° : AC 3,714 MUe$fc 
Now* in *fte Jriangje JD^C^ w ? bwe gbzai DA r? 
3,046 Miles* CA r; 3/7 14, Miles,, and t£e "i, » cony 
tained DAC (zr £ DAB 1 *o?*+ ^ BAC 59? = ) 54 °^ 
w{iich is the 3d Cafe of oblique. Triangles, by which 
DC witt be.fownd a 2^97 1 Mite*. ^ E. L 

144. In the fame Manner th? Diftances of tHre^ 
o» four Qbje&s may be found. When, by thefe . 
Means, th$» EKg#nce of two Towers or ObjtK&.is */ ; 
found* that may be taken, for a now Bafe v and,' by 
fuch Means, others may be* found, and fo a Ctiaih of 
* 'triangles forded*- by wdiich Moyis, if the Ls are 
carefully tafcev, by {nfcument^. accjurately di vidtd^ 
the Situation, flfjhi principal Towers, Hills, 6fr. in 
a Country* OWy be taken. 

145* JPripofitipn 5. To firpTthe Dififance and 
Pofition of > Place from three other Places, whole 
Poficiqn a^d Diftances from e^ch other are given. < ,' 

This Propofttion admits of 6 Cafes ; mod of whici 
are of fwtyWit and grea$ yfe icy Surveying, as will 
appear by the Examples. 
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Cafe I. When the Station is without the Trfan- 

gle made by the three given Objc&s, 4>ik in a Line 

with one of the Sides produced. 

Example. Having, in a Map of an Eft ate, found 

PI. V. three Trees, A, C, B, planned, but the Tree D in a 

Kg. 1 1. diredfc Line with the Trees A, C, I found, from A to 

C meafured 8.90 Chains, A to B 12.20, and B to C 

7.70 j and that the L. CDB was 27 . Quaere the 

Diftance AD, in Order to fet the Tree in its proper 

Place in the Map. 

Conftruttion. The A ABC being formed, (ahd 

# 70 g. the jl BAC being* r: the two internal and oppofite 

Z.s D and DBA) make the Z.DBA = the Difference 

of the z.s BAC aaidBDA, then will BD cut CA, 

produced, id D, the Point required. 

Calculation. TWthifce Sides of the- Triangle ACB 
"being given, find the h BAC by Cafe 4 of oblique 
Triangles; which, in the above Example, will be 
found ±= 39 o': Then z. BAC 39°o' — Z.ADB 
27°rri2 = -Z.DBA, for the Reafon given in the 
Conftru&ion. Hence, in A DAB, we have, As 
S.Z.D : AB :: S.2.DBA : DA, =, in this Ex- 
ample, 5.587 Chains. Q.E.L 

146. Cafe 2. When the Station required is in 
one of the Sides of the given A . 

PI. V. Example. Let the A ABC be the fame as in the 
Fig. 12. grft Example : And, having Occafion to lay down 
ah Objedk at D, I took the z. BDC tr 73 . Quaere 
the Diftance DB or DA. 

ConftruSion. Make jl BAE = the obferved £. 
BDC, -in our Example, =: 73 d. draw CD || EAj 
then is D manifeftty the Place required* 

Calculation. In the A ABC, by the 4th Cafe of 
oblique Triangles, find the z. B; then, the z.s B 
and BDC being known, the z. DCB is alfo known. 
Hence we have, AsS.z.BDC : BC :: 5.Z.DCB ; 
BD, equal, in the above Example, to 6.996 Chains. 

147. Cafe 3. When* tfce three given Places are 
in a Right-Line. 

Example. 


Example* Being at Sea, hear a ftrait Shore, I plv. 
obferved three Obje&s, A, 6, C, which were truly Fig, 13. 
bid .down on my Chart; but, wanting to lay down 
the Place of a funken Rock ? D, by Hadley's* Oftanr, 
I took the A ADB :z 26 d. i5'andz.BDC:r23d. 30', 
^nd, by meafuring on the Map, found AB ~ 2.1 
Miles, BC=i.55 Mile. 

ConftruRion. On AB defc^be § the Segment of a $ 257. g. 
Circle, ADB, capable of containing an z.=26d. \$'\ 
and, on BC, the Segment BDC, capable of contain- . v 
ing an L. 3:23 d. 30' : Tnen, as the Point D muft be Fi " ' 
ibmewhere in the Arc of the Segment ADB, and 
alfo fome where in the Arc of the Segment CDB, it 
muft be where they interfeft in D : Therefore, join- 
ing D, A, D, B, and D, C, it is manifeft DA, DB, ; 
and DC, are the Diftances required. 

Calculation. Having drawn the Radii AE, ED, 
EB, alfo the Radii FD, FB, FC, from the Middle 
of BD, viz. G, draw Lines GE, GF : Now, the 3 
Sides of the Triangles EDG, EBG, being refpedtively 
equal, (viz. EDnEB, BGrziDG, by Conftrp&ior*, 
and EG common,) thefe As muft be equal to edch 
other in every Refpeft; and^.- z.EGDir£GB; and 
v each a Right- Z. . For the like Reafon, the /. 
DGF is a Right- L. \ and, confequently, EOF, joining . 
the Centers of the two Circles, is a Right-Line, - 
Let fall the JLs EI, FH ; then, the z. at the Cen- 
ter being double J the L at the Circumference, the t l 4S*& 
Z.AEB = twice the z_ ADB, v Half the Z AEB, ' 
viz. IEB = Z.ADB ±2 26d. 15' ; v ^IBEzrpo 
— z.IEB26d. 15^^163 d. 45'; and, for the fame 
Reafon, z. BFH = Z.BDC = 23 d. 30', and fo jl 
FBH =9od.-23d. 3c/:r:66d. 30'; butthez.IBE 
+ z_EBF+z.FBHzzi8od. v z.EBFzzi8od.— .& 
JBE 63d. 45'— Z.FBH 66 d. 30'=^. 4.5'. 

In the right- z. A IBE are now given IB = Half 
ABm.i Mile-, and z.sto find-EB, the Radius of 

L the 

• The Manner of taking fuch Angles, by*Hadiey'$ O&ant, 
juiU be (hewn in our Elements of Navigation, which are nearly 
ready for the Prefr. 
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the-Circlc ABD, =2.487 Miles. Alfo, in the right- 
Z.d A BFH are given BHzrHalf BC =0.775, and 
/.s to find BF, the Radius of thy Circle BCD, =: 

1.944. 

Hence, in the A EBF, we have now given EB zz 

2.487, BF— 1.944, and contained z. EBF =49 d. 45' 

(as found above) to find the Z: BEF zz ,50 d. 19'. 

-, - Then, in the right- z. A BEG, are given BE and 

" ? BEG to find BG = 1.9 14 Miles. But BG = Half 

BD by Suppofition ; v BD =: twice BG — 3*828 

Miles. ' ' ' 

. Again, the z BAD being at the, Circumference, 

und the Z. BED at the Center, of the fame Circle 

BAD, and (landing on the fame Bale BD, the z, 

• 145. g. .BAD. is ^ Half * the /LB&D y viz. zz Z,BF,G = 5od. 

19' above found. Hence, in the A BAD are given 

Z.S A ai *d D, and conlequently.che Z.B— 103d. 26', 

alfo the Side AB 6jr BD to find the Side AD = 4.838. 

Laftly, in the Triangle ADG are given jhe Sides 

AD, AC,{~AB+BC,),and zXAD,(BAD).tofind 

DCrz.3.781 IVIiks. . 

Or (bus. 

; 148. Conftrutliof?. <M*ke Z. ACE = ^ ADB = 

P!.V. 26 d. 1 g\ and z.CAE:= Z-BDC zz: 23 d. 30' •, and, 

Fig. 15- from the Point of Interfe&ion E v through B, draw a 

Line to ED toimerfe&the Arc ADC ; join A, D, 

and P,*C ; then are DA, DB, DC, the. required 

Ditfances, .' _ 

Venwnjlration. For the z.s ACE and ADE ( ADB) 
(land on the . fame Bafe, AE, in the fame Segment 
ADCE, and are therefore equal, by Art. 146 of our 
Geometry. Aifo the z. EAC and z. EDC are equal, 
beina on the fame Bale, EC, of the fame Segment 
• EADC. 

Calculation. In Triangle AEC are given jl s EAC, 
EC A, and confequcntly Z. AEC; alfo AC to find 
AE= 2 173 Miles. Then, in A ABE will be given 
two Sides AB, AE, and contained z. BAEzz 23 d. 
30', to find Z-sAEB — 79 d. $f ABE=: 76 d. 33'. 

But 
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But c DBCzz jL ABE, by Art. 69, Geetnetry* Hence, 
in A BDC are given L.X) and Z.DBC, and confe- 
quently Z.BCD is alfo known •, atfo BC is given by 
the Queftion, whence may be found BD =33.828 
antfDCzr^Si. 

Laftly, in A AED are given l.% ADE; AED, and 
Side AE, to find ADzz 4.838. 

r'49. Cafe 4. When the three Objedts form a 
Triangle, and the Station is without the Triangle. • 

Example. Wanting-to determine the Pofition of 
a Rock, at a Diftance from the Shore or main Land, PI- VI. ! 
by Hadley\ O&ant, I took the L ADC zz 54 d. z/ Fi 6- '• 
CDB zz 33 d. and, by meafuring on an aftoal Sur- 
vey of theCoaft, I found AC zz 2.27 Miles, BCizi.55 
Miles, and ABr: 3.3 Miles. Hence it is required to find 
theDitlanceof each of the 3 Places from theStation DJ 

The Confiruftion is nearly the fame as in the lalt ; 
viz. on AC defcribe a Circle capable of containing PJ-VI. 
an /L ADC~54d. and oh CB a Segment capable of 5 ' 
containing an L CDB of 33 d. then is the Point of 
Interferon, D>, the Place required. 

Calculation. Conceive the feveral Radii, &c. to bt 
drawn as in the Figure : Then, in A ABC are given 
three Sides to find z. ACB zz 1 1 8 d. 17' : And, fof 
the Reafon Ihewn in the laft Cafe, in the right- z.d 
A CEF arc given EC a Half AC zz 1.135, and £. 
EFC± L ADC=54 d. tp find jthe Radius FCzr 1 .403. 
Alfo, in the right- £. A CHG are given CH zz Half 
CB =0.775, and z. CGHz: l. CDB - 33d. to 
find the Radius GC zz> 1.42*3. 

Now, the L ECFrrpod.— ^EFC 54d,— 3 6d. 
and L GCHz=90 d. — aCGH 3yd. zz 57d. But 
Z_ ACB 1 18 d. if— Z.ECF 36 d. — l. GCH 57 d. 
zz Z-FCGzz 25 d. 17'. Hence, in the A FCG are 
given the two Sides FC, GC, and /.contained FCG, 
to find Z.FGCzz 75 d. 33' and l. GFC 79 d; ic/. 
Now, in the right- z. A GIC are given GC and z. 
1GC (FGC) to find IC = 1.378, which, doubled, 
gives DC zz 2.756. Again, Z.CGB being z? twite 

L2 ^ 
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4.CGH=66d. *nd Z.CGD being' zx twice z. CGI 
= twice 75 d. 33';= 151 d. 16', thez.DGB;=36od. 
— Z.CGB66d. — Z.CGP 15 id- 16' zz 14^.44'. 
Hence v Sum of the As GDB and GBD;= 1 80 d. — . 
Z.DGB 142 d; 44 / = 37 d. iff. But As GDB and 
QBD are =* v each = Half of 37d. i6':=i8d.38'. 
Now, in A DGB we have, As S.£.B 18 d. 38' : 
GD (GC) 1.423 :: S.Z.DGB i42d. 44' : DB = 
2.697. 

In the lame Manner, aAFD may be found — 
360 d. — A AFC 108 d. -. l CFD 158 d. 20' zz 
93 d. 40', and 180 d. — z. AFD = Sum of the z.s 
FAD and FDA, which, being equal, will each be 
zz Half that Sum, viz. 43 d., 10': •.• in A AFD 
we have, laftfy 9 As S.z. ADF 43d. 10' : AF (FC) 
:: S.Z.AFD : AD = 2,047. 

Or thus. # 

1 50. Conftruftion. Make z. EB A = z* ADE 54d. 
*!• VL and z_ BAE = z. EDB = 33 d. Then, through 
F, 8- 3' the Points A, B, and the Interfe&ion E, defcribe a 
Circle AEBD A •, through E,C, draw EC and pro- 
duce it to interfeft the Circle at D * join AD, BD; 
then will the Diftances AD, CD, BD, be thofc re- 
quired. For z.s BAE and BDE, Handing on the 
fame Bafe, BE, in the lame Segment BDAE, are 
equal, and alfo z.s ABE and ADE, (landing on the 
fame Chord, AE, in the fame Segment ADBE, arc 
equal. 

Calculation. Firft, in A ABC are given three 
Sides to find z.BAC:=2 # 4d. 26'. Now, in AAEB 
are given z. BAE zz 33 d. z. ABE s 54 d. and z. 
AEB = 93 d. and Side AB zz 3.3 to find the Sides 
AE = 2.674 and BE = 1.8. Then, in A ACE 
will be given the two Sid$s AE and AC 2.27, and 
their contained z. E AC zz 4. BAE 33 d. — z. BAC 
24 d. 26' = 8 d. 34', to find z. AEC = 38 d, 19'. 

Again, in A AED are given AE = 2,674, z. 
AED = 38d. 19', z.ADEr=54d. and confequcnt- 
Ij Z.DAE = 87 d. 41" to find AD = 2.049. Thcn 


JL ADE54d. + z. AEC38d. 19' 3s -~9*& itf % 
and i8od.-r-92d. 19' = 87^41' rr z* DAK. 
But /LEAD 87 d. 41' - A EAC 8 d. 34' =; z,CAD 
~z 79d. 7'. Hciicc, ift A ACD are give* AC st 
4*27, A ADC = £4d. and zXAD sz 79 d. 7', to 
find DC = 2. 755, . 

Laftly, z. AEB^d.-r- jl AEC38& ttf.& c 
DEB zz 54 d. 41'. Hence* in A DEB aregtacii 
EB — 1.8, z. DEB .= 54^41', and jl EDBac 
33 d. to find BD =2 2.696. 

JV. B. In this Method of conftfu&tng, when the 
Z. BDC is lefs than the z, BAC, the Point C will bt 
above the Point E i but the Calculation rtill be ft 
exa&ly like die ajbov$ as to require no particular EXf 
Sanation. When the Points E and C happen tt> 
fall too near together to produce EC towards D wiA 
Certainty, the firft Method of Conftrudtion .will bt 
more accurate. : ^ 

,151. Cajk $. When the Point $>, or CKir Station, 
falls without the A ABC, bun thp Point C falls 
towards D, - ; 

Example. Let A, B*£„ wprefept three Towers, ju. #$. 
whofe Diftances from each other are known : V'ttu **%• v 
AB = 3.3 Miles, AC Zz*S7 Miles, and BG = 
t. 55 Miles. On another Tower, D, I tocik the £ 
ADC r= 34d. and z. BDC = 17 d. 30'. It is re- 
quired to find the Diftance of &c Tower D from 
each of the other Towers* 

Conftruftion. On AC and BC defcribe Segments 
of Circles capable of containing Afcgles of .34 d. and 
17 d. 30' refpc&ively % then will the Place of their 
Intcric&ion, D, be the Point required, as in the laft 
Cafe. 

The Learner njuft, by thi$ Time, be able to fol*e 
the common Cafosof Plane Trigotfometry, and there- 
fore we may now fave ourfelves the Trouble of com- 
futing tlpe Numlyers,' it being fufifeient, for the 
uture, only to expkk* tfac Method of Solution, 
leaving the a&ual Computation for his ownExtrcift. 

Method 


PI. VI. 
Fig. S . 


, Method iff. Calculation. ' Conceive the feveraf Radii, 
Gfr. to beidrawn as in the Figure: Then find the 
JL ACB, the Radii GC, and FC, asfhewn. id the 
laft Cafe. Alio tbk AsFGCand GFC, alio CD.. 
* Now the JL CGB is tr: twice the: a CDB, by the 
Conftruftion ; alfothe l. CGD =: twice the- l. CGI 
(CGFj CG being = G£>, and therefore xhe A CGD 
libfceles. But, by the Figure/ aBGC -f Z-CGDzz 
Z.BGD-, and therefore, as the A BSD. is Ifofcdes; 

the/-GBDz:Z.GDB,andeacl):zto 1 l 8Qd T L ? GD . 

Hence, by Trigonometry, BD may be found, by ' 
faying, AsS.z_DBG-: GD :: S.Z.BGD : BD. In 
like Manner AD may be found. We have been but 
(hort in explaining this, becaufe, if the Learner un- 
dcrftands the laft Cafe, what is here faid will be fuf- 
, ficient. , j 

Otherwife thus. • ! 

152. This Cafe may be coriftru&ed exa&ly like ' 
thefecond Method given in the laft Cafe, and then 
the Calculation will be as follows. I 

PI. VI; Krft in the A ABC are given the three Sides 
•Kg. 6." to find the Angle BAC. 

Secondly, in the^A AEB are given AB and z.s 
EAB, EBA, and confequently the L. AEB, to find 
AEandEB. 

Thirdly, in the A ACE afe now given AE, AC, 
and the contained l. EAC, (zz/lBAC+Z-EAB,) 
. to find the jL AEC* 

Fourthly, in the A ADE are given AE, 4: AED, j 
( AEC,) and z. ADE, to find -AD. 

Fifthly, in the A AED, the as AED and ADE 
being known, the /l EAD is alfo known. But the 
Z.EAD — L. EAC = ^CAD. Hence, in the A 
CAD are given AC, and as CAD, ADC, to find 
DC. 

Sixthly and laftly, the L AEB -*' L AEC =• z. 
' DEB. Hence, in the A DEB are given EB, the £.s 

DEB, and EDB, to find BD. * 

; 153- 
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. .r53=*- Sehelium. ThisCafe is fo much like the 
laft, that perhaps fome of ouc ; m6re learned Readers 
may chink we might have contentedi ourfelves with 
the fourth Cafe only % b\iv as -we are writing.au In* 
trodu&iorv: irfrems more excufable to fay rather too 
much than too little. »•.:'- I •„. . ; , . * . 

154^1 €afe&. - ;When«the«StHtion falls within the 
Triangle macje.by the given Qbje&s. 
; E±ample^ -Let A y B^ C/.reprefcnt threerToweraj 
w.hofe Diftance from. eachioj&W is known; And, 
Vanriog to find £he DiffiaKtefrom.' another Tower,- D* 
to each xrftthefe Tower^ J cook the Angle ADC 03 
■1 iGtK—^tBDC =. i iodiilandy to prove the. Truth 
of tHefe Atigles* I fclfo:togk:tbc z. ABB r= 1.3 1& 
which; together, .making 36od;> or a whole Circle^ 
proves .them to have beeaaonzrately takeiK \. ' .? • 

Cbnjtrutthmi . On twedf n.Uc' given Sides defcribe pj yr 
Segments of Cirdes:caparli^'cf«tontainirig'the /l giveJ6 pig, $* 
Angles: „ ¥m rExampleA 0nniAC z .Segment to 
contain. an iAngle^of 1 iBd.» s arid on AB one' to coil- • 
tain an Angle 6f 1 34.6. ; Then.; .will the Poont.ofln- 
terfection, D; be mknifeftty.the; Place required. 

Calculation. Let F and G be the Centers of the 
two Circles whofe Segments art defcribed, arid let 
GH be drawn dL to AC, and FE -L to AB, and join 
F, G ; alfo conceive the Radii to be drawn as in the 
Figure .^ .'- . 

Fjrft, in the A ABC are given the three Sides -to 
find the c CAB; '.'_,: 

Secondly, conceive; in your Mind, the Circle of 
which the Arc ADC is a Part to be completed, aftd 
-that Lines be drawn from the Points A and* C to any 
Point in the oppofue Segment, fo as to form, wick 
the Lines ADv CD, a quadrilateral Figure inscribed 
in the Circle ; then the z. ADC + thp Angle in the 
oppofite Segment being zz i8od. the Angle in the 
oppofite Segment muft be —180 d. — jl ADC. And 
ijL at. the Center, viz* z. AGH, = the. Angle io 
that oppofite Segment. : Hence, in the right-angled 
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A AGH dre no* given z. AGH and AH s 4 AC 
co find thfc Radius AG. 

Thirdly, in like Manner, the Angle AFE may be 
(hewn to be = 180 *— z. ADB. Hence, in the 
right-angled A AEF are given AE az ^ AB, and 
jL AFE, to find the Radius AF. 

Fourthly, the z. G AH being = 90**** z. AGH 
becomes known; and, in like Manner, the z. FAE 
. is known. Hence, z. FAG becomes known, being 
s,£GAH+ Z.CAB + zJFAE. Hence, in the z. 
GAF are now given die Sides A£, AF, and their 
contained z. GAF, to find the Angle AGF- 

Fifthly, for Reafons alrdady (hewn in farmer Ca- 
fes, the Line GF, joining the Centers G and F, di- 
vides AD in I into two equal Parts, and is perpendi- 
cular thereto : Therefore, in the right-angled A 
AGI we have now given AG and z. AGI ( AGF) to 
find AI, which doubled gives AD. 

Sixthly, hence, in the A ADC are now given two 
Sides, AC, AD, arid z. ADC, to find DC. 

Seventhly and laftiy, irKhe A CDB we have now 
given two Sides,. CD, CB, and the Z. CDB, to find 
DB. 

Otbcrmfi thus. x 

. 155. CcnftruSion. This may be dorie in nearly 
the fame Manrief as the fecond Method in Cafe 4 ; 
viz. make the Angle ABE zz z. ADE viz. = i8d° 
PI. VI. ~ ^ADC; and z. BAE = z. BDEwa. = 180 
Pg- 9- _ z. BDC. Then defcribe a Circle through tht 
three Points A, B, E, and join E, C, by the Line 
EC 5 then will the Point D, where the Line EC in* 
terfe&s the Circle E A DBE, be the Place of the re- 
quired Station. 

Detnonftration. For, by the Conftrudtion, the 
Ahgles ABE, ADE, are in the fame Segment, 
* ADBE, and Hand on the fame Chord AE, and there- 
fore mud be equal, by Art. 146 of our Gtometry. 
Alfo the Angles B AE, BDE, are equal to each other, 
feeing on the fame Bafe, BE, and in the fame Segment, 

BDAE. 
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BB Ajg^ ' fiot 'tfie <ArtgIe* ADE, . RdB, * arc Suppfe- • 
mfcntrof the Aftgtes ADC, BDC ; and the -Angles 1 
ABE, BAE, were-roaftfe&jua] to thefe Supplements fa 

the Conftru&ton f v <he; Itaint D & manifeftljr that* 

required. » ■••^-? *!«• : » - : . -_ ,U ,;• ; : • >: 

Calculation* \ Firft, in riie/ A ABC are giver* the 
three Sides -fe find the Angles A and C. • "-• ' i v * 

r; Secondly, krthc^'A AEB are givin :AB and all 
the Angles to find AE. .*> ~:I ■ • > 

-■ Thitdl^ in the A -CAE are Wow* giwh;CA y AE, 
and contained A^gJe CAE,' =: 4.CAB4-Z.BAE, to 
find the Angle ACE. v~ A : : / 

Fourthly, In the A ADC are now given AC, and 
Angles, to find the' required Diftances AD and DC. 
* Fifthly and laftly, in the A CDB are now given s 
BC, DC, and their contained Angle DCB, rr z. ACB 
— Z.ACD, to find DB, the laft required Diftance. 

156. Prcpofititm6. Given, the Diftance of two PI-"VI." 
Objefts* A, B, and the Angles ADB, BDC,- BCA, F *" ,0 - 
ACD, to find the Diftance of the two Stations, D, C, 
from the Objedts, A, B. 

ConftruEHon. Draw DC - any convenient Length, 
at Pleaiure, and make the jl% ADB, BDC, BCA, 
ACD, rr the given Angles ; and join the Points of 
Interfedtion by the Line AB : Then, if AB be made 
on the Sector zr the given Length, DC, DA, &c. 
may be meafured on the Se&or. . 

. 157* : ■ A Sector is generally given in arCde of 
Poeket4irffruments, arid~qs~ a very valuable Inftra* 
rnent ;. tjut, as its Defer iption and life zreo'ikLtake ' 
up more "Room -than we. can fpare in \bii. Place, » we 
rouft deftf itS'Defcription, £5?i:. till .forae mother. Op\ 
portunity : And, therefore, for the Sakc>of fuch as 
areTXJt acquainted whbr tbe^Jfe' of aitt&ar,. it is J 
WceflSry to give another Conftrudiai^ m\n. a 
miMaktf A*zs any. Number; rot JPieaftke, «iyiiinake 
tjre Angitst&fc, adc, acd, foa,hc{pz'&w?fy rs thfegi* 
9«Ji AtelA BDCv AJX^ AGp^daC^^artdjoi^^, ^ 
then Iti ft plain this Figme pmift be fihtilabrto tbiy : re>- 

M quired : 




8t » • JJngimtifyS 

quftredt IhertfbW, havtog dra*n -AB «f ihegivert 
DtftanCe, make the Angle ABC zz jL abt f , and L 
BAC s iL Arc* aKo the z.s BAD, ABD> fefjjttdiVc* 
ly, = the Angles bad>drd\ then will the ft>intt of 
Ioterfcfiion, D, C, be thofc required. Join H,C* 

Calculation. 16 Che A idc are gftten <fc sz die Af- 
fumed Numbef, the Angle ode tz ndk + &fc, and: 
Angle *df> and confeqOtntjy the remaining Angle 
dac y to find ad> ac. 

. Ih lik6 'Manner* ki the A ^ are given the three 
Angles tod {to Side <fe toUrtd <*, fc 

Now, in the A adb are given the two Sicks ad^bd s 

And £6ft tamed Angle adk^ to findkbi H*ncc 9 by 

the !S T *twrt of fimitef Figures, we have v As *k : AB 

:c dc : £)C, and tt.ii : AD, :: ac : AC, :: bd 

; DD, \zxA\t ih : BC . . ., ! 

.158- ' PtopifiHm .7 . Givc&H the Diftartcfc* of ^ 

, PT. VL 0bje&*, , A, ft,' t>, . from /each' other, fte wL s .ADC* 

fig. %i. CDE> Qgp^ ^ d CEB> t ^ fiad lfee sides AD, DC, 

D£, E,C^ : andEB.i < .; . • : 

Conftru&icn. Aflume anyliimft, de t aft PIcaftn*; 

Fi" V i2 ****** tlfe Angle** rz £ CBE, and' Angle ctd^LL 
ig- 12, (^£D -, alfo ih£ AAgleWars £CDA, and £ cebzz 
L~ CEB. Produce W and btxti imerfeft each bother 
at/, and join if* ~ ■ - 

Then, it is manifeft, the Figures a^J?, CDFE, are 
fimilar. Therefore, on AC deferibea Segment ofa 
Circle Capable of containing an x. AFCztz: efe\ 
and on CB a Segment capable of containing an An* 
gte CFB = Z- r/*. From the Point of Jntfcrfe&ion, 
F, draw FA, FB,FC Make the Angle FCD ■= z. 
fed, and z. FCE zz'L.fce\ which completes the 
Conftrudtion. • • , ... 

Caladatun. Afiume de zz any Number y then* 3ft 
the A defix* <given *&, z. /* 2= 1 8o° — the Sum of 
the Angtes adc, tie, and L. def zz 180 — the Sum 
of the z.s 4*;, *a4, and confcquendy the rfcmainixig 
JL dfty toBnddftndfe. Alio, in the A dtt> the 
Angles (and Side it are given, to find the 5ides & 

and 


: .*nd x-«.i iKfince, v? the A;4$f «* ##pr cftm-ife df> 

- ad f|& fcefcothts knennvitamg ;= 4.#tf--. t ^ We 
.bapetofiM gtov- A£ a*4- Apgk A#C» WM>.3C and 

JJ&fllglaBEC; jiibioji -jedjga. t&e PAoMjrn -flow jrj} j&e 

fame as Prop. 5,, Cafe 4, by which rjfiftjj , fce^ foufkl 

.*A>. RCv«FB; ■•Ttoitf bjti ifftii^ ,- : JViaM*3i» ••:. As 

- *&*,. in xhe/'A. A£P 41* givtw AQ JpG* .a*d.£ 

■■ Ivrftty, in ttei ^ ;CR& ja*e gi?<»:CR, ;Cfi, Mil 

-Angle BEC, to 6adB£.,; ' .; ; 

1 2 9. , StkeSm. TbJ$;.J<ttytiao &tl* whM AiP 
i? parflW t^.Bgi-oA a&ioh: j« .tfwifaffcfc: when 
the Angle ABE 4-;fiED;is z^iftft. :.Fiw» » fe^ 
-Cafe, f#o«». tfae Nat^ee of Parallel* ,A£ : wdi$E, 
produbt^/.coaWinBMftrnnwa:. Fo^viMKihBsafeQ, ic 
way be proper tagiy^ wkPther JMkthtafilo^ S^kwion. 
: Cmftr^awt, : Having dcferibtfi ihe" ^Segmeots 
ADC, BEC, %©.\qoti(t«i«.,the.g»t«o Awriftj Af>C JJ-vr. 
-and BEC, fjripfl&ivjrl'ft dnaw the Joifife C* to cat off Fl s- 'J* 
■A.Segtekm s= Aftgte COP* . and ibftrRigbfcLiac C<p 
sfc qtt #JF a Sftgttent .— • Aogfc CEC •, *i>?o, it is ma- 
nifeft, the PjftinjB^kF.ijOrHft be iia'jtbc Rlght-Lirjp 
,Dfi:: ; 1 hertrfoWi . jeiia G, E, aad produse the .Line 
-each W,ay v till- \i iytwiofts the Segnwwtv «lw» wfll 
the Points of. tix^ijftio^rO-aiwi^pilwi the Stations 

■. CakuLtlbn. j<Gfliitci«e ! *hc Radii. aa4 fenpcadktfc- 
4sr9tdraiRR, « ,rh «he Eigim: is Jhetwa by die dotted 
•Likprsu jchao. by 3Tc ig&iorgetry, in she rigiK-aogjlcil 
yA CIH, we have, AsS./_IHC (= Angle ADC; : 
.lC.(i4C>-v R.^^C, .... 

Secondly, in the right-angjcd £.C}£H., As R : 
HC :: S. 4. KHC^ss AngJjcCDF) : -CK." Then 
2CK = CF. ;". '_ " _ ; "Y- _ ." 

T^dly.i-in Uke-!i^rukr, by (be other Segment, 
may be found'GCi;'; .>. . " " 

-;• , ... T ; " ;~"""; M^ ." iticiur^fely, 


#4 ^Lfi*gt#et>y. 

*\> Fewthty/ tte Angle IGBs: $K>° — c !HC i and 
HCK=9<y— ^.KHC; then Angle ICB+2.HCK 
=r Z.ACF.- fat like Manner, the Angle BCG be- 
comes known) being equal to the- Angle MCL-+- z. 
LCN. But the Angle ACF + jl BCG — Z. ACB 
= # z:GCF> 

Fifthly, hence, in the 'A GCF are now . given 
GC, FC; and the contained Angle GCF, to find die 
-Other Angles* Hence; *he Angles CGD, CFE, be- 
come known : And, the Trapezium ACFDA being 
Uf*a,£ircle, the AngleDAC+lDFC ■= i8o% and 
confequently Angle DAC » *8o° — Z.DFC. In 
'like Maffner the<Atfgfe EBG become* 4tnown. lZ i 
* SixtMyy hcttce, in the A *D AG we havie na* gi- 
/Ven AC* aid Angles; wififid &G and DAviy jA ? ; : 
i Seventhly, M 'like Manner, • m the* A RBC aa 
-given BC, andthe Angle*} to Aid EC and, Efi. > > x 
< Eighthly andflaftly, iri^the A : DGE arena*! gfcen 
DC, EC, and all the Angles, to -End *DE|A*nd fo 
, : the^Probfe^wiJl be? completely folved/- )V * i /J--IA 
• - iSo. > Scholium. Froa* thty Gonftquftioh * it nap- 
spears; drltU when the Poirrt^ G abd F ^oiiKidc^ the 
Pr opofluoft 46 indeterminate ? at* -- fo foch Cafe,- the 
Lir^ DE may Redrawn in any Dile€fciori. : -»''• 
- On ttiy communicating thi*$tobietft to a Friend, 
^hc brought- me 4 Solution nearly the fame, in 5ub- 
flanc* r ast he fcoortd JVlet hod &ere given* - n ■■'' 

1 6 1 . If Room would have permitted in the Plate, I 
-intended 1 *<& foavc given Gther Methods of Solution. 
JWoUld Room admit, I might aHb have added feve- 
iral, othe* Problems 1 but thefe arse fufficiettt to fliew 

: -. ' .:■ " • % . -A , • * • the 

* 

* If the Truth of this Equation mould not be Sufficiently 
plain, it may be fhewn thus : 

• For the : 2LACG+^.GCFr= 2.ACF >: 
And Z.BCF+Z.GCF=Z.BCG 

: — Sum Z.ACG+/LBCF+2Z.GCF=rz.ACF+Z.BCG; 
But Z.ACG+Z-BCF+ 2LGCF=:Z.ACB. 

By Subtraftion, the jL GCF 2= JL ACF+/.BCG— 2LACB, 
the fame as above. 




the great Ufcfulnefs of Trigonometry in taking 
Heights Wd -D?ftawces<Sf jPhtces,' -andkiri fiifteying of 

Counties, Sea-Coa(^s,. ant). Harbours t, and, if the 
young. Student will make himTelf Mafter of thefe, it 

may be fuppoied he will not meet with any Difficul- 
ties, in real Practice, which fie cannot readily-over- 
come, as very few of our Surveyors even take die 
Pains to underftand thus much. However, we may, 
perhaps, hereafter, take another Opportunity to ad<l 
fome more Problems, eitherin our intended Treacife 
of Surveyings or in a- Treatife to be entitled Trigsna- 
mttrical Ejjays. In which, if Time, Health, anj 
Encouragement perrrur, I propofe to mew, firft, 4- 
Method of. conftructing Tables of natural anil artifi- 
cial Sines- and Tangents, £5? c. wich the Conftrjj&ioi 
of Scales ofj Sines, Tangents, tpV. ashinted at in 
Art. 2^-of this : Efiay. Secondly, The Coflftrucrjioa 
: arid Ufc of the Sector, fc?e Thirdly, The Method 
ofj iblving Triangles, independent of Tables or In- 
ftrumenw. fourthly, The algebraical and geome- 
trical Solutions td la Variety of Quellions -, with the 
Method of -deducing geometriGalConftru&ions from 
algebraical Solutions, £dV. I .f I 

I162. Agreeable ipoiir Promife, in Page 12, we 
fhall conclude this Efiay with ihcfollowing ufeful 
Tkble. j n 
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ADVERTISEMENTS. 

Tfre following Maps, &C. publijbed by tbt 4ntbor, are fold ly % Mr,* 

Sayer, Print/eUer, in Fleet- Street. 


1. ♦ 


1. A Map of the Country Eleven Miles round Bristol ; 
jnade from an a&ual Survey, by B. DONN. Price Ten Shil- 
lings and Sixpence, in Sheets ; or Sixteen Shillings and Six- 
pence, fitted up on fanvafs, with Rollers, and coloured. 

2. A Plah of the City of Bristol, by B. DONN. Price 
One Shilling and Sixpence. 

• # # The Author's Map of the County of Devon (which 
obtained the -Premium of One Hundfed Pounds of the Society 
qf Arts. t$c.J is fold at Exeter. 


f 94 J 

Tk/MfeiirfST BOORS, torttmty B. BONN, are fold h 
H. LAVSV <> Ave-M.=,ria-J, 16J e, «rf J. JOHNSOJf, >> 
! Sr.I|Av£*s-pHUBcp-YARii, LONDON. 

i. Essays' bn Aiit^metic, Vulgar and Decimal; con. 
. dining pot 8nlj die pra&ical Rules, T»it alfo the Reafbns amj 

Dc|ionfJTitjons : o£ thetrj. Price Six Shilringi, bound. 
i i Tin AcqorwTANT; containing Effeys on Book; -keeping 

by ponble Entry ; illulUated in Five Seta of Books ; •via, 

I. A wiiolofelc Trade. U. Fuieign or Merchants Accounts. 
,JH. Refail Shop-keeper. IV. gteyard* Accounts. V. Wtjl-, 
■Jndif Factorage, •—< — Price Four Shillings,, bqund. 

3> Th» QeouETRiciANf coptainiijgrBffitys qh Logarithms, 

Geometry, tad, Trigononttvy. Pr ire Six; Shillings, bour^d. 
iu The fltiTUH »4ai",ihir'» Assistant!; containing 40 

Tablet, adapted to the several Bsrpofes rf Trigonometry and, 

r^vigatiGu, To wbjqh are ■gipSped, An. Es.SJTT On Loca- 
IKiTiHlia, ^.Nav«;atJ(}k.^fitP*U4ED. Price 64 
I $, M EfjrpWiS'of NaturaJ MM Experimental Philofophy, 
jjnclp4iB6 Geography, w«h the 1 life- of .the Globes (bejngan, 
'Abiitgfimf ni q( jjis Leftnn^ i^qn, thefe Subjecb)- PriceTwoj 
;Shillieg« ani.^ifPffveo, ftJtcnejit ' 

6. A^ Essay on GitcuL atino or Infinite Decimals. 

Price u. 10 Sheets. Printed, of], i pojicr Sige to be bomidup 

with thq %ffftys o« \ Arithmetic oj $<>ik- Ktifin*. 

Mr. DONN has alfo fublifad 'the following INSTRUMENTS, 
•%hicb my Jbld.bj Mr- Jobwsos.; a^i ty J^t.Sayer, /Viiw- 
&/&r, in Fleet-fireeE, W J)*-!. W1.KG, Mathematical Injtri,- 
mmt-Mahtr, in the Strand*. ■-.-■-. 

1. The Variation, and Tide Inurnment improved. Price 
Two Shillings. ■ ' - 

3. The Lunar and Tide Instrument. Price Two Shillings. 

3 . The PanofganotXt for folving the ufual Problem) of the 
Terreibial Globe.' Price Six) Shirtings, Coloured. 

4. Theimproved Anakmira, fpr folving the Prohlejiijof the 
Celeftial Globe. Price Three Shillings and Sixpence. 

7 he Ufi of theft four InftruminU it fvblijbtd, and may he had 
nxitb the injlrumcnis. Price Sixpence. 

5. The Nautical Pocket-Piece. Price Sixpence, 

6. The Navigation-Scale improved, (Price Five Shillings,) ; 
with the Pamphlet of its (Jfe. 

j fold by Mtffrs. Adams, Heath and 

(TIN, WaiRke.WaTKIMS, florf'WHIT- 

FORD, Maikematical-Inftrumat-Maken. 
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TO T H B 




"< VilJ J. 


WHOLE VOLUME. 





, JV&, The numcralLcttcrs kabit ;tj£ ^B&± 
thus, thofe Articles, which have. 1. prfflikcd, are 
hi Efhy-l. -or EMy m IxgaVitkks : H, Am ia 
flfet bn t^ww«/rv ; ffl. In thfe : M, tt* . %fo «* 
Trigonometry. 


>...-> _ V 


• - •' * ' ■ ■ ' 

III. too 


ALTIMETRY what (Altimtria, Latin) 
An*U> xeailincal, what *■ • 

* . IT * - u«w - - - — -- - *" ' -»m 


IL 13 

•fa&nfe'wkat • -- — . ■-«- ^ £ H 

- tcnte, what " • — «""•■ - ' ' ■ •" f "* ' H - ~»* 


i*;VWto»«/cB16plemeiitTJf vLogaritMa-,- wttft : .- < -I. "5$ 
Jxiomi, geometrical «■ . ' - "• 45 


B 


1 * 


S«/i c¥a Triangle, What . — . *f .> *&• "*? 

SWwarfA/Lopritlim.-Wtat '— " — * — "**• 7 :u -** 

- ' '"•'•'€-" ' ' ~ " ' 

Qharutitriftic <of trfgWHUifcy <*h** — 4- ■"*. • -f. *» 

CAW ( % og», a String) — — M- 5 

Cbaraaers, geometrical --— — — 11. 57 

XJompitJfes, iTOW to choofr, " - — — «■• 2 ** 

D 
Decagon, what (&**, ten, andjirU, an Angle) — II. zo9 

• ^V7//whw •■ — '-^ . — — < ■«• * f r 

Diameter of a Circle, what ■ — ta - 1 *• 2a 

DinAfion* by Logarithms — - j* 39 

dodecagon, what (&&x«» twelve, and y#rf* f aa Angle) 11. 20K 

E 


tf IN D-E X. " 

E -Art. 

EnJaqpip'vfhit (itiut*, eleven, andyufa, an Angle) II* 268 

Emttagmiswhat (wias nine, and yw'* f an Angle) IL. 268 

Evolution, by Logarithms, what — . ■ — I. 61 

Exfomnt of Logarithms, what — ■ X. x 8 

F 
Fellonvjbip, by Logarithms ■ ' .. I. 6± 

' • t •- a 

Gtomttry, what (ywfWTfks, from *fi* the Earth, and 

j*jT<»o>, aMeafcre) ■ ■ . ■ «■ II. 1 

■■ — -fa theoretical, what — — ~- II. z 

, — ■ ' - practical, what — - .— , XL - 3 

— plane, what — — — '* ~- 'II. + 

■ folid, what — — . —II. 5/ 

Gnomon, relating to Parallelograms* what . ~ II. 1 1 a 

. Goldtn-RuU, by Logarithms — — . — I. 54. 

Guttler's Scale : ' ■ ■ '. •-. - m. 80 

H 

Heptagon, what (!*?A, feven, and yvria, an Angle) — II. 268 

Hexagon, what (if, fix, and yo/rfc, an Angle) — IL 268 

Hjpotbenvfe of a Triangle, what($*roTiWa) —- III. 29 

.■•'.. .-.,••■, ' ' + ' ■ 

, • ; . . 1 ' .. 

Index of Logarithms, Jwhat 
Inter eft, fiinple, by Logaritl^iis 



compound, by logarithms _ — 
involution, by Logarithms ' 
, . . . . i - . .. 

L" , , . • ' 

&**4 in Geometry, what - •-— — — . H. 7 

— right, what — m *~ , • ^ ii # 9 

£ia*r 9 : parallcU- what _.. — r^ . -^ •—! 1L 40 

Logarithms, what ■ * ■ ' - ' • ' j # j 

— applied to circulating Decimals — I. 48 
Longijkttry, .what, (longus, Latin, and ptrfa.Gr.).- III. 

Minute k in Geometry, what ^ ■ ■■ ■■!■» *r Lmm II. 217 

Multiplication, by Logarithms »>■•■ » » ■-" I. j 2 

NavigationrScah — « . — — * ^— *. JJtf. g p 


1 > ■ 


1 ft D E & 97 - 

o AH. 

bhlique 't riangles, what • ■■ « " '■ ' " ' * III. 67 

Oblong, what — — — — . I.|. 35 

Ottagon, what (oxt*, eight, and 7 v#W, an Angle) — 11. 268 

* 

Parallelogram, What -■< — « , ; * II* <tf 

Pentagon, what (*rfrri, fire, and >«m«, an Angle) — . til. 268 
Perpendicular of a Triangle, what — * — - - III. 29 

/Vtf, geometrical, what . — — —~1LG 

Polygon, what (*roXv$, many, and 7*»»«, an Angle) — IL.268 ' 
Populates, geometrical * ■ ■ ■ - ■ \h 41 

Proportion* Definition concerning fromIL 152 to 176 

■ ■ ■ ■ ■■ ' ■■ Axioms concerning from II. 177 to 186 

Proportional, geometrical mean, what ' ' -l 1 II. 219) 

Quadrant, Cortftrudlion of - ' . ' * '» III. 106 

R 

JLadii of a Circle, what -r-— — — II. 1 9 

JteBangle, what ■ ■■ ■ ■ * — IF. 35 

Rhombus, what , • f • » II. 30 

JJ«£r, tOvproye — — -*- • —a* *— - > IL 22a 


S 

&*& of Chords, Sines, (fa •— — •— -• III. 24 

cqoal Parts ■■■ ■ 1 , III. 17 

&£*;> of a Circle, what ■*■* n-** —» — II. 133 

Segment, of a Circle, what — — * —_ jf. 2 j 

Sine, what ■ « " ■ III. 4 

Solder, for cementing Steel to Braft, &e* *-— * II. 219 

Square, what — ■ . ■■■ -*• II. 34 

Superficies, whafc - ■ « *■ '*■ ~ II* id 

■ plane, what > • ■■ ■ » II. %z 
Surface, what -*• ■ ■ ■ v * *— II. 1 j 

T 

Tangent, what (Tanpns, Lot.) . —- * — — III, 7 

Trapeziums y what ■■ ■ ■ * »- ■ II. 3^ 

Triangle, eqaHateral, what • ' ■ ' ■ ■ II. 28 

■ ■ ■ . Ifofceles, what — — — * II. 29 
» ■ ■ Scalene, what » ' ■ •. ■ ■ ■ ■ '% IL 30 
p ■ ' ■ right-angled, what — — — - H. 31 

■ oDtufe, what ■■ • ■ ■ • IL 33 

■ » ■ - acute, what — - «*» ** *~ II. 33 
Trigonometry, (roiyvt®*, a Triangl e, and pvrfi*, to meafure) I II. i 

V 
Fer/edSine f what (Sinus verfus, Lot. J ■«* — ~* III. 6 

V I N I 0** 


ERRATA, 

In the Effay on logarithm, 

fa the Title-page, for Woljiut r. Wolfii. 

P. a6. 1. jo.£. for T««. r. Time, 

In the £^oy on Geometry. 

P. 6. 1. 7. bs for *m/r. tf. P. 23. 1. 11. in the Margin, add Fig-. S and 9, 
P. 28. 1. 2'. b. for x»zr ft. r. x, rr. P. 29. 1. 1. b. for IK r. IH$ and I. 4. b* 
fpr IK r, IH ; fame Page, in the Note, for — am\-nA r.— am-rat*. P. 3d. 
1. 9. for HD r. HD». P. 33. 1. 9. for DEF r. DEH. P. j 4 . 1. *. in the 
Margin, for 58 r. 92. P, 35. 1- 11. for BF r. BK. P. 37. 1, 11. for AB r, 
AD. P. 42. 1. 4. b, to /tf/W^DBA make a Reference, 147, P. 51. the * in 
the Note refen to Art,' 111. P. 52. 1. 16. for DC r. DE. P. 53. 1. 17. fof 
PE r. BC. P. 55, 1. 13. for CB r. CF, P. S $. I. 7. for D/ r. DF. P. 58. 
1. x. b. for BC r. BE ; and 1. 9. 6. for BD r. &E, P. 63. 1. 1 1. b. for BCx 
DEr. BCx DC. P. 80. 1. 5. for FG r. FH. P. 8». I. 3. for other Leg r 9 
tber Ruler. P. 83. 1.2, for AEBG r. 4C EBG 5 '*»'• 1. !*• *<* Z.EBG r. 
^_D 5 and ibi<h I 10. *. for HFK r. HKF. P. 86. 1. 8. for it r. BF. P. 90. 
i f 16. for ^KBA = Z.DEF r. : ^BKA r: /.DEG. P. 91, 1. 9.*. for 
JL fo tV/fe Diameter AC r, JL ro it the Diameter BD. P. 93. ], 15. for GBA 
r. GBE. P. ill. I.3. for DE* =225 r. 00=225$ and for DC 1=3 2 5 *• 
pF*=325 5 and for 28)125^28)225. P. 131. deje alfo fit 7632407 r, 
7629.4317. 

U f B. b ^gnifies to count from the Bottom of the Page. 


DIRECTIONS to the BINDER. 

The federal Parts are to be bound in the following Order, 

|. The general Title and Preface* 

2. The Eflay on Logarithms. 

3. ■■ — - Geometry. 

4. , ,, , „ ,—, ,^- Trigonometry, 

The Plate? which belong to the EfTay oijt Geomt try are to be 
thus placed. 

Plate T. at Page 1 8 : H. at P. 34: IliratP. 42: IV. at P. 66 x 
V. at P. 84: VI. at P. 92;^ VII. a; P. 106; And VJIL a| 

The ft* Plates pf Trigonometry may be placed aj tfte IJnd. 
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G E N E R A L HE:t0:S 
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# 

Courfe of Le&ures 

In Experimental Philolbphy. 

By BENJAMIN POKN. 




I. "PROPERTIES op MATTER ; vis. its Divifibffity, Lawi 
X of Motion, &c. — Attra&ion of CoheGon ; or that Qua-" 
Jity by which the Particles of Matter adhere to eaqh other and 
form larger Bodies, &c. One Letfure. 

IJ. Optics; or. the. Science of Vifion, &c. Two LeSwnt* 

"III. Electricity. .The ele&rical Attraction and Repul- 
fion (hewn, in a Variety of Experiments. — Its Effe&s on Ani- 
mals, &c. — Of the ele&rical Shock, Lightning, &c. — To pre- 
serve Ships, &c. Two Ltftures. 

IV. Magnetism and Gravity; <viz* of the Making 
and Ufe of Magnets. — Of the Variation of the Compafs. — Of 
Gravity, — Laws of falling Bodies. — Pendulums. — Expanfion 
of Metals. — - To difcover true and falfc Balances. OneLcdure. 

V. Mechanics ; fhewing an eafy Method of computing the 
Powers of all Kinds of Machines, though ever fo much com- 
pounded. One Ledure* 

VI. Hydrostatics; or the Equilibrium and Preflure of 
Fluids in general. One LeSure. 

VI L Pneumatics ; or the Properties of Air, fhewn by a 
Variety of Experiments on the Air and other Pumps, &c. Two 
Jaiftures, 

VIII. Geography and Astronomy. The Figure of the 
JLarth. — Of Latitudes and Longitudes of Places, &c. —Principal 
Phenomena of the Heavens ; illulirating and proving the Mo- 
tions 


gOO General Heads of a Centfi ff LeAuret* 

tfons of the Earth, Planets, and Comets* — Caufe of the Sea&nij 
Eclipfes, &C. IturbeBureu 

TheExperimeats will be exhit£te4*na i aop ** App ar at* v 

tad the whole explained in fb~clear a "Manner, that, by thu 
Coorfe, Ladies and Gentlemen.,, without any previous Know* 
ledge of thefe Subje&s, may readily underftand the principal 
Phenomena of Nature, which have been difcovered by the molt 
learned Plulofopher s, in feveral Ages, 

Ad m tt a-wc* to the nvtole Ceurfe ONE GUINEA. 

At Chriftmas or JAiifimmer Vacation Mr- Don n will go to any 
Town (not* more than thirty Miks diftant from Taunton J tat 
twenty Snbferibers certain ; to any Place, within fifty Miles, for 
thirty Snbferibers : Greater Dtftance in Proportion. He defires 
about three Month* patriots Notice; 

Sometimes the following additional Lectures are read, 

at One Shilling and Six-Pence each Le&ure, <viz. 
<. 

L A Lecture on Optics, confining fome prifmatic Expe- 
riments, with an Exhibition of Objects by the folar Microfcopc. 


: JI. 0^oiiGwm«t*¥, iu which th* principal 
aj* mechanically proved. , *V « * •' 

-HI. One on Geography^ containing the^Conftru&i*n. ojf 
Maps, &c. *' .""'-.<' 

i 

- • * S „ 

4 When the above Courfe is read in the Academy, it is generally 
comprised in aUiU twftnty.£ai LcOnres; : . 
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